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Abstract

In this paper we consider quasilinear elliptic equations driven by the variable exponent
double phase operator with superlinear right-hand sides. Under very general assumptions
on the nonlinearity, we prove a multiplicity result for such problems whereby we show
the existence of a positive solution, a negative one and a solution with changing sign. The
sign-changing solution is obtained via the Nehari manifold approach and, in addition, we
can also give information on its nodal domains.
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1 Introduction

Let Q C RY, N > 2 be a bounded domain with Lipschitz boundary 0Q. In this paper we
study the following variable exponent double phase problem with homogeneous Dirichlet
boundary condition

—div(|VulP"2Vu + p(0)| Vulf92Vu) = f(x, u) in Q,

1.1
u=0 on 0Q, (-D

where we assume

H1) p,q€ C(ﬁ) such thatl < p(x) <N, p(x) < g(x) < q, < p*, where g, = max _g q(x),
p? =min__s p*(x)and p*(x) = Np(x)/(N — p(x))forall x € Q,0 < u(-) € L*(Q)and
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p(-) satisfies a monotonicity condition, that is, there exists a vector / € R¥\ {0} such
that for all x € Q the function

g =px+1tl) withrel ={teR:x+1te€Q}

is monotone.
Furthermore, the nonlinearity f : QX R — R is (g, — 1)-superlinear near infinity and
(p(-) — 1)-superlinear near zero with respect to the second variable, see the precise con-
ditions in (Hy).
The differential operator in (1.1) is the so-called double phase operator with variable
exponents and is given by

—div(|VulP2Vu + p(0)|Vul*O2Vu)  foru € WH(Q),

on an appropriate Musielak-Orlicz Sobolev space W'{(Q). Special cases of this operator
occur when infg 4 > 0 (the weighted (g(-), p(-))-Laplacian) or when u = 0 (the p(-)-Laplace
differential operator), which have been studied in the literature before. The energy func-
tional 7 : WS’H(Q) — R related to the variable exponent double phase operator is given by

(x) (x)
1(u)=/<'v”'p +M(X)%>dx,
J px) q(x)

where the integrand H(x, &) = $|§|p<x) + %lﬁlqm for all (x,&) € Q x RV, according to

the nomenclature originally by Marcellini (see his papers [35, 36]), has unbalanced growth,
that is,

by|EPY < H(x, &) < b2(1 + |§|q(x))

for a. a. x € Q and for all £ € RN with b, b, > 0.

The most notorious property of the functional / is the nonuniform ellipticity depend-
ing on whether we are at the set where the weight function is zero, that is, on the set
{x e Q : u(x) =0}. Indeed, the integrand of I exhibits ellipticity in the gradient of
order g(x) on the points x where u(x) > £ > 0 for any fixed € > 0 and of order p(x) on the
points x where p(x) vanishes. So the integrand H switches between two different phases
of elliptic behaviours. This is the reason why it is called double phase.

Zhikov [51] was the first who studied functionals whose integrands change their
ellipticity according to a point in order to provide models for strongly anisotropic mate-
rials. Functionals like I/ above, both with constant and variable exponents, have been
studied by several authors with respect to regularity of local minimizers. We refer to the
works of Baroni et al. [4-6], Colombo and Mingione [11, 12] and the recent results for
nonuniformly elliptic variational problems and nonautonomous functionals of Beck and
Mingione [7, 8], De Filippis and Mingione [14], Hésté and Ok [27].

Double phase differential operators and their corresponding energy functionals given
above appear in physical models. For example, in the elasticity theory, the modulat-
ing coefficient u(-) dictates the geometry of composites made of two different materials
with distinct power hardening exponents g(-) and p(-), see Zhikov [53]. But also in other
mathematical applications such kind of functional plays an important role, for example,
in the study of duality theory and of the Lavrentiev gap phenomenon, see Papageorgiou
et al. [40], Ragusa and Tachikawa [44] and Zhikov [52, 53].
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Existence results for double phase problems with constant exponents have been shown
by several authors within the last decade. The corresponding eigenvalue problem of the
double phase operator with Dirichlet boundary condition has been studied by Colasuonno
and Squassina [10] who proved the existence and properties of related variational eigen-
values. Perera and Squassina [42] showed the existence of a solution by applying Morse
theory where they used a cohomological local splitting to get an estimate of the critical
groups at zero. Multiplicity results including sign-changing solutions have been obtained
by Gasiniski et al. [22], Liu and Dai [33] and Gasiriski and Winkert [25] via the Nehari
manifold treatment due to the lack of regularity results for such problems. We also mention
the works of Biagi et al. [9], Farkas-Winkert [20], Fiscella [21], Gasifiski and Winkert [23,
24], Ge and Pucci [26], Stegliriski [45] and Zeng et al. [49].

So far, there are only few results involving the variable exponent double phase operator
given above. We refer to the recent results of Aberqi et al. [1] for existence results in com-
plete manifolds, Albalawi et al. [2] for convection problems with (p(:), g(-))-Laplace type
problems, Bahrouni et al. [3] for double phase problems of Baouendi-Grushin type opera-
tor, Crespo-Blanco et al. [13] for double phase convection problems, Ho and Winkert [30]
for Kirchhoff problems, Kim et al. [31] for concave-convex-type double-phase problems,
Leonardi and Papageorgiou [32] for concave-convex problems, Zeng et al. [50] for mul-
tivalued problems and Vetro and Winkert [47] for multiplicity results under very general
growth conditions, see also the references therein. It is also worth mentioning the very
recent contribution by Ho and Winkert [29] in which they provide an optimal embedding
among a certain family of functions and a result about boundedness of the solutions.

The objective of this work is to prove multiplicity results for problem (1.1), where the
right-hand side term (possibly nonlinear) is supposed to have a (g, — 1)-superlinear growth
at +o00. The treatment is inspired by the paper by Gasiniski and Winkert [25] on the constant
exponents case, and it is interesting to see which are the requirements on the variable expo-
nents to be able to generalize the results. Due to the lack of regularity results for problem
(1.1), several tools which are usually applied in the theory of multiplicity results based
on the regularity results of Lieberman [34] and Pucci and Serrin [43], cannot be used in
our treatment. Instead we will make use of the mountain pass theorem together with the
so-called Nehari manifold, whose definition is motivated by the works of Nehari [37, 38].
Further explanations about this method can be found in Sect. 5.

We also point out that we do not need to suppose conditions like

qs 1 q\" 1

p—_<1+ﬁ or <;> <1+ﬁ (1.2)
as it was used in the Nehari manifold treatments of Gasiniski and Papageorgiou [22], Liu
and Dai [33], Gasiriski and Winkert [25] in the constant exponent case. This is due to the
fact that the existence of the equivalent norm ||V - ||, in Wé’H(Q) can be proved without
supposing (1.2), see the paper of Crespo-Blanco et al. [13, Proposition 2.19].

The structure of the paper is the following. In Sect. 2 we recall already known prop-
erties of the variable exponent spaces I7)(Q) and of the Musielak-Orlicz Sobolev space
WM (Q) compatible with the variable exponents double phase operator, among other tech-
nical tools that will be used later. In Sect. 3 we prove a priori bounds for weak solutions
for a class of problems more general than (1.1) exploiting the very recent result by Ho and
Winkert [29, Theorem 4.2]. In Sect. 4 we introduce the assumptions on the right-hand side
fthat will be used during the rest of the paper and we prove the existence of a positive and
a negative weak solution via the mountain pass theorem applied to functionals truncated at
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zero. After this, in Sect. 5 we prove the existence of another solution, which turns out to
be sign-changing, by solving a minimization problem on a modified version of the Nehari
manifold and with the help of the quantitative deformation lemma. Finally, in Sect. 6, we
provide further information on the nodal domains of the sign-changing solution.

