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ABSTRACT. In this paper, we study a nonlinear double phase problem with
variable exponent and critical growth on the boundary. The problem has in
the reaction the combined effects of a Carathéodory perturbation defined only
locally and of a critical term. The presence of the critical term does not permit
to apply results of the critical point theory to the corresponding energy func-
tional. Thus, we use appropriate cut-off functions and truncation techniques to
work on an auxiliary coercive problem. In this way, we can use variational tools
to get a sequence of sign changing solutions to our main problem. Further, we
show that such a sequence converges to 0 in L°° and in the Musielak-Orlicz
Sobolev space.

1. Introduction. Given a bounded domain Q@ C RM (N > 2) with Lipschitz
boundary 02, we deal with critical Robin double phase problems of the form
—divA(u) = f(z,u) + [ulP "2u in Q,
A(u) - v+ B(2)|uP*2u=0 on 012,
where div A(u) is the variable exponent double phase operator given by

div A(u) := div (|vu|P*2Vu + u(z)|vu|q<z)*2vu) :

(1.1)

v(z) denotes the unit normal of €2 at the point z € 9Q and
«._ Np (N-1p
- N-p N-p
are the critical exponents corresponding to p. Here, we suppose that the exponents
and the functions p as well as g satisfy the following conditions:
(H1) ¢ € C(Q) is such that 1 < p < N, p < q(z) < p* for all z € Q. Moreover,
uw € L®°(Q) and f € L*(9N) are such that pu(z) > 0 for a.a.z € Q and
B(z) > 0 for a.a.z € 90 with 5 # 0.

For r € C(Q2), we put

and p, =

r~ =min7r(z) and 7t =maxr(z).
z€Q 2€Q

We suppose the following assumptions on the data of problem (1.1).
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(H2) f: Q% [-no,mo] = R is a Carathéodory function with 79 > 0 such that for
a.a.z €Q, f(2,0)=0, f(z,-) is odd and it holds
(i) there exists ag € L>°(£2) such that

|f(z,2)] <ap(z) fora.a.z € Q and for all |z| < no;
(ii) there exists T € (1, min {p, Np—ip + 1}) such that
1~ f(zﬂx)

x—r)% |x|7*2x

=0 uniformly for a.a.z €

(iii)
f(z,2)

o0 |x|p—22

= 400 uniformly for a.a.z € Q.

Remark 1.1. We point out that f is defined only locally. Hence, on account of
hypothesis (H2)(iii) we can assume, without loss of generality, that

f(z )

|z[P=2x

>0 fora.a.z € Qand for all 0 < |z] < np.

This guarantees that
f(z,2) >0 forall0 <z <mny and f(z,2)<0 forall —n <xz<D0.

We say that a function u € W1%(Q) (the Musielak-Orlicz Sobolev space, see
Section 2) is a weak solution of problem (1.1) if

/ (|Vu\p_2Vu+,u(z)|Vu|q(z)_2Vu) -Vhdz+/ B(2)|ulP*~2uh do
Q o0

= /Q (f(zgu) + |u\p*_2u) hdz

is fulfilled for all h € W7 ((Q).
Then, the main result of the paper is the following.

Theorem 1.2. Let hypotheses (H1) and (H2) be satisfied. Then, problem (1.1) has
a sequence {wy fneny € WHH(Q)NL®(Q) of nodal (that is, sign changing) solutions
such that ||wy |1 — 0 and ||wy|lec — 0.

We stress that our work is closely connected to a recent paper of Liu-Papageorgiou
[29] where a similar double phase problem with constant exponents was studied in
a Dirichlet setting. Precisely as in [29], we find in the right-hand side of problem
(1.1) the combined effects of a Carathéodory perturbation f(z,-) which is defined
only locally and of a critical term u — |u[P"~2u. In contrast to [29], we allow a
variable exponent ¢ € C(€2) and critical growth on the boundary.

We point out that the presence of critical terms do not permit to apply results of
the critical point theory to the corresponding energy functional. Therefore, we use
suitable cut-off functions and truncation techniques to work with a coercive func-
tional. In this way, we can act by using variational tools. Hence, we study a nonlin-
ear auxiliary coercive problem. We establish the existence of extremal constant sign
solutions for such a problem (see Section 3). Next, we use these extremal solutions
and a generalized version of the symmetric mountain pass theorem due to Kajikiya
[24, Theorem 1] in order to get a sequence of nodal solutions for problem (1.1). So,
we extend the results of Liu-Papageorgiou [29] to the Robin double phase operator
with one variable exponent and further we can skip hypothesis H1(iii) in [29]. In
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addition, we remark that our main result extends the recent work Papageorgiou-
Vetro-Winkert [35] to Robin double phase problems with critical growth even on
the boundary.

