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where A > 0,1 <p < N, 1< q<p<p* with p* being the critical Sobolev exponent given by
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D (1.2)
Using critical point theory and ideas of Benci-Fortunato [5] and of Garcia Azorero-Peral Alonso [22], prob-
lem (1.1) admits infinitely many solutions whenever A € (0, A1) for A; > 0 small enough, see Theorem 4.5 in
[23]. The main difficulty in their treatment is the lack of compactness in the embedding Wy *(Q) < LP" (Q)
and so the corresponding energy functional does not satisfy the Palais-Smale condition in general. After-
ward, the techniques in [23] have been transferred by several authors to different type of problems with
critical growth. We refer to the works of Candito-Marano-Perera [9] for the (p, ¢)-Laplacian case with (p, q)-
linear term, Corréa-Costa [13] for Kirchhoff p(z)-Laplace problems, Figueiredo-Santos Junior-Sudrez [19]
for anisotropic equations, Li-Zhang [30] and Yin-Yang [42] for (p, ¢)-Laplace equations with sublinear/su-
perlinear nonlinearities and Zhang-Fiscella-Liang [45] for fractional p-Laplacian Kirchhoff problems, see also
the references therein.

Originally, the study of elliptic equations involving critical growth was initiated by the work of Brézis-
Nirenberg [8] who are concerned with the existence of positive solutions to the semilinear equation

—Au =uP 4+ f(x,u) in Q,

1.3
u=20 on 01, (13)

where p+1 = 2N/(NN —2) is the critical Sobolev exponent of the embedding H}(Q) < LP(2) and f: QxR —
[z, s)

S—00 S
by variational problems in geometry and physics where the lack of compactness also occurs, for example,

R is a lower-order perturbation of v? in the sense that lim = 0. Problems of type (1.3) are motivated
the Yamabe problem on Riemannian manifolds, see Yamabe [41] or the existence of nonminimal solutions
for Yang-Mills functions, see Taubes [39,40]. We refer to [8] for more examples.

In the current paper, we are interested of equations of type (1.1) which are driven by the so-called double
phase operator which is given by

div (|Vul[P"*Vu + p(2)|Vu|??Vu)  foru € Wyt (Q) (1.4)

with an appropriate Musielak-Orlicz Sobolev space WO1 H(Q) It is easy to see that this operator is a
generalization of the p-Laplacian and the (p, ¢)-Laplacian for p < ¢ by setting p = 0 or inf p > 0, respectively.
In 1986, Zhikov [46] studied the corresponding energy functional to (1.4) given by

wir [ (e + 19 g0 de (1.5)
(e

in order to provide models for strongly anisotropic materials, that is, the modulating coefficient p(-) dictates
the geometry of composites made of two different materials with distinct power hardening exponents p and
g- Note that (1.5) is a prototype of a functional whose integrands change their ellipticity according to the
points where p(-) vanishes or not. We refer to the papers of Baroni-Colombo-Mingione [2,3], Colombo-
Mingione [11,12] and Marcellini [32,33] for deeper investigations of (local) minimizers of (1.5), see also the
paper of Mingione-Ridulescu [34] about recent developments for problems with nonstandard growth and
nonuniform ellipticity.

Given a bounded domain Q ¢ RN, N > 2 with Lipschitz boundary 05, in this paper we consider the
following quasilinear elliptic equation with critical growth

—div (|Vul[P7>Vu + p(2) |Vl ?Vu) = Mu|"?u+ luP" ~2u  in Q,
u=20 on 012,

(1.6)
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where A > 0 is a real parameter to be specified, p* is the critical exponent to p given in (1.2) and we suppose
that

l<d¥<p<qg<N, ¢g<p* and 0<p(-)eL>=Q). (1.7)
The main result in this paper reads as follows.

Theorem 1.1. Let (1.7) be satisfied. Then there exists \* > 0 such that problem (1.6) admits infinitely many
weak solutions with negative energy values for any A € (0, A*).