2 Preliminaries

In this section we will present the main properties of the Musielak-Orlicz spaces L(Q),
WLH(Q) and W(i’H(Q), together with other relevant results. We denote by L"(Q) and
L"(Q;RY) the usual Lebesgue spaces endowed with the norm || - ||, for 1 < r < oo and by
WL (Q) and WS”(Q) we identify the corresponding Sobolev spaces equipped with the
norms|| - ||, . and || - ||; o, respectively, for 1 < r < co.

First, we present the relevant properties for the variable exponent Lebesgue and Sobolev
spaces. For any r € C(Q) we define

r_=minr(x) and r_ = maxr(x),
XEQ xEQ

and we also introduce the space
C,Q={recQ) : 1<r_}.

LetreC +(§) and let M(Q) be the set of all measurable functions u : Q — R. We denote
by L"(Q) the Lebesgue space with variable exponent, that is

L@ =3ueMQ) : /lul’(x)dx < oy,
Q

whose modular is given by
= 0 dx
0,H (W) |ul
Q

and which is endowed with its corresponding Luxemburg norm

Jul \"
llull,, =inf{ 1> 0 : /<7> dr <1
Q

The properties of these spaces have been extensively studied in the literature, see for exam-
ple the book by Diening et al. [16]. The space L"(€) endowed with || - Il,(., is a separable

and reflexive Banach space. The conjugate variable exponent to r is defined by ' € C, Q)
such that

1 1

=1 forallx € Q.
r(x)+r’(x) or all x
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It holds that L'O(Q)* = L”(Q) and a weaker version of the Holder’s inequality holds,
given by

11 e m
/ luv| dx < [r— + r—,] Neell, oy IVl oy < 20l IV, forallu € LO(Q), v e L"O(Q),

see Diening et al. [16, Lemma 12.20]. _
Furthermore, if 7, r, € C () and r|(x) < r,(x) for all x € Q, then we have the continu-
ous embedding

L’z(-)(g) 3N Lr'(')(Q),

see Diening et al. [16, Theorem 3.3.1]
Similarly, one can define the variable exponents spaces with weights: given any
w € LY(Q), w > 0, we define the modular

0ry0t) = / @(Olul™ d;
Q

accordingly, we define the space

L(rj.)(Q) =du € M) : /or(,)’w(u)dx < ooy,
Q

endowed with the corresponding Luxemburg norm

. u
”””r(-),m = mf{/l >0 : gr(_)ﬂ)(;) < 1}.

The corresponding variable exponent Sobolev spaces can be defined analogously to the
usual way using the variable exponent Lebesgue spaces. A nice introduction to them can be
also found in the book by Diening et al. [16]. Forr € C, (Q) the variable exponent Sobolev
space W!"0(Q) is defined by

WOQ) = {ue L'(Q) : |Vul € L'OQ)}
and it is equipped with the norm
Neelly ey = Nuell,y + 1V ull,
where || Vull,., = || [Vul ||,,- Moreover, we define

-1l

Lr(-) — "0 0O)

Wy (Q) = G ()

The spaces W (Q) and Wé’r(')(Q) are both separable and reflexive Banach spaces, in fact
they both possess an equivalent, uniformly convex norm.

A Poincaré inequality of the norms holds in the space Wé’r(')(g). One way to see this

is the paper by Fan et al. [17, Theorem 1.3], together with the standard way to derive the

Poincaré inequality from the compact embedding, see for example the paper by Crespo-
Blanco et al. [13, Proposition 2.18 (ii)].
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Proposition 2.1 Let p € C+(§), then there exists ¢, > 0 such that
llull,, < coll Vall,, forallu e Wy ()
Thus, we can define the equivalent norm on W(i”(')(Q)
lleelly g0 = IVl
Alternatively, assuming an additional monotonicity condition on p, we also have a Poincaré
inequality for the modular, see the paper by Fan et al. [18, Theorem 3.3].
Proposition 2.2 Let p € C+(§) be such that there exists a vector | € RN\ {0} with the prop-
erty that for all x € Q the function
&) =px+1t) withtel ={teR :x+1tecQ}
is monotone (either increasing or decreasing). Then there exits a constant C > 0 such that
0,) () < Co, (Vi) forallu € W"0(Q),
where 0,,(Vu) = 0,,(|Vul).
Moreover, we denote by Co’ﬁ(ﬁ) the set of all functions & : Q — R that are log-
Holder continuous, that is, there exists C > 0 such that

Cc

|h(x) — h(y)| < —————— forallx,y € Q with [x — y| < L
| log |x — || 2

Forre C, (Q) we introduce the critical Sobolev variable exponents r* and r, defined by

Nr(x) if N _
ri(x) = { N 170D <V, forallx € Q

Z1(x) if N < r(x),

and

W=Dr@) 3¢ 0 ¢ N _
r(x) = N-r(x) 1 ) > forallx € Q,
£,(x)  ifN < r(x),

where 7,2, € C (ﬁ) are arbitrary functions that satisfy r(x) < ¢,(x) and r(x) < £, (x) for all
xeQ

We also have Sobolev-type embeddings for the variable exponent Sobolev spaces.
The following can be found in Crespo-Blanco et al. [13, Propositions 2.1 and 2.2] or Ho
et al. [28, Proposition 2.4 and 2.5].

1 —_ J— J—
Proposition 2.3 Lerr € CO’@(Q) N C,(Q) and let s € C(Q) be such that 1 < s(x) < r*(x)

forall x € Q. Then, we have the continuous embedding
wO@Q) & L'OQ).

Ifre C+(§), s € C(ﬁ) and1 < s(x) < r*(x) forall x € ﬁ, then this embedding is compact.
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Proposition 2.4 Suppose that r € C+(§) N W (Q) for some y > N. Let s € C(ﬁ) be such
that 1 < s(x) < r (x) for all x € Q. Then, we have the continuous embedding

wOQ) o LO0Q).

Ifre C+(§), s € C(ﬁ) and1 < s(x) < r.(x)forall x € ﬁ, then the embedding is compact.

Finally, we recall the relation between the norm and the related modular function, the result
is from the paper of Fan and Zhao [19, Theorems 1.2 and 1.3].

Proposition 2.5 Let r € C,(Q) and u € L'O(Q).

—

Q) Ifu#0, thenlull,., = A if and only ifp,(,)<§) —1
1) Null,y < 1(resp.=1,> 1) if and only if 0,.,(u) < 1(resp.=1,> 1);

. T r_
(i) ifllull,, < L then lul}}, < 0,0,(w) < llull;:

o 1 :
@) ifllull,, > 1. thenllully, < o,0,(w) < ull? :

) Mull,, = 0if and only if 0,.,(u) — 0;
(Vl) ”u”r(.) — 400 lfélnd only l'f()r(.)(u) — +00.

Now we introduce the definition and main properties of the Musielak-Orlicz functional
space that we will use to study our equations. For the proofs and the rest of the details we refer
to the paper of Crespo-Blanco et al. [13, Section 2]. To this end, let H : Q X [0, 00) — [0, o0)
be defined as

Hx, 0) 1= P9 + ()1 for all (x, 1) € Q X [0, o),

where we take similar (but weaker) assumptions as in (H1), i.e., we suppose the following:

(H2) p.q € C,(Q) such that 1 < p(x) <N and p(x) < g(x) < p*(x) for all x € Q, and
0 < u() € L>(Q).