Functionals of type

w»—>/ (IVw|? + p(2)|Vw|?) dz, 1<p<g<N,
Q

were first considered by Zhikov [44] in connection with problems of homogenization
and nonlinear elasticity. In addition, there are several other applications in the
study of duality theory and of the Lavrentiev gap phenomenon, see Zhikov [45, 46].
A first mathematical framework for such type of functionals has been introduced
by Baroni-Colombo-Mingione [8], see also the related works by the same authors in
[9, 10] and of De Filippis-Mingione [15] about nonautonomous integrals.

However so far, there are only few results for problems involving the variable
exponent double phase operator. We refer to the recent results of Aberqi-Bennouna-
Benslimane-Ragusa [1] for existence results in complete manifolds, Albalawi-
Alharthi-Vetro [2] for convection problems with (p(-), ¢(-))-Laplace type problems,
Bahrouni-Réadulescu-Winkert [6] for double phase problems of Baouendi-Grushin
type operator, Crespo-Blanco-Gasiiski-Harjulehto-Winkert [13] for double phase
convection problems, Kim-Kim-Oh-Zeng [25] for concave-convex-type double-phase
problems, Leonardi-Papageorgiou [26] for concave-convex problems, Vetro-Winkert
[40] for parametric problems involving superlinear nonlinearities and Zeng-
R&dulescu-Winkert [43] for multivalued problems, see also the references therein.

Furthermore, we mention the works of Ambrosio-Isernia [3] for (p, ¢)-Schrédinger-
Kirchhoff type equations, Ambrosio-Rédulescu [4] for concentrating solutions for
(p, q)-Schrédinger equations, Ambrosio-Repovs [5] for multiplicity and concentra-
tion results for (p,q)-Laplacian problems in RY, Bai-Papageorgiou-Zeng [7] for
singular eigenvalue problems for (p,q)-equations, Cen-Khan-Motreanu-Zeng [11]
for inverse problems for generalized quasi-variational inequalities, Crespo-Blanco-
Papageorgiou-Winkert [14] for double phase problems with singular term and crit-
ical growth on the boundary, Colasuonno-Squassina [12] for eigenvalue problems of
double phase type, Farkas-Winkert [17] for Finsler double phase problems, Gasinski-
Papageorgiou [18] for locally Lipschitz right-hand sides, Gasiriski-Winkert [20, 19]
for convection problems and constant sign-solutions, Liu-Dai [28] for a Nehari man-
ifold approach, Papageorgiou-Vetro [33] for superlinear problems, Papageorgiou-
Vetro-Vetro [34] for parametric Robin problems, Perera-Squassina [37] for Morse
theoretical approach, Vetro-Winkert [39] for parametric convective problems, Zeng-
R&dulescu-Winkert [42] for double phase implicit obstacle problems with convection
and multivalued mixed boundary value conditions, Zeng-Bai-Gasiiski-Winkert [41]
for implicit obstacle problems with multivalued operators.

2. Preliminaries. The function space framework for the analysis of problem (1.1)
is provided by the so-called Musielak-Orlicz Sobolev spaces. Therefore, we devote
this section to recall some elements from theory of such spaces. Also, we introduce
some tools which we will need later.

We denote by M () the space of all functions u: Q — R which are measurable.
Let r € C(Q) be such that 7(z) > 1 for all z € ©, then we denote by L") (Q) the
usual variable exponent Lebesgue space defined by

0@ = fue M@ s 0.w)i= [ s < ool
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and endowed it with the Luxemburg norm
lullrey = inf{a >0: o (g) < 1} :

In addition, we write Wl’r(')(Q) for the corresponding Sobolev space equipped with
the norm | - ||1 (), see Diening-Harjulehto-Hasto-Ruzicka [16] or Harjulehto-Hésto
[22].

Further, on 02 we consider the (N — 1)-dimensional Hausdorff (surface) measure
o(-) and, using this measure, we define in the usual way the boundary Lebesgue
spaces L") (9Q).

Next, we assume that (H1) holds. Then, we consider the nonlinear function
H: Q2 x[0,400) — [0,4+00) defined by

H(z,z) = 2P + p(2)x?®)  for all z € Q and for all > 0.

We write py for the corresponding modular function, that is,

o) = / H(z u]) dz = / (jul? + () ) .

Hypotheses (H1) guarantees that 7 is a generalized N-function satisfying the so-
called A,-condition, i.e., H(z,2z) < 29" H(z,z) for all z € Q and for all z > 0. Now
we can define the Musielak-Orlicz space L*(£2) by
LH(Q) = {ue M(Q) : py(u) < +oo}
equipped with the Luxemburg norm
lull = inf{a >0: py (g) < 1}.