The proof of Theorem 1.1 relies on a careful combination of variational and topological tools, such as
truncation techniques and genus theory introduced by Krasnosel’skii [29]. Indeed, in the study of problem
(1.6) there are lots of difficulties to be overcome. First, the corresponding energy functional to problem
(1.6) does not contain the norm of the space Wy (), so the truncation argument introduced by Garcia
Azorero-Peral Alonso [23] in order to have a local Palais-Smale condition needs a more careful treatment.
Second, in contrast to the works with the (p, ¢)-Laplacian, see [30] and [42], because of (1.7), we are not
working in usual Sobolev spaces but in Musielak-Orlicz Sobolev spaces. In this direction, even if we know
that W " (Q) < W, *(Q) continuously, the classical Lions’ concentration-compactness principle in W7 ()
cannot work for (1.6). Indeed, because of the g-term appearing in the double phase operator, we need to
know if for u € Wy () we can reach u € L7 (), with ¢* = Ng/(N — q) being the critical Sobolev
exponent at level q. However, the optimality of Sobolev type embeddings for VVO1 H(Q) is still an open
problem. In order to handle the critical Sobolev nonlinearity in (1.6), we exploit a suitable convergence
analysis of gradients, inspired by Boccardo-Murat [6].

To the best of our knowledge there are only three works dealing with a double phase operator along with
critical growth. In Farkas-Winkert [18] the authors study the singular double phase problem

—div(A(u)) = u? 7+ X (7 gla, ) in ,

(1.8)
u=20 on 012,

with
div(A(u)) = div (FP~1(Vu)VF(Vu) + p(z)F (Vu)VE(Vu))

being the Finsler double phase operator and (RY, F) stands for a Minkowski space; see also the correspond-
ing nonhomogeneous Neumann case by the authors [17]. In [18] and [17], the existence of at least one solution
of (1.8) is shown by a local analysis on a suitable closed convex subset of WO1 H(Q) In order to provide a
multiplicity result for (1.6), in the current paper we need to work globally in the whole space VVO1 H (Q).
Very recently, Crespo-Blanco-Papageorgiou-Winkert [15] have been considered a nonhomogeneous singular
Neumann double phase problem with critical growth on the boundary given by

—div (|[VuP*Vu + p(z)|[VulT*Vu) + a(z)uP " = ((z)u™ + M in Q,
(|VulP~2Vu + u(x)|Vu|q72Vu) v =—fB(x)uP ! on 9N).

Based on the fibering method introduced by Drébek-Pohozaev [16] along with the Nehari manifold approach,
the existence of at least two solutions is obtained.

Finally, we mention recent papers on the existence of solutions for double phase problems with ho-
mogeneous Dirichlet boundary condition treated by different methods in case of smooth or nonsmooth
right-hand sides. We refer to Colasuonno-Squassina [10] for corresponding eigenvalue problems, Fiscella [20]
involving Hardy potentials, Fiscella-Pinamonti [21] for Kirchhoff type problems, Gasinski-Papageorgiou [24]
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for locally Lipschitz continuous right-hand sides, Gasinski-Winkert [25-27] for convection and superlinear
problems, Liu-Dai [31] for superlinear problems, Perera-Squassina [36] for a Morse theoretical treatment,
Zeng-Bai-Gasiniski-Winkert [43,44] for multivalued obstacle problems and the references therein.

2. Preliminaries

In this section we will recall the main properties of Musielak-Orlicz spaces L*(€2), W7 (Q) and the
topological tools which are needed in our treatment. First, we denote by L"(2) and L"(Q; RY) the usual
Lebesgue spaces with the norm | - ||, and by W17 (€2) the corresponding Sobolev spaces with norm || - ||,
for 1 <r < oo.

Let H: Q x [0,00) — [0,00) be the nonlinear map defined by

H(z,t) =t + p(x)t?

where we suppose (1.7) and let M () be the space of all measurable functions u:  — R. The Musielak-
Orlicz Lebesgue space L*(Q) is given by

LH(Q) = {ue M(Q) : ou(u) < oo}
equipped with the Luxemburg norm
U
= : — )| <
||UH’H 11’1f{7’>0 OH (T) _1},

where the modular function is given by

/H Jul)d :/ l? + ) [u]?) de. (2.1)

The norm || - || and the modular function g3 are related as follows, see Liu-Dai [31, Proposition 2.1] or
Crespo-Blanco-Gasiniski-Harjulehto-Winkert [14, Proposition 2.14].