It is known that H is a locally integrable, generalized N-function which satisfies the A,-condi-
tion, that is,

H(x, 20) = 2P + p(x)20)10 < 2%H(x, 1),
and also that

inf H(x, 1) > 0.
xeQ

The corresponding modular of H is given by

M@=/MMWM,
Q

its corresponding Musielak-Orlicz space L™(Q) is

LNQ) = {ueM®Q) : py(u)<+oo},
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and it is endowed with the norm

llully, —lnf{‘r >0: pH< ) < 1}

This norm is uniformly convex and the space L™(Q) is separable and reflexive and sat-
isfies the Radon-Riesz property with respect to the modular p,,. It has the following
relations with the modular and embeddings, see the paper by Crespo-Blanco et al. [13,
Proposition 2.13].

Proposition 2.6 Under hypothesis (H2), the following statements hold.

(i) Ifu#0,then|lully, = Aif and only ipr(%) =1
i) lully < 1(resp. > 1,=1) if and only if py,(u) < 1(resp.> 1,=1);
i) ifllully < 1, thenllully; < pp) < Nullf;
W) ifllullyg > 1, then lulls < pygta) < Il
) llullye = O if and ondy f pry(u) — 0
(vi) ||lully = +ooif and only if py,(u) = +o0;
(vii) LIOQ) o LMQ) & PO@Q) n LI (),

where LZ(')(Q) is the seminormed space with exponent g(-) and weight p.
In the usual way we can also introduce the corresponding Sobolev spaces

I1-111.2¢

WHQ) = {ue Q) : |Vul e L@} and W,™(Q) :=CP(Q)
equipped with the norm
llally 20 = llully; + IVullyy,

where as above ||Vull;, = || [Vu| ||;. These spaces are also separable and reflexive, they
have an equivalent, uniformly convex norm given by the Luxemburg norm || - |, induced
by the modular

i = [ (9 uoVat) ax + [ (1 -+ o)
Q Q
and they also satisfy the Radon-Riesz property with respect to this modular. Furthermore,
[l 1] o and p,, satisfy the same relations (i)-(vi) as p, and || - ||,;. Combining the embed-

dings of variable exponent Lebesgue spaces and L™(Q) we have the following Sobolev-
type embeddings, see the paper by Crespo-Blanco et al. [13, Proposition 2.16].

Proposition 2.7 Under hypothesis (H2), the following embeddings hold.
(i) LQ) & LO©Q), WHHQ) & WO(Q) and W)™ (Q) < W)™ (Q) are continuous
forallr € C(Q) wzlhl r(x) < p(x) forall x € Q

) IfpecC (Q) nc” vaf\ (Q) then WHH(Q) & L'O(Q) and W1 H(Q) o L'O(Q) are
continuous forr € C(Q) with1l < r(x) < p*(x) forall x € Q
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(i) WYH(Q) o L'OQ) and W(;’H(Q) S L'O(Q) are compact for r € C(Q) with
1<rix)< p*_’(x)for all x € ﬁ;

@iv) if peC,(Q)n WY(Q) for some y > N_, then WYH(Q) & L'O0Q) an_d
WS’H(Q) < L'O0Q) are continuous forr € C(Q) with1 < r(x) < p,(x)for ale € Q;

V) WHQ) & L'O0Q) and W™ (Q) & L'O9Q) are compact for r € C(Q) with

1 <r(x)<p,x)forall x € 5;
i) W'H(Q) o LH(Q) is compact.

For s € R let s* = max{s,0} and s~ = max{—s,0}, hence s = s* — s~ and |s| = sT + 5™.
It holds that W"*(Q) and WA’H(Q) are closed under truncations, maxima and minima, see
the paper by Crespo-Blanco et al. [13, Proposition 2.17].

Proposition 2.8 Under hypothesis (H2), the following statements hold.

() Ifue WY(Q), then u* € W'H(Q).
(i) Ifu € W™ (Q), then ut € W™ ().

On the other hand, in W(;’H(Q) we have a Poincaré inequality, see the paper by Crespo-
Blanco et al. [13, Proposition 2.18].

Proposition 2.9 Let (H2) be satisfied. Then there exists a constant C > 0 such that
lully < ClIVully, forall u € W™(Q).
This allows us to define the equivalent norm
lully g0 = IVully, forallu € W, ™ (<),

which is also uniformly convex and satisfies the Radon-Riesz property with respect to
py(V-), see the paper by Crespo-Blanco et al. [13, Proposition 2.19].

Lastly, we discuss the properties of the double phase operator defined in the aforemen-
tioned space. Let A : WS’H(Q) - WOI’H(Q)* be the nonlinear mapping defined by

(A(u),v) = / (IVulP=2Vu + p()| Vul®@2Vu) - Vvdx  forall u,v € W, "H(Q),
Q
with (-, -) being the duality pairing between WS’H(Q) and its dual space WJ’H(Q)*. The

properties of the operator A : W(;’H(Q) - Wé’H(Q)* are summarized in the next proposi-
tion, which can be found in the paper by Crespo-Blanco et al. [13, Proposition 2.18].

Proposition 2.10 Under hypothesis (H2), the operator A is bounded (that is, it maps
bounded sets into bounded sets), continuous, strictly monotone (hence maximal monotone),
of type (S ), coercive and a homeomorphism.

The last two ingredients of the preliminaries of this paper are the mountain pass the-

orem and the quantitative deformation lemma. Let X be a Banach space, we say that a
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functional ¢ : X — R satisfies the Cerami condition or C-condition if for every sequence
{u,},en € X such that {@(u,)},en € R is bounded and it also satisfies

(1 + lu, D¢’ (u,) = 0 asn - oo,

then it contains a strongly convergent subsequence. Furthermore, we say that it satisfies
the Cerami condition at the level ¢ € R or the C_-condition if it holds for all the sequences
such that ¢(u,) = ¢ as n — oo instead of for all the bounded sequences. The proof of the
following mountain pass theorem can be found in the book by Papageorgiou et al. [39,
Theorem 5.4.6].

Theorem 2.11 (Mountain pass theorem). Let X be a Banach space, and let ¢ € C'(X). We
assume that @ satisfies the following properties:

e There exist uy, u; € X with ||u; — uy|| > 6 > 0, such that
max{(uy), p(u))} <inf{e@) : |lu—uyll =6} =ms;
e @ satisfies the C -condition, where

¢ = inf max o(y () with "= {y € C([0, 1, X) : y(0) = ug, (1) = uy }.

Then ¢ > mys and c¢ is a critical value of @. Moreover, if ¢ =my, then there exists
u € 0B;(u,) such that ¢'(u) = 0.

Finally, we present here the quantitative deformation lemma. The following version
and its proof can be found in the book by Willem [48, Lemma 2.3].