The modular py; and the norm || - || are related by the following proposition, see
Crespo-Blanco-Gasiriski-Harjulehto-Winkert [13, Proposition 2.13] or Harjulehto-
Hasto [22].
Proposition 2.1. Let hypotheses (H1) be satisfied. Then the following hold:

(1) |Jullg <1 (resp. > 1,=1) if and only if py(u) <1 (resp. >1,=1);

.. . +

(i) of [lullae <1 then [lull3, < pau(u) < |lull3;
(iil) if [lulla > 1 then [lullf, < py(u) < |lullf, ;

(iv) |lu|l — 0 if and only if py(u) — O;
(v) |Jull3 — 400 if and only if py(u) — +oco.

Now, using the Musielak-Orlicz space, we define the corresponding Musielak-
Orlicz Sobolev space W7 (Q) by

WhH(Q) = {ue L*(Q) : |Vu| e L*(Q)}.
We equip this space with the norm
[l = [[Vulla + [lull3,

where || Vul|3 := || |[Vu|||%. Note that the norm ||-||3; defined on L*() is uniformly
convex and hence the spaces L*(Q) and W17 (Q) are reflexive Banach spaces, see
[13, Proposition 2.12]. Furthermore, for W1*(Q) the following embedding results
hold, see [13, Propositions 2.16 and 2.18].

Proposition 2.2. Let hypotheses (H1) be satisfied. Then the following hold:
(1) L*(Q) — L"O(Q) and WHH(Q) — WL O(Q) are continuous for all r €
C(Q) with 1 <r(z) < p for all z € Q;
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(i) WEH(Q) — L™ON(Q) is compact for r € C(Q) with 1 < r(z) < p* for all
z€Q;

(i) WhH(Q) — L") (0Q) is compact for r € C(Q) with 1 < r(2) < p. for all
z €8

(iv) WHH(Q) — LM(Q) is compact;

(v) LIO(Q) — L™(Q) is continuous.

Also, we denote by C1(2), the positive cone of the ordered Banach space C(£2)
given by
C'( )y ={ueC' () :u(z) >0forall z€Q}.
This cone has a nonempty interior given by
int (C'(Q)1) = {ueC'(Q) : u(z) >0 for all z € Q},

Next, we consider the eigenvalue problem for the p-Laplacian with Robin bound-
ary condition given in the form

—Apu = Nu[P"?u  in Q,

L L (2.1)
[VulP~*Vu - v+ B(z)|ulP"“u =0 on Of).

We recall that A € R is an eigenvalue of (2.1) if problem (2.1) has a nontrivial
solution u € W1P(Q). Such a solution is called eigenfunction corresponding to the
eigenvalue A. It is known that there exists a smallest eigenvalue \;, of problem
(2.1) which is positive, isolated, simple and it can be variationally characterized
through

A1p = inf { [Vulll + [oq B(2)|ul? do

7 Cu € WHP(Q), u;«éO},
[ullp

see Papageorgiou-Radulescu [30].

In the sequel, we write uy, for the LP-normalized (i.e., ||u1 ||, = 1) positive
eigenfunction corresponding to A; ,. From the nonlinear regularity theory and the
nonlinear strong maximum principle we know that u; , € int (01 (ﬁ)Jr), see Lieber-
man [27] and Vazquez [38].

For any s € R we put sy = max{=£s, 0}, that means s = sy —s_ and |s| = s;+s_.
Also, for any function v: Q@ — R we put v4(-) = [v(+)]+.

Finally, given a Banach space X and its dual space X™*, we say that a functional
® € C1(X) satisfies the Palais-Smale condition (PS-condition for short), if every
sequence {uy tnen € X such that {®(u,)}neny C R is bounded and

P (u,) -0 in X* asn — oo,

admits a strongly convergent subsequence. Moreover, we denote by Kg the set of
all critical points of ®, that is,

Ko ={ueX : ®u)=0}.

We also recall that a set S C X is said to be downward directed if for given
u1,uz € S we can find u € S such that v < u; and v < us. Analogously, S C X
is said to be upward directed if for given v;,v9 € S we can find v € S such that
v1 < v and vy < w.
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3. A nonlinear auxiliary problem. In this section, we work with a nonlinear
auxiliary problem and show the existence of extremal constant sign solutions for
such a problem. This will help us in the next section to produce nodal (that is, sign
changing) solutions for problem (1.1).

Before introducing such an auxiliary problem, we first prove a result which we
will use later.