Lemma 2.12 (Quantitative deformation lemma). Let X be a Banach space, ¢ € C LX:R),
P#SCX,ceR, e8>0 such that for all u € p~'([c —2¢,c+2&]) N S, it holds that
@' @), > 8e/5, where S, ={ue€e X : du,S) = infuoes [l — uyll < r} for any r > 0. Then
there exists n € C([0, 1] X X;X) such that

) ntu)=u,ift=0o0rifu¢ (p‘l([c—2£,c+2£])ﬂSQ5,
(i) @n(l,u) <c—cforallu € ¢~ ((—0,c+€])NS,
(iii) n(t,-) is an homeomorphism of X for allt € [0, 1],
@iv) |lnt,u) —ul|| < S forallu € X andt € [0, 1],
) @n(-,w))is decreasing for allu € X,
(vi) @(n(t,u) < cforallu € p~'((—oo,c]) N Ssandt € (0, 1].

3 Boundedness of solutions

In this section we are going to prove that weak solutions of generalized double phase
type problems are bounded. This class is much more general than in (1.1), for example,
the operator is not restricted to be the variable exponent double phase operator and the
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right-hand side can depend on the gradient, what is usually called convection term. We
assume the following.

(H3) Let A: QxRXxRY - RN and B: QxR xR — R be Carathéodory functions,
ie. (1, &) —» A(x,t, ) is continuous for almost all x € Q and x = A(x, t, £) is measur-
able for all (¢, &) € R x RY; and analogous conditions for . Assume that there exist
constants a,, a,, a3, f > 0 and r € C,(Q) with p(x) < r(x) < p*(x) for all x € Q such
that

[Ax,1,8)] < a [|t|r% + |(§|17(X)—1 + H(x)|§|q(")‘1 + 1]’
A, 1,8) - & 2 a[IEPY + p(ol€"] = as[le™ +1],
1B 1,0 < lIEE + 1 +1],

fora.a. x € Qand for all (1, &) € R x RV,
We consider the problem

—divA(x, u, Vu) = B(x, u, Vu) in Q,

u=0 on 09, 3.1

and we say thatu € Wé’H(Q) is a weak solution of (3.1) if for all v € WS’H(Q) it holds that

/A(x,u,Vu)-Vvdx = /B(x, u, Vu)vdx.
Q Q

Based on the very recent result of Ho and Winkert [29, Theorem 4.2] we can prove the fol-
lowing result about boundedness of weak solutions of (3.1).

Theorem 3.1 Let hypotheses (H2) and (H3) be satisfied and let u € WJ’H(Q) be a weak
solution of problem (3.1). Then, u € L*(Q) and there exist C, t,, 7, > 0 independent of u
such that

il < Cmax { lull il .

Proof For the proof of this result we follow very closely the proof of [29, Theorem 4.2]
with the following changes.
First, take

Yx, ) =Y forall (x,1) € QX [0, c0),

Z, = / (u— Kn)r(") dx,
AK/I

instead of the definitions given there. Then the Step 1 works exactly the same except for
(4.9), which does not hold now.
Later, take
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Tn!i(a)z/dex foralli € {1,...,m},a >0,
Ql

skip the y, parts and then use the embedding
Wy"O(@) & Wy (@) & LTy, (32)

instead of the ones in the original proof. As a result, one can choose

R A=/[|an|p(x)+,u(x)|an|q(X)]dx foralli e {1,...,m},

n,i

Q

i

R, = / [|an|p(x) + ﬂ(x)|an|q(x)] dx,

Q

which is why we do not need (4.9) now unlike in the original proof. The rest of Step 2 is
identical. Step 3 is exactly the same without any changes. |

Remark 3.2 Note that our boundedness result holds true with the weaker assumptions on
the exponents given in (H2) instead of the much stronger assumptions needed in [29, Theo-
rem 4.2]. This is because in our simpler setting, we can use the embedding (3.2) instead of
the stronger and sharper embeddings they use there (see (4.18) and (4.19)) and for which
they need the mentioned stronger assumptions on the exponents.

4 Constant sign solutions

In the present section we are going to prove the existence of constant sign solutions of (1.1)
by applying the mountain pass theorem to appropriately truncated energy functionals. For
this purpose, we assume some of the following hypotheses on the right-hand side function
f. We include extra assumptions that will not be used in this section, but in future ones for
ulterior purposes.

(H) Letf: QxR — Rand F(x,) = [, f(x,5)ds.

) The function fis Carathéodory, i.e. t — f(x, ) is continuous for
almost all_x € Q and x — f(x, ) is measurable for all t € R.
(fy) There exists r € C,(€2) with r, < p* and C > 0 such that

[fe, )] < C(1+1¢@7") fora.a.x € Qand forall € R.

. F(x,s)
lim

s—+00 |s|q+

= +o0 uniformly for a.a.x € Q.

f3)
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F
im x, 5) =0 uniformly for a.a.x € Q.
50| S|p(X)
(fy)
() There exists /,7 € C, () such that min{/_,7_} € ((r+ -poZ, r+) and
K > 0 with
x,8)s —q, F(x,s
0 < K < liminf M uniformly for a.a.x € Q,
s—>+00 | S|I(X)
x,8)s —q, F(x,s
0< K <lim inij;;r() uniformly for a.a.x € Q.
S—=>—=00 X
N
(fe) The function ¢ — f(x, t)/|t|q+_1 is increasing in (—o0, 0) and in (0, +o0) for
a.a.x€eQ,
f7) fx,0Dt—qg,F(x,t) >0forallt € Rand a. a. x € Q.

Remark 4.1 Note that (f;) and (f,) are weaker than the corresponding assumptions using f
instead of F. Also note that in (f3) using as exponent g, is stronger than using g(x) as expo-
nent, and this is stronger that using ¢g_ as exponent. The analogous statement holds for (f;).

Remark 4.2 The condition on [_ of (f5) is always well defined since

(r —p)ﬁ—rﬁ— *N—_p_<rﬁ—rN_p‘—
el el T oo T

ry.

Note that this is the precise condition that is needed for the interpolation argument in the
Claim of Proposition 4.8. Other works using similar techniques usually only impose that
the exponent / is upper bounded by p* (or the corresponding growth exponent of the opera-
tor in that work), but a sharper bound with r, is actually needed. On the other hand, the
advantage of the variable exponent setting is that this sharper upper bound is only needed
for I_ and not for the whole exponent /. Furthermore, one can choose different exponents [
and T for going to +o0.

Example 4.3 Consider the function

[t|1972¢[1 +log(-1)], if < -1,
fo,t) =2 |t @2, if —1l<t<l,
11207211 +log(n], if 1<1,

where r|,r,,a € C(ﬁ), q, <a(x)and g, <r(x),ry(x) < p*forallx e 5, and they satisfy

p_

<1, forallie {1,2}.

Then_ [ satisfies all the assumptions above. For (f,) take r(x) = max{r,(x), r,(x)} + € for all
x € Q, with € > 0 small enough so that r, < p* and
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0

<1, forallie {1,2}.
p_ N

For (f5), take T(x) =r;(x), I(x) = ry(x) for all x € Q. This is the reason for the assumption
on (7)), and (r,),. Observe that if we take | = r, = r constant, the condition is equivalent
to r < p*, hence redundant in that case.

The following properties follow from these assumptions.

Lemma4.4 Let f : QX R — R, the following implications hold.

1) Ifffulfills (f,) and (f,), then f(x,0) =0 for a. a. x € Q.

(1) Ifffulfills (f;) and (f3), then g, < rt
(i) Ifffulfills (f,) and (f3), then there exist some M > O such that

F(x,t)>—-M fora.a.x € Qandforallz € R.