Lemma 3.1. Let hypotheses (H1) be satisfied. Then, for some a > 0 and all
u € WHH(Q), we have

[ullip < all[Vullp + llu

p*,ﬂ,aﬂ}

where ||ul|p. 5,00 s the seminorm

full poni= | B
o0

Proof. The assertion of the lemma follows if we show that there exists ¢ > 0 such
that

P~ do.

lully < afl[Vully + fu

pe.8,09] (3.1)
for all u € WHH(Q). Indeed, since ||ull1, = || Vull, + [|ullp, (3.1) gives
[ullip < IVully +a [ Vall, + [lu

pap00) < (@+ 1) [[[Vullp + [[u

pe.8,00] -

In order to prove the validity of (3.1), we argue indirectly. So, assume that (3.1) is
not true. Then we can find a sequence {uy, }neny € WH7(Q) such that

lunllp = n[[|Vunllp + l|lunllp..8,00] for all n € N. (3.2)

Up
llenllp

We put y, = which gives |lyn|, = 1. Then, from (3.2) we obtain

D« 3,00 (3-3)

Hence, we deduce that {y,}nen € WHP(Q) is bounded (we recall that ||y,|l1,, =
IVynllp + l|lynllp). Therefore, we can assume that

1
=2 [Tyl + i

Yp —y inWHP(Q) and y, —yin LP () and LP*(99). (3.4)

Next, we know that W?(Q) < LI0)(Q) is compact (being ¢* < p*) and further
L0 (Q) < L™(Q) is continuous (see Proposition 2.2 (v)). On account of this, we
conclude that y,, — y in L™(). Also, from ||y, = 1, we have y # 0.

Now, passing to limit in (3.3) as n — 400 and using (3.4) along with the weak
lower semicontinuity of the norm ||V - ||, and of the seminorm || - ||,. g,00 Wwe obtain
that

0= Vylly +lly

P=,,00

which gives Vy = 0. Hence, we deduce that y = b is a constant with b # 0.
Therefore, by (3.3) passing to limit as n — 400 we get

0>1b

Px B(z)do >0
o9

since B(z) > 0 for a.a.z € Q and 8 # 0. This gives a contradiction and so (3.1)
holds true. O
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Now, let k: 2 x R — R be the Carathéodory function defined by
k(z ) = 0(2)[f(z,2) + [a[”" 2] + (1 - 0())|a| "z (3.5)

for all (z,7) € Q x R, where 7 is given in (H2)(ii) and # € C*(R) is an even cut-off
function satisfying the following conditions:

supp 6 C [—no, 0], 9’[,,,0 o) =1 and 0<6<1on (—ng,mno). (3.6)

3

Note that (3.6) and (H2)(ii) ensure that
h(z2)] < e (1+[2"Y) (3.7)

for some ¢ > 0, for a.a.z € Q and for all x € R.
Then, we consider the following auxiliary Robin double phase problem

—div <|Vu|p_2Vu + p(z) |Vu|q(z)_2Vu> = k(z,u) in €,
(3.8)

(|Vu|p72Vu + u(z)|Vu\q(Z)72Vu) v =—B)|uP*"*u on IN.

We denote by St and S_ the set of positive and negative solutions of problem (3.8),
respectively. We start showing that these sets are nonempty.

Proposition 3.2. Let hypotheses (H1) and (H2) be satisfied. Then S; and S— are
nonempty subsets in WHH(Q) N L (Q).

Proof. Our first aim is to prove that S, # (). Thus, we consider the C!-functional
@, : WEH(Q) — R defined by

<I>+(u):/9 [;|Vu|z>+’;((2|w|q<z>] dz—i—/a L5

Q P«

P« dO'

- / K(z,uq)dz,
Q

for all w € WhH(Q), where K(z,2) = [ k(z,s) ds. We know that

1 1
D (u) > 7/ [Vu|P dz + T/ w(2)|Vu|73) dz
b Ja av Jao

—i—i B(2)|ul|P da—/ K(z,uq)dz.
P+ Joq Q

Then, using (3.7), hypothesis (H2)(ii) (which gives 7 < p) and hypothesis (H1)
(which ensures 5(z) > 0 for a.a.z € 0f2), we conclude that ® is coercive. Next,
we recall that the embedding W17 (Q) — L")(Q) is compact for any r € C(Q)
with 1 < r(z) < p* for all z € Q (see Proposition 2.2(ii)). On account of this, we
see that the functional @, is sequentially weakly lower semicontinuous. Therefore,
there exists ugp € W1 (Q) such that

D (ug) = inf [®4(u) : u e WHH(Q)].

Next, we show that wug is nontrivial. By hypothesis (H2)(iii) we can find for each
n >0 a number § € (0, min{%,1}) such that

F(z,x2) = / f(z,8)ds > ﬂ|x|p for all |z| <. (3.9)
0 p
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Also, we can choose t € (0,1) small enough so that tus ,(z) € (0,d] for all z €

Q, where U1, € int (Cl (ﬁ)+) denotes the LP-normalized positive eigenfunction
corresponding to A, (see Section 2). According of this, we have

1 z
v (tury) = [ |29 )P + B )0 as
alp q(z)
1
+/ ﬁ( )(tul,p)p* dO’—/ K Z tuLp) dz
90 P«
< —/ \Vu1p|pdz+—/ ) Vs |‘1(Z)dz

tP=
+

P 396( )ulpda—/K (z,tuqp) dz

1P
= [Al’p/uﬁ’pdz—/ ﬂ(z)ufpdo}
p Q 0 ’

P o) V@ az + [ ey
+— | w(2)[Vuip|"” dz + — z)u
q Ja b P+ Joa ! p

K(z tug p) dz

<— Lp—i-f/ 2)|Vuq p |q()dz+p— BQB( Juy, do

f/K(z,tuLp) dz.

Q

Now, since tuy, € (0,0] and 6 € (0,min{%,1}), from (3.6) we know that
k(z,tuy ) = fz,turp) + (tug )P ~2tus, > f(2,tug ). (3.10)

Then, using (3.9) and (3.10), we get

(tuLp) < /\1)p + 7/ |VU1 a(2) dz

tp*
/ ﬁ ul p "7

2 =)+ / 1(2)|Vur |79 d
= — + — U z
p Le =1 qa Ja P
T TRy
u
p* o0 1p

Recall that 7 is arbitrary. Thus, if we choose > Ay, (which gives A1, —n < 0),
we have for ¢ > 0 sufficiently small

174 7 P
— ()‘1,10 —n)+ — / N(Z)|Vul,p|q(z) dz +
p q Q

D

B(z)uir, do <0
Q

since p < ¢~ and p < p,. This implies that ¢, (tu;,) < 0 = &,(0) for t € (0,1)
sufficiently small. Hence, ug # 0.
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As uyg is a global minimizer of ®, we have @/, (ug) = 0, that is,

/ (|Vu0|p’2Vu0 + u(z)|Vuo|q(z)’2Vu0) -Vhdz
@ (3.11)

+ B(2)|uo|P*2ug - hdo = / k(z, (ug)y) hdz
o0 Q

for all h € WLH(Q). Also, we know that +us € W (Q) for any u € WH(Q), see
Crespo-Blanco-Gasiriski-Harjulehto-Winkert [13, Proposition 2.17]. So, if we take
h = —(up)— in (3.11) we obtain that (ug)— = 0. This gives uy > 0. Taking into
account that ug # 0, we conclude that ug is a positive weak solution of problem
(3.8). Thus, S; # 0. Similar to the proof of Theorem 3.1 in Gasinski-Winkert [21]
we can show that ug € L>(Q).

Arguing in a similar way, we get the existence of a negative weak solution for
problem (3.8). It is sufficient to work with the C!-functional ®_: W1H(Q) — R
defined by

P_(u) = /Q BWUV’ + q(lz)u(z)WuP(z)] dz

L P do — _
+/émp*ﬂ(z)|u do /QK(Z, u_)dz

and show that the global minimizer of ®_(u) is nontrivial. O

Now, we are ready to prove the existence of a smallest positive solution u, € Sy
and the existence of a largest negative solution v, € S_.

Proposition 3.3. Let hypotheses (H1) and (H2) be satisfied. Then there exists
Uy € St such that u, < u for all u € S4 and there exists v, € S— such that v, > v
forallveS_.

Proof. We prove the existence of a smallest positive solution in S;. Arguing in a
similar way, we also obtain the existence of a largest negative solution v, € S_.

Following the proof of Proposition 7 in Papageorgiou-Radulescu-Repovs [31], we
can easily check that S; is a downward directed set. This guarantees, thanks to
Hu-Papageorgiou [23, Lemma 3.10, p. 178], that we can find a decreasing sequence
{tn }neny C Sy such that

inf u, =inf S;.
neN
In addition, since u, € Sy, we know that

/ (|Vun|p_2Vun + ,u(z)|Vun|q(z)_2Vun) -Vhdz
@ (3.12)

+ B(2)|un P2y, -hdo = [ k(z,u,)hdz
a0 Q

for all h € WH7(Q) and for all n € N.
Now, taking h = u, in (3.12), on account of (3.7) and using 0 < u,, < uy, we
deduce that

|Vu,|P dz + / u(z)|Vun|q(Z) dz + B(2)|un
Q Q a9

Pdo < by (313)
for some b; > 0 and for all n € N. Thus, since 3(z) > 0 for a.a. z € 9f2, we have

pu(Vuy) = / [Vu,|P dz —|—/ 1(2)|Vun |13 dz < by
Q Q
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for some by > 0 and for all n € N. This shows that {py (Vu,)}neny € RY is bounded.
Hence, thanks to Proposition 2.1, we deduce that {||Vuy||nnen is bounded in
LR(Q).