(v) Ifffulfills (f,) and (f,), then for each € > O there exists C. > 0 such that

|F(x,1)| < %|t|p(") +C |1/ fora.a.x € Qandforallz € R.
plx

) Ifffulfills (f,) and (f3), then for each € > O there exists C, > 0 such that

F(x, 1) > i|t|q+ —C, foraaxeQandforallreR.
+

(vi) Ifffulfills (f,) and (f,), then the functional I : WS’H(Q) — R given by

If(u) = /F(x, u)dx

Q

and its derivative I; : WS’H(Q) - WS’H(Q)*, given by

<1_;(u),v> - / Fx, uyvdx,
Q

are strongly continuous, i.e. u, — u in WS’H(Q) implies /,(u,) = I;(u) in R and
I(u,) > [(w) in W),

‘We provide no proof since these statements are either elementary or widely known.
We say thatu € WJ’H(Q) is a weak solution of (1.1) if for all v € Wé’H(Q) it holds that

/ (|Vu|p(x)_2Vu + ,u(x)qulq(x)_ZVu) -Vvdx = /f(x, u)vdx.
Q

Q

! Remember that by assumption g, < p~ for all x € 5, thus such r € C+(§) satisfying g, < r(x) < p* for
all x € Q can always exist.
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Another way to consider these weak solutions is to see them as critical points of the energy
functional ¢ : WS’H(Q) — R associated to the problem (1.1), which is defined by

VPO V|49
(P(u)=/(| pbz)lc) +,u(x)| qbé)lc) >dx —/F(x,u)dx.
Q Q

In order to look at constant sign solutions, we truncate the functional by zero from above
and below respectively, producing the functionals

(x) (x)
(pi(u)=/<_|Vu|” +ﬂ(x)—|vu|q )dx —/Fi(x,u)dx,
J p(x) q(x) J

where F, (x,u) = /) f(x,+s%) ds. Note that by Lemma 4.4 (i), this is equivalent to

(x) (x)
<P+(u)=/<|vu|p +M(x)|vu|q >dx —/F(x,iui)dx.
= J px) q(x)

Q

The plan for the rest of the section is to verify the assumptions of the mountain pass theo-
rem (Theorem 2.11). We start by checking the so-called “mountain pass geometry”.

Proposition 4.5 Let (H1) be satisfied and f fulfill (), (f;) and (f,). Then there exist con-
stants C,, C,, C; > 0 such that

Cilfull
Cillul

r_ . .
- C2”””1,H,0’ if |lully 30 < min{1, G5},

q+
11,0 1 '
- C2||u||1TH,0. if [Jully 30 = max{1, C5}.

P
1H.0

o), @, (u) = {

Proof Here only the case for ¢ will be shown. For the other two cases note in the first

inequality that op(,)(iui) < 0,)(u) and 0,(y(£u*) < 0,(4(u) and the rest of the proof is
identical.

Letu € WJ’H(Q). By Lemma 4.4 (iv), Poincaré inequality for the modular in Wé’p (')(Q)

with constant C,,), see Proposition 2.2, the embedding of W, (Q) & L'©(Q) with con-
stant Cy,, see Proposition 2.7 (iii), and Proposition 2.5 (iii) and (iv), it follows

1 1
D) 2 =0, (Vi) + =00, (V1) = pi_o,,(.)(u) — C,0,0,w)

> (LG8, Wi+ Loy (V= C. max {Chlull )
s P P q, T ke(r,.r} H,

. 1 CP(')e 1 k k
>ming — — ——, — Vu)—C, max {C |lu .
{p+ P q, pH( ) I3 kE{rJr,r,}{ H” ”1,7‘{,0}

By picking 0 < € < w and C; = 1/Cy, and by applying Proposition 2.6 (iii) and (iv)

p(Yd+P+
the result follows with
1 r_ r,
C = q_ C, = CECH for [|ully 30 £ G5, Cy = CECH for [Jull 310 > Cs.
+
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The next result follows directly from Proposition 4.5.

Proposition 4.6 Let (H1) be satisfied and f fulfill (), (f,) with q, < r_ and (f,). Then there
exist 6 > 0 such that

inf @) >0 and inf (p+(u) > 0.

[leelly 30=6 [leelly 7, 0=6

Moreover, there exists 8’ > 0 such that (u) > 0 for 0 < |ull; 5o < 6"

Proposition 4.7 Let (H1) be satisfied and f fulfill (f}), (f;) and (f3) Let 0 #u € W&’H(Q),

then (p(tu)—> —oo. Furthermore, ifu > 0 a. e. in Q, (p+(tu)—> —00.

Proof First we prove the assertion for ¢. Fix 0 #u € W(;’H(Q), £/ > 1 and € > 1, by
Lemma 4.4 (v) we can derive (note that ||u|| g, < by the embedding WS'H(Q) < LI+(Q)
from Proposition 2.7 (iii) and Lemma 4.4 (ii))

|#]+ |#]%+ el
p(tu) < Oq()u(v u) — ”u”qi +C.1Q]
- +
P O (Vi) lull?
_ 0, (Vi) # ] [ e ) h Q.
p- q- 4

t—+
Choosing € big enough such that the second term is negative it follows that (p(tu)——ﬂ: —0

For the cases for ¢, one only has to note that if u > 0 a. e. in Q, @ (fu) = @(tu) for
+t > 0. O

Finally, in order to apply the mountain pass theorem, it is only left to see that the neces-
sary compactness condition is satisfied.

Proposition 4.8 Let (H1) be satisfied and f fulfill (), (f,), (f3) and (fs5). Then the function-
als @, satisfy the (C)-condition.

Proof We write the proof for ¢, the case for ¢_ is very similar.
Let{u,},en € WS’H(Q) be a sequence such that

|@ ()| <M, forM; >O0andforallneN, 4.1)

A+ ([t |l 70 () > 0 in Wy TH(Q), 4.2)

In the following, recall that for v € Wé’H(Q), there holds that vt € Wé'H(Q) by Proposi-
tion 2.8. By (4.2), forallv € Wé’H(Q) and for a sequence ¢, — 0 as n — oo it holds
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/ (|Vun|p(x)_2Vun + ﬂ(x)|Vun|q(X)_2Vun) - Vvdx — /f(x, uhvdx
Q

Q 4.3)

5,;”"”1,7{,0
S+ ”“n”l,H,o

So for the case v = —u; € W&’H(Q), as the supports of u} and —u;, do not overlap, it follows

(Vi) = / (Vi P+ o] Vi ) dx <6, foralln e N,
Q

hence by Proposition 2.6 (v)
—u; >0 in W,"H(Q). 4.4)

Claim: The sequence {u; Jnen € WS‘H(Q) is bounded.
First, from (4.1) and (4.4) it follows

Py (Vut) — /q+F(x, ur)dx <M, forallneN,
Q

and choosing v = ut € WJ’H(Q) in (4.3) gives

—pn(Vuh) + /f(x, whutde <g, forallneN.
Q

Combining these two equations yields
/ (feuwhut — g, Fx,uf)) dx <M; forallneN.
Q

Now, without loss of generality, assume that /_ <T. By (f5), there exist K, K,, > 0 such
that

K|s|- - Ky <f(x,8)s —q,F(x,s) foralls € R andfora.a.x € Q,
which together with the previous equation results in
[y, <M, forallneN. 4.5)

By (f,) and (f5) we know that I_ < r,_ < p*, hence there exists ¢ € (0, 1) such that

1 t 1—1¢
—=—+ —.
r.o pt L

The interpolation inequality (see, for example, Papageorgiou and Winkert [41, Proposition
2.3.17]) and (4.5) yield

1-r\"+ (1-nyr
e N T R Vi

|Z§ forall n € N. (4.6)
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We may assume that |[u ||, ,,, > 1for all n € N. Testing again in (4.3) with v = u} together
with Proposition 2.6 (iv) and (f,) one has

et 17500 < (Vi) < M5+ |Jut[[7) foralln e N,

and by (4.6) and the embedding W(i’H(Q) < W(])’p ~(Q) < LP~(Q), which is given by Propo-
sition 2.7 (i) and classical Sobolev embeddings, we get

ll I < M6<1 + ||u,:r||’1r;_w> foralln € N.

Hence ||u} |-, , must be bounded as by (fs) it holds

1,H,0
LMD Nee—l) Np_(r, = 1) _,
T opr=l. Np_=NL_+p.l_  Np_—NL_+p_(r, —p_)pﬁ B

This finishes the proof of the Claim.
From (4.4) and the Claim we know that {u,, },y is bounded in WS’H(Q), therefore there
exists u € Wé’H(Q) and a subsequence {u, };cy such that

w, = u in Wy"H(Q).

Furthermore, by testing 4.3) with v=u, —u€ WS’H(Q), as

u

e~ u” L0 < ||t 30 + [lull} 7,0 is upper bounded uniformly in k, it follows

%Hg(‘ﬂ;(”nk)’ u, — u) =0,

and by the strong continuity of Lemma 4.4 (vi) (note that f, (x,s) = f(x, s7) still satisfies
(f,) and (f,))

Jim 1, o)t =) =0.
In conclusion we obtain

]}L%(A(unk), u, —u)=0.
The (S,)-property of the double phase operator A from Proposition 2.10 implies that

Uy = U in WS’H(Q).

Now we are finally in the position to apply the mountain pass theorem.

Theorem 4.9 Let (H1) be satisfied and f fulfill (), (f,), (f3), (fs) and (fs). Then there exist
nontrivial weak solutions of problem (1.1) uy, v, € WS’H(Q) N L*®(€2) such that u, > 0 and
vo<0a.e inQ.
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Proof We can apply Theorem 2.11 to the truncated energy functionals ¢, because of
Propositions 4.6, 4.7 and 4.8. Then we know that there exist uy, v, € WS’H(Q) such that

(P;(uo) =0 = ¢’ (vy) and
P ug), p_(vo) 2 inf_ @, () >0=0¢,(0)

”“”LH,():
This shows u, # 0 # v,
Finally, observe that if we test (pjr(uo) = 0 with —u; we obtain p, (—Vu;) = 0, which
by Proposition 2.6 (i) and Proposition 2.9 implies that —uy = 0 a. e. in &, s0 u; = uar >0
a. e. in Q. With an analogous argument, v, < 0 a. e. in . The boundedness of the solutions

follows from Theorem 3.1. O

5 Sign-changing solution

In this section we will prove the existence of a solution with non-trivial positive and
negative part on top of the two solutions from the previous section. This will be carried
out by using the so-called Nehari manifold and we base our arguments on the ideas of
the paper by Gasiniski and Winkert [25]. For a broader description of the Nehari mani-
fold method, check the book chapter by Szulkin and Weth [46].

First, note that the Nehari manifold of ¢ is the set

N= {u € WAHQ) 1 (¢ (w),u) =0, u;éO}.

As the weak solutions of (1.1) are exactly the critical points of ¢, N still contains all the
weak solutions of (1.1) except for possibly u = 0. Also note that this set might not be in
general a manifold (and this will not be important in the present work), but in any case the
usual name in the literature is Nehari manifold.

As we want to deal with sign-changing solutions, we will be actually more interested
in the set

N, = {u e WQ) 1 +u* EN}.
First, it is necessary to prove some interesting properties of A" that will be useful later.

Proposition 5.1 Let (H1) be satisfied and f fulfill (). (f,), (f3), (fa) and (fg). Then for
any u € WS’H(Q)\ {0} there exists a unique 1, >0 such that t,u € N'. Furthermore,

o(t,u) >0, %(p(tu) >0for 0<t<t, %(p(tu) =0 fort=t, %(p(tu) <0 for t>1t, and
therefore @(tu) < @(t,u) for all0 < t #t,.

Proof Fix u € Wé’H(Q) \ {0} and let &, : [0,0) — R be defined by k,(f) = @(tu). From
the composition of functions, k, is C! in (0, c0) and continuous in [0, c0). By Proposi-
tions 4.6 and 4.7 one gets that there exist K, 6 > 0 such that

k(>0 forO0<t<é and k,(1)<0 fort>K, 3.1
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and clearly k,(0) = 0. By this and the extreme value theorem, there exists 0 < 7, < K such
that

0 0= B 0 = K0

In particular, ¢, is a local maximum in the interior of [0, 00), hence a critical point of k, and
by the chain rule we have

0=k, (t,) = (@' (t,u), u).

Thus, t,u € N.
It is now left to see the uniqueness of ¢, the sign of the derivatives and that it is a strict
maximum. First note that (f¢) for # > 0 implies (as functions only depending on ¢)

f(x7 ll/l) f(x, tu)u

increasing, hence

increasing , for x € Q with u(x) > 0,

14+-1 |u|‘l+_1 19+=1

X, tu . X, tu)u . . .
f(—) decreasing, hence A ) increasing , for x € Q with u(x) < 0.
1451 ||+ 19+~

The equation k; (t) =0 with 7 > 0 is a necessary condition for fu € /. Multiplying this
condition by 1/19+~! one gets

1 oy, 1 s _ Smou
/ <t‘1+—P<X) IVul™ + =G @IVl ——T== Jdx =0,
Q

where, by the comment above and p(x) < g(x) < g, for all x € Q, the integrand is strictly
decreasing in the set { Vu # 0} and at least decreasing outside. Hence the integral is strictly
decreasing as a function of ¢, so there can be at most a single value for which the equation
holds, i.e. there is at most a single value ¢, € (0, oo) such that k; (t,) = 0. As a consequence
there can be at most a single value ¢, € (0, o) such that 7,u € . On the other hand, k; (?)
is non-vanishing with constant sign in (0, #,) and in (¢,, o), which by (5.1) must be positive
and negative, respectively. Thus ¢, is a strict maximum of k,,. O

Another reason to restrict ourselves to A is that the restriction of our energy func-
tional ¢ has better properties.

Proposition 5.2 Let (H1) be satisfied and f fulfill (f,), (), (f3), (fs) and (f,). Then the func-
tional @), s sequentially coercive, in the sense that for any sequence {u,},cny €N such

n—oo . n—oo
that||u, ||, ;,,—— +o0 it follows that g(u,,)—— +oo.

ull

”“n H LHO

for all n € N. Then, by the compact embedding WJ’H(Q) < L7(Q) of Proposition 2.7 (iii),
there exist a subsequence {y, };enandy € W&’H(Q) such that

n—o00
Proof Let {u,},cn €N be a sequence such that ||u, ||, ,,,—— +c0 and let y, =

N : LH . () . . .
Vo, =y In W (Q), Vo, =y InL (€2) and pointwisely a. e.in Q.