Next, we observe that (3.13) also gives

/ V[P dz + / B(2)|unlP* do < by (3.14)
Q o

for some b; > 0 and for all n € N. Taking Lemma 3.1 into account yields

1psa HlVUan + [Jun

[l p..8.00] forsome a >0 and for all n € N.

Using this and (3.14) we infer that {u,}n,ey € WHP(Q) is bounded. Finally, we
recall that the embedding W'?(Q) < L0)(Q) is compact (due to ¢t < p*) and
further the embedding L90)(Q) «— L*(Q) is continuous (see Proposition 2.2 (v)).
Therefore, we conclude that ||u,||3 < bs for some by > 0 and for all n € N.

On account of this, since {||Vuy||2}nen is bounded in L*(Q) and |ju,|1.% =
|Vunll# + ||un 2, we conclude that {u,} € WH*(Q) is bounded.

Observe that 7 < NL; + 1 due to hypothesis (H2)(ii). Hence, we know that

%(T — 1) < ps. So, if we choose s > % such that s(7 — 1) < p,, taking into
account that {u,} C WH7(Q) is bounded, we may suppose that

Up = uy 0 WHH(Q) and w, = u, in L5T7Y(Q) and in LY (5Q).
From (3.5), (3.6) and hypothesis (H2)(i) it follows that
|k(z,2)| < bz|z|™! (3.15)

for some bg > 0, for a.a.z € Q and for all z € R. Then, from (3.12) and (3.15) along
with a Moser-iteration type argument as it was explained in Colasuonno-Squassina
[12, Section 3.2], we obtain, as s > %, that

=1
lten]loo < b4||un||sp(_Tl_1) for some by > 0 and for all n € N.

Now, we show that u, # 0. We argue indirectly and suppose u, = 0 which implies
|ltnlloc — 0 as n — +o00. Hence, we deduce

0 <up(z) <d§ foraa.zeQand for all n > nyg,
where § € (0, min{%,1}). We further have
E(z un(2) = f(2,un(2)) + un(2)P "1 for a.a.z € Q and for all n > ny.

We put yn, = qt— for all n € N. Thus, lgnllix =1 and y, > 0 for all n € N.
Moreover, we can suppose

Yn —y i WHH(Q) and gy, —y in LO(Q) with y>0.
Now, we remark that (3.12) gives

/Q (a3 1V 9P =2 g0 + 15 1) Vel 7572y ) - Tz

+ | Bl a2yl do
o

= [ ! [f Gotn) o p] o1
[l

ub
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for all h € W1 (Q) and for all n € N. Hence, since 0 < u,(z) < §, we deduce that

/ |Vyn [P 2Vy, - Vhdz

+ [ 57l P 129, - T

/ B I Iyl

:/ {f(z,uln) Jrufjfp yP1hdz
Q

ub

(3.16)

2yn - hdo

for all h € WLH(Q). Note that the left-hand side in (3.16) is bounded for all
h € WHH(Q). From this, using hypothesis (H2)(iii), we infer
f(zﬂ Un) ypfl

—1 n
uh

y=0 and —0 foraa.ze.

Furthermore, if we choose h = y,, in (3.16) and we pass to limit as n — 400, we
obtain

i P _—
A [ v =

This guarantees, at least for a subsequence, that Vy,(z) — 0 for a.a.z € Q.
Hence, we infer that H(z, Vy,) — 0 for a.a.z € Q. Taking into account that
{H(, Vyn) tnen € LY(Q) is uniformly integrable, by Vitali’s convergence theorem,
we get that

pr(Vyn) =0 in WH?(Q)
as n — 400, which by Proposition 2.1(iv) implies that
IVynlle = 0 asn — 4oo.

Finally, we recall that ||y, |12 = [[Vynll# + ynllze = 1 for all n € N. Then, we
have

im [fyalliwe= Um  ([Vynlla + lynll)

n—-+

lim [|Vynlln + Hm lynls

n—-+0oo

= T gallpe = 1.

Also, as the embedding L) (Q) < L*(Q) is continuous (see Proposition 2.1(v)),
we know that ||ynl|# < ellynllqq) for some e > 0. Next, taking into account that
yn — 0 in LIO)(Q), we have that l¥nllqcy — 0. Then, we get a contradiction. This
allows to conclude that w, # 0. Therefore, u, € S4 and wu. is the smallest positive
solution in S;. O

4. Proof of Theorem 1.2. In this section we prove our main result, namely
Theorem 1.2. To be more precise, we prove the existence of a sequence of nodal
(that is, sign changing) solutions for problem (1.1). Furthermore, we are going to
show that such a sequence converges to 0 in W1#(Q) and in L>().