Claim: y =0
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Assume that y # 0. By Proposition 2.6 (iv) and for k > k, such that

|,

>1we
H.0

obtain

1 1
Pluy,) < p_@po)(vunk) + q_é’q(-w(vunk) ‘/F(x’ Uy,) dx

Q
< | —/F(x,un)dx.
p_ k1,H,0 k
Q
Therefore, dividing by ||u,, TH . one gets

ny

ou,) 1 Flx,u, )
e = p__ Y T
1,H,0 Q

e s

where this limit follows from (f;), because

Fx,u, )
9+

q+

lim
k— o0

=+oco forall x € Q with y(x) # 0,

M

K

and also by Fatou’s Lemma and Lemma 4.4 (iii), taking Q, = {x € Q : y(x) =0} in

Fx,u, ) s Flx,u, )
/ o dx + / T dx
u Q ||lu

q+ F(x’ unk)
V| dx= @ P
n Q\Q, ’l/tn n
Q k k &111,H,0
>/ Flxu, )y . M|Q| ko

> — P TR

q+ k 9+

Q\Q, ’un -

k KI1,H,0

However, by Proposition 5.1 we know that ¢(u,) > O for all n € N, so the limit above
yields a contradiction. This finishes the proof of the Claim.

Now fix any # > 1. As u, € N, Proposition 2.6 (iv) and Proposition 5.1 yield for all
keN

P, 2 0(07,) > -0, (V(07, )+ 2-0,0,(V(07,) = [ Fo)
+ + J

>i( I I S T
=4, D, 1LH0 D) = q, D, :

Q Q

Furthermore, as zy, — 0, by the strong continuity of the F term (see Lemma 4.4 (vi)) there
exists k, € N such that for k > k,

D_
ou,) = U
9+

k—o0
As the choice of 7> 1 was arbitrary, ¢(u, )—— +o0. The subsequence principle yields

the result for the whole sequence, i.e. go(un)-zoi +o00. O
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Now we will make use of the properties proved in the previous results to obtain the
existence of a minimizer of our energy functional ¢ restricted to N,

Proposition 5.3 Let (H1) be satisfied and f fulfill (f,), (f,). (f3). (fy) and (fs). Then

uléljf\‘/(p(u) >0 and ulel}\f[0 o) > 0.
Proof Letu € N, by Propositions 4.6 and 5.1 it follows

o) > ¢<Lu> > inf @) > 0.
lluelly 70

T lully g 0=0
Hence

. S .
L}gj’{"/(p(u) > inf s o) >0

[leelly 7,0=

Also, as for each u € ./\/0 it holds that u*, —u~ € N/, it follows that

o) = p(uh) + @(—u~) > 2 inf @u) > 0.
ueN

Therefore

i >21 .
ulenAf[U o(u) > 2 Jélﬁfv"’(”) >0

|

Proposition 5.4 Let (H1) be satisfied and f fulfill (f,), (), (f3), (fy) and (fy). Then there
exists wy € N such that p(w,) = inf,¢ N, @u).

Proof We will proceed by the direct method of calculus of variations. Let {u, } o € N, be
a minimizing sequence, that is,

nlggo o(u,) = uler}vfn @(u).
In the following, recall that for v € W(;’H(Q), we have v* € WA‘H(Q) by Proposition 2.8. As

ou,) = (p(u;) + @(—u;) for all n € N, by Proposition 5.1 it holds that g(+u}) > 0 for all
n € N, and by the coercivity of Proposition 5.2 it follows that {+u*},\ are both bounded

sequences in A. By the compact embedding WS’H(Q) < L7(Q) of Proposition 2.7 (iii),

. LH
there exist subsequences {iu;—'k Hen and u, € W"°(Q) such that

ol H -
+ ufk = u, in Wy (Q), iui - u, in L'Y(Q)

u, 20, (5.2)
and pointwisely a.e. withg u_ <0,
u,u_=0.

Assume thatu, = 0. Then, as iu;—’k € N, we get
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0= (¢ (1), 214 ) = pr(£ Vi) — /f(x, ity ) (i ) dx,
Q

and by the strong continuity of the f term (see Lemma 4.4 (vi)), it follows that pH(iVu;—'k)

— 0. From Proposition 2.6 (v) we derive that iu;—'k — 0in Wé’H(Q), SO
k—o0
0 < inf @(u) < p(+ur)—— @(0) =0
ueN My

which is a contradiction. Hence u, # 0 # u_.

By Proposition 5.1, there exist ¢, > 0 such that 7,u, € N'. Take wy =t u, +1_u_, by
(5.2) it holds that +(w,)* = r,u, and hence w, € Nj.

Finally, observe that ¢ is sequentlally weakly lower semicontinuous because the map-
ping I : Wé’H(Q) — R given by

(x) (X)
Iy = 'V”'p / o T 'q
Q

is sequentially weakly lower semicontinuous (note that each addend is convex and continu-
ous, hence each of them is sequentially weakly lower semicontinuous) and the F term is
strongly continuous by Lemma 4.4 (vi). As a consequence, together with Proposition 5.1,
this gives

. o s " e
ulEnAf/0 o(u) = ;}LTO o(u,) = ]}Lrgo oG, )+ @(=u, )
- . L
> llgglf (p(t+unk) + ¢@( t_unk)
> o(tuy) + @_u_) = p(wy) = inf @(u).
ueN;
Hence, p(w,) = inf,¢ A, o(u). O

Finally, the minimizer obtained in Proposition 5.4 turns out to be a critical point of ¢
as well and so it is a weak solution of problem (1.1).

Proposition 5.5 Let (H1) be satisfied and f fulfill (f,), (fy), (fy), (fy) and (f5). Let wy € N,
such that @(w,) = inf, uen, @W). Then wy, is a critical point of @.

Proof First, two key observations for the proof.

(a) By Proposition 5.1, for any (s, f) € [0, 00)*\{(1, 1)}

Plswg = twg) = @lsw) + p(=tw) < @(wy) + e(=wy) = p(wy) = inf p(u).

(b) Foranyv e WS’H(Q), aswy #0#wy

Sl it v =o

Wo = Vll1300 = €3/ Iwo = V]| ” ”
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where Cy; > 0 is the constant of the embedding W,"(Q) & L/-(Q). Hence, if for

0 < &, < min {c;il ”W3||p,’ Cwall, }

we have ||wy = V||, 5,0 < 8- it follows that v* # 0 # v~
The proof consists of arguing by contradiction using the deformation lemma (see
Lemma 2.12). Assume that ¢’(w,) # 0. Then there exist a, §, > 0 such that

@', > a forallue W™ Q) with [lu—wy||, ., < 38, (5.3)
Let
6 = min{6,/2,6,}.

Consider again the mapping from (a) defined on [0, 0)> — W&’H(Q) and given by
(s,1) — sw(J)r —twy, which is continuous. Hence given 6 > 0, there exists 1 > y > 0 such
that

“swo+ —twy — WO”I,H,O < §forall (s, 1) € [0, 0)? 54
such that max{|s—1|,|t—1|} <7y.
Let
D=(1-y,1+7)>
By (a) it follows that

+ _ .
= max —t < = inf .
ﬁ (s.)E0D QO(SWO WO ) (P(Wo) uE./\/O GO(M)

With the notation of the quantitative deformation lemma (Lemma 2.12), let

c—ﬁa_5
4 8

S=BWwy,06), c= 1611Af[ @(u), € =min { } and 6 be as above.
uehN,

From (5.3) it follows that

8¢e

¢ W], >a> = for all u € S,5 = B(w,, 36),

so all the assumptions of the lemma are fulfilled. Furthermore

c—Fp
2

(p(sw0+—tw6)$ﬁ+c—c<c—< )SC—ZE forall (s,r) € 0D.  (5.5)

Altogether, by the quantitative deformation lemma there exists a mapping
n € C([0, 11x Wy (), W "(Q) such that

(i) nt,u)=u,ift=0orifu & @~ '([c —2¢,c+2e]) NS,
() @@n(l,u) <c—eforallu € p!((—co,c+€])NS,
(>iii) n(t, ) is an homeomorphism of WS’H(Q) forallt € [0, 1],
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(V) ln(t,u) = ul| < & forallu € W)"(Q)and r € [0, 1],
(v)  @(n(-,u))1is decreasing for allu € WS’H(Q),
(vi) @(n(t,u)) < cforallu € p~!((—c0,c]) N Ssand ¢ € (0, 1].