For this purpose, we start by the extremal constant sign solutions u. and v,
determinated in Proposition 3.3. Our aim is to focus on the order interval

[, us] == {u € WHH(Q) : v,(2) S uz) <ui(2) foraa.zeQ}.
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Therefore, we use truncations of k(z,-) at v,.(2) and u.(z) in order to introduce a
new C'-functional ¥,. Thus, let k.: @ x R — R be the truncation function given
by
k(z,v.(2)) if x <w.(2),
ko(z,z) =< k(z,x) if v.(2) <z < u.(2), (4.1)
E(z,u.(2)) if us(2) < z.
Then, we consider the C'-functional ¥,.: W1*(Q) — R defined by

v - [ [ﬂwp ¥ 1u<z>|w|q<z>] az

e
1
+/mp Bl

p*daf/ K.(z,u)dz,
for all u € WHH(Q), where K, ( = [y ki(z,8)ds.
As a first step, we observe that K\p* ={ue W1 H(Q) 1 (V,) (u) = 0} is contained
in the order interval [v., u.]. So, let u € Ky, \ {us, v}, then we know that

/ (IVul?~2Vu + u(2)|Vul#®>Vu) - Thd:
Q

+ /8 Bl

for all h € WL (Q). If we take h = (u — u.)4 in (4.2) we have

(4.2)

p*”uhdoz/k*(z,u)hdz
Q

/ (|Vu|p72Vu + p(2)|Vul?* *QVU) -V(u—uy)ydz

+ [ Bl

,/Qk (zyu)(u — uy) 4 dz

Pe=2y . (u — uy) 4 do

_ /Qk(z,u*)(u — )y dz

= / (\Vu*|p72Vu* + u(z)|Vu*|q(z)*2Vu*> “V(u—uy)ydz
Q

* / B(2) P2 - (u = ua) 4 do
o0
since u, € S4. It follows that

/ (IVulP2Vu — |Vu, [P 2Vu,) - V(u — u,) 4 dz
Q

+/ w(z) (\Vu|q<z)*2Vu - |Vu*|Q(Z)*2Vu*> -V(u— uy) 4 dz
Q

+ [ 8 (u

Now, taking into account that S(z) > 0 for a.a.z € 9, we may conclude that
u < uy. Arguing in a similar way but choosing h = (v, — u)y in (4.2), we get that
Ve < U.

Let V C WLH(Q) N L*°(Q) be a finite dimensional subspace. For v € V we put

{v<v}:={z€Q:v(2) <v.(2)},

P2y — Juy [P 2u,) - (u— uy) 4 do = 0.
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{ve v <u}:={2€Q : v.(2) <v(z) <u.(2)},
{ue <v}:={2€Q: ul2) <
Next, we establish the following result.

Proposition 4.1. Let hypotheses (H1) and (H2) be satisfied. Then, we can find
ry > 0 such that

sup[U,(v) : v eV, ||lv|l1,x =7rv] <O0.

Proof. Recall that V is a finite dimensional space and thus we know that all the
norms on V are equivalent, see for example Papageorgiou-Winkert [36, Proposition
3.1.17, p.183]. This guarantees that we can find ry > 0 such that

()| <dfora.a.ze

by (3.6) we know that 0(v(z)) = 1 for

v eV and |jv
with § € (0, min{®,1}). Since § <%

2

a.a.z € (). Consequently, we have
Fz0:(2) + [ (2) P Pou(2) i o(z) < vi(2),
Ra(z0(2) = { F0() + ()P 20(z) i) < 0(z) S w(2),

e (2)) + e ()P 2u(z) i wa(2) < (2).
Now, we consider the function f,: Q x R — R given by
[(z04(2) ifo(z) <wi(2),
Flzw(2) = 4 Fz () i ou(z) < 0(z) < ua(2),
F(zus(2)) i us(2) < v(2)

and we put F.(z,v) fo fx(z,8)ds. For v < v, we know

(z,v) /f*zsds—i-/f*zs

= / f(z,8)ds+ f(z,v*)ds
0 Vs

= F(z,v) + f(z,0) (v — vy).

Note that f(z,v,) is negative, see Remark 1.1, then f(z,v.)(v—v,) > 0. From this,
we deduce that

F(z,v) = Fy(z,v) = [F(z,v) — F(z,v)] + f(2,0:)(vx — )
< [F(Z,U) - F(Z,’U*)],
where F(z,v) fo z,8)ds. Likewise, for u, < v we have
F*(Zvv) = F(Zvu*) + f(z,u*)(’u - u*)v
which gives
F(z,v) — Fu(z,v) = [F(2,v) — F(z,us)] + f(2,us) (us — v)
< [F(z,v) — F(z,u)],

since f(z,us)(usx —v) < 0, see Remark 1.1.
Consequently, we infer that

v) = 1 vlP 1 2 [Vold2)
v.0) = [ 2vep + v
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/ 2)|v|P dJ—/K Z,0)
o Px
/|Vv|pdz+—/ )| V|9 dz+—/ B(z)|v|P* do
1 . 1 -
—/ [F*(z,v)+*|v*|p ] dz—/ [F(z,v)+*|v|p dz
{v<v.} p {vi<v<u.} p
1 .
—/ {F*(z,v)+*|u*|p} dz
{u.<v} p
/|Vv|pdz+—/ |VU\Q(Z)dz+—/ B(z)|vP* do