We define now 4 : [0, ©)> — WS’H(Q) given by A(s,t) = n(l,swg — twy;), which has the
following properties:

(vii) h € C(10, 002, Wy "'@) ),

(viii)p(h(s, 1)) < ¢ — e for all (s, 1) € D, by (ii), (a) and (5.4),
(ix) h(s,t) = swo+ — twy, for all (s, 1) € D, by (i) and (5.5),
(x) h(D) C S5 = B(w,,28), by (iv) and (5.4).

Consider the mappings H,, H, : (0, )% — R? defined by
HO(S’ t) = ( <§0,(5W0+)’ Wg) ’ <(p,(—tWa), _W(;> )s

1,60 = (1@ B 6001 6.0) » Ho! (= (5,00, (5.0) ).

As @ is a C' functional and by (vii) both are continuous functions. By Proposition 5.1 we
have

(@' w)),wy) >0 and (¢ (=twp),—wy) >0 forall0<r<1,

(@' (twy),wy) <0 and (¢@'(=twy),—wy) <0 forallz> 1.
Let us denote by deg(g,A,y) the Brouwer degree over A C R” open and bounded of the
function g € C(A, RV) at the value y € RV \ g(dA). By its Cartesian product property (see

Dinca and Mawhin [15, Lemma 7.1.1 and Theorem 7.1.1]) and the one-dimensional case
over intervals (in the same book [15, Proposition 1.2.3]) we have

deg(H,, D, 0)
= deg (<(p’(SWa—), Wa->’(1 -7 I+ y)i 0) deg (<(p,(_lW(;), _W(;)’(l -7 1 + J/)i O)
== =1

By (ix) we have Hy ~=H, .0 by the dependence on the boundary values of the Brou-
wer degree (see again the book by Dinca and Mawhin [15, Corollary 1.2.7]), it follows

deg(H,,D,0) = deg(H,,D,0) =1,

which by the solution property of the Brouwer degree (in the same book [15, Corollary
1.2.5]) implies that there exists (s, fy) € D such that H,(sy, t,) = (0, 0), i.e.

(@' (h* (59 1)), K (505 1)) = 0 = (@' (=h" (50, 1)), =™ (¢, 1))-
Furthermore, by (x)
||h(s0, 1)) — w0||1’7_t,0 <26 L6,
and then (b) yields

h (59, t0) # 0 % —h™ (50, ).

@ Springer



630 A. Crespo-Blanco, P. Winkert

Altogether, we have that h(sy, 1,) € N, which by (viii) fulfills (h(sy, 7)) < ¢ — &. This is a
contradiction with ¢ = inf, c; @(u) and the proof is complete. O

Now we can combine Theorems 3.1, 4.9 and Propositions 5.4, 5.5 to get the following
result.

Theorem 5.6 Let (H1) be satisfied and f fulfill (f,), (fy), (f3), (fy), (fs) and (fg). Then there
exist nontrivial weak solutions of problem (1.1) uy, vy, wy € Wé’H(Q) N L*®(Q) such that
uy > 0, vy, < 0andw, has changing sign.

6 Nodal domains

It is possible to derive further properties of the sign-changing solution obtained in the pre-
vious section. We will deal here with the number of nodal domains, that is, the number of
maximal regions where it does not change sign. The usual definition of nodal domains for
u € C(Q,R) are the connected components of Q\Z, where the set Z = {x € Q : u(x) =0}
is called the nodal set of u. However, since we do not know whether our solutions are con-
tinuous, this is not helpful. Thus we propose the following, alternative definition.

Let u € W,"(Q) and A be a Borelian subset of Q with |A| > 0. We say A is a nodal
domain of u if

(i) u>0a.e.ondoru<0a.e.onA;
(i) 0#ul, € W,™ Q)
(iii) A is minimal w.r.t. (i) and (ii), i.e., if B C A with B being a Borelian subset of Q,
|B| > 0 and B satisfies (i) and (ii), then |[A \ B| = 0.

Remark 6.1

(a) The reason to assume (ii) in the previous definition is that we want to rule out vanishing
sets and sets such that the weak derivative of ul, does not exist.

(b) The relation in general between the usual definition and this one is unknown for the
authors.

In order to prove the extra properties of our sign-changing solution we also need the
assumption (f;).

Proposition 6.2 Ler (H1) be satisfied and f fulfill (Hy). Then, any minimizer of @, v (which
No

by Proposition 5.5 is also a sign-changing weak solution of (1.1)) has exactly two nodal
domains.

Proof We fix any representative of w, denoted by wy and set Q, = {x € Q : +wy(x) > 0}.

Both, ©, and €_, satisfy conditions (i) and (ii) in the definition above because
wolg, =Wy a e inQ.
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It remains to show that they are minimal. The proof follows arguing by contradic-
tion. Without loss of generality, assume that there exist Borelian subsets A;,A, of Q
such that they are disjoint, of positive measure, with Q_ = A;UA, and A, satisfies (i)
and (ii) in the definition above. As a consequence, A, also satisfies (i) and (ii) because
woly, =wolg —woly, € W&’H(Q) and wyl,, = W{)IAZ < 0a.e.in A,. Hence we have

lg wo20, 1,wy<0, 1,w,<0 foraaxeQ
and
Lo wo+ 14 wo + 14,wo = 1g wo + 1g wy + 1 0=w, foraaxeQ,

where Q, = {x € Q : Wy(x) =0}.
Take u = 1g wy + 1, wyand v = 1, w, and note that u* = 1o wjand —u~ = 1, wy. As
@' (wy) = 0 and as the supports of ™, —u~ and v are disjoint, it holds

0= <€0’(W0)’ uty = (@' (uh),u"),

thus u™ € . Analogously, —u~ € N and hence u € N,. With the same argument it also
holds that (¢’(v),v) = 0.
Finally, by these properties and condition (f;), we get

inf () = g(wg) = @) + p(v) — (g’ (V).v)
ueNy q+

+

> p(u) + <L - L>01,(,)(Vv) + / (Lf(x, v)v — F(x, v)) dx
p q+ J L

1 1
> p(u) + <p_ - q_>0p(«)(vv)

+ +

. 1 1
> inf @(u) + <_ - _>0p(.)(vv),
p q

ueN; 0 + +

which is a contradiction because p, < g, and v # 0. This finishes the proof. O
Finally, combining Theorem 5.6 and Proposition 6.2, we have the following result.

Theorem 6.3 Let (H1) be satisfied and f fulfill (H;). Then there exist nontrivial weak solu-
tions of problem (1.1) uy, vy, wy € WS’H(Q) N L*®(Q) such that

uy >0, vy, <0, w,being sing-changing with two nodal domains.
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