—/ Fi(z,v) dz—/ F(z,v)dz—/ F.(z,v)dz
{v<v.} {ve<v<u.} {u.<v}

where we used that

1

. 1 .
Pl and
p p
are positive. We can further write
/ |Vv|pdz+—/ 2)|Vo|1=) dz—i——/ B(z)|v|P* do
- / F(z,v) dz+/ [F(z,v) — Fy(z,v)] dz
Q {v<wv.}
/ [F(z,v) — Fy(z,v)] dz
{un<v}

/|V1}|pdz +—/ (2)|Vo|?® dz +—/ B(z)|v

— /QF(z,v) dz + /{KU*} [F(z,v) — F(z,v,)] dz

P dO'

! /{u*<v} [F(z,0) = F(z,u.)] dz.

Next, we recall that f is odd and thus by hypothesis (H2)(iii) we know that for
each 1 > 0 it is possible to find § € (0, min{%, 1}) such that

F(z,z) > |x\p for all |z| < 4.
p
Then, if we take ry small so that

/ [F(z,v) — F(z,v04)] dz+/ [F(z,v) — F(z,u,)] dz < P,
{v<v.}

{u.<v}

/ |Vv|pdz+—/ 2)|Vo|?=) dz

—&—— 5( )|vp*da—f/|v|pdz+5p

we obtain
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Now, taking into account that ||v|[1 3 = ||Vv|» + ||v|%, by Proposition 2.1(ii),
(iii) we know that

+
[ IV dz < (o) < eV, (V)

.
< max{[|olly 5, 1017 5}

In addition, we recall that L7 () < LP(Q) is continuous, see Proposition 2.2(i).
Then, for some é > 0 we have ||Vvl|, < é|Vv|y which gives ||Vul|, < é|v|1,%.

Finally, we recall that V is finite dimensional and thus all the norms on V are
equivalent. On account of this, we find positive constants ¢, ca, c3, ¢4, independent
of ¢, such that

W, (v) < erl|ol + ez max {ull%, U4} + esllellz —neallol + o7

Thanks to the equivalence of the norms on V, for v € V with |jv]j1,4 = rv we
deduce that

U, (v) <16 4 ¢ max{5”,5q+} + c30P* — ncgd? + 6
<(c1+ca+es—nea+1)6P

citcatez+1

as § < 1 and p < p.. Next, since 7 is arbitrary, we can choose n > - in
order to get

U, (v) <0 forallveV with ||v|14 =rv,
which gives the claim. O

Now we can give the proof of Theorem 1.2. In order to prove it, we use a
generalized version of the symmetric mountain pass theorem due to Kajikiya, see
[24, Theorem 1].

Proof of Theorem 1.2. With view to the definition of the truncation function &, : x
R — R given in (4.1), we easily deduce that ¥,: WH(Q) — R is even and co-
ercive. This guarantees that W,: WH7(Q) — R is bounded from below. More-
over, we know that ¥,: WH7(Q) — R satisfies the Palais-Smale condition, see
Papageorgiou-Radulescu-Repovs [32, Proposition 5.1.15]. According to this and
thanks to Proposition 4.1, we can apply Theorem 1 of Kajikiya [24] which gives
the existence of a sequence {wy, }neny € WHH(Q) N L>2(Q) satisfying the following
properties

wp € Ky, C [ve,uy], wy#0, V.(w,) <0 forallneN

and

lwnlli gk =0 asn— 4oo.

Recall that v, and u, are the extremal constant sign solutions for problem (3.8).
Therefore, as w, € Ky, C [vi,us] and w, # 0 for all n € N, we infer that w, is
a nodal solution of problem (3.8) for all n € N. Also, arguing as in the proof of
Proposition 3.3 we obtain

lwalloe < d llwall 70y,
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for some d > 0 and for all n € N with s > % as well as s(7 — 1) < p.. Hence,
due to ||wy, |14 — 0, we derive that ||wy|leec — 0 as n — +oco0. Then, we can find
no € N such that |w,(z)| < % for a.a.z € Q and for all n > ny. Hence, we have

O(wn(z)) =1 for a.a.z € Q and for all n > ng.

Therefore, with view to (4.1) and (3.5), we conclude that w, is a sign changing
solution of problem (1.1) for all n > ny. O
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