Proposition 2.1. Let (1.7) be satisfied, y € L™(Q), ¢ > 0 and o3 be defined by (2.1). Then the following
hold:

(i) Ify # 0, then [ly|ln = ¢ if and only if 03 (¢) =1
(i) |lylla <1 (resp. > 1, =1) if and only if ox(y) <1 (resp. > 1, =1);
(iti) If lyllae < 1, then |lyll3, < on(y) < [lyll5;
(iv) If llylln > 1, then |lyll3, < on(y) < [lyll3;:
) llyllse — 0 if and only if 03 (y) — 0;
) Nyl — oo if and only if 03 (y) — oo.

(v
(vi

Furthermore, we define the weighted space

LI(Q) = due M(Q) : /u(m)|u\qu < oo

endowed with the seminorm
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q

el = / () ul? dz

Q

While, the corresponding Musielak-Orlicz Sobolev space W17 () is set as
WiH(Q) = {u e LHQ) : |Vu| € LH(Q)}
equipped with the norm
lulliz = [Vulla + llulla,

where ||Vull3 = || [Vu| [|3. We denote by Wy " (Q) the completion of C5°(€2) in W (Q). By using (1.7),
we know that we can endow the space I/VO1 7{(Q) with the equivalent norm given by

see Proposition 2.18(ii) of Crespo-Blanco-Gasiniski-Harjulehto-Winkert [14]. Also, we have that the spaces
LH(Q), WEH(Q) and W, *(Q) are uniformly convex and so reflexive Banach spaces, see Colasuonno-
Squassina [10, Proposition 2.14] or Harjulehto-Hésto [28, Theorem 6.1.4].

Now, we recall the following embeddings for the spaces L*(Q) and W, (), see Colasuonno-Squassina
[10, Proposition 2.15] or Crespo-Blanco-Gasiriski-Harjulehto-Winkert [14, Proposition 2.16].

Proposition 2.2. Let (1.7) be satisfied and let p* be the critical exponent to p. Then the following embeddings
hold:

(i) L*(Q) — L"(Q) and W} (Q) — W} (Q) are continuous for any r € [1,p];

(i) Wy ™(Q) — L"(Q) is continuous for any r € [1,p*] and compact for any r € [1,p*);
(iii) L*(Q) < L%(Q) is continuous;
(iv) LY(Q) — LH(Q) is continuous.

Remark 2.3. Note that Proposition 2.2(ii) holds for » = ¢ < p* by (1.7). Thus, W&H(Q) — L1(Q) is
compact.

Remark 2.4. Throughout the paper, for any r € [1,p*] we denote with C, > 0 the constant given by
Proposition 2.2(ii), such that

Jully < Crllullt 20
for any u € Wy (Q).

In order to prove Theorem 1.1 we are going to use some topological results introduced by Krasnosel’skii
[29]. To this end, let X be a Banach space and let X be the class of all closed subsets A C X \ {0} that are
symmetric with respect to the origin, that is, u € A implies —u € A.

Definition 2.5. Let A € . The Krasnosel’skii’s genus v(A) of A is defined as being the least positive integer

n such that there is an odd mapping ¢ € C(A4,R™) such that ¢(x) # 0 for any x € A. If n does not exist,
we set y(A) = oo. Furthermore, we set (@) = 0.
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The following proposition states the main properties on Krasnosel’skii’s genus which we need later, see
Rabinowitz [37].

Proposition 2.6. Let A, B € ¥. Then the following hold:

(i
(ii) If there is an odd homeomorphism from A to B, then v(A) = v(B);

) If there exists an odd continuous mapping from A to B, then v(A) < v(B);
)
(i) If 1(B) < oo, then A{A\ B) > 7(A) - 1(B);
(iv) The n-dimensional sphere S™ has a genus of n+ 1 by the Borsuk-Ulam Theorem;
) If A is compact, then v(A) < co and there exists § > 0 such that Ns(A) C 3 and v(N5(A)) = v(4),

with N5(A) = {z € X : dist(z, A) < d}.

(v

3. Proof of the main result

In this section we are going to prove Theorem 1.1. First, we note that the energy functional
Jx: W™ (Q) — R related to problem (1.6) is given by

1

1 1 )\ 9 *
Iau) = IVuly + IVullg, = llells = lulp.-

It is clear that Jy € C'(W, (Q)) and that the weak solutions of (1.6) are exactly the critical points of
Ja: W) = R.

Now, we discuss the compactness property for the functional Jy, given by the Palais—Smale condition.
We say that {u,}nen C WOI’H(Q) is a Palais-Smale sequence for Jy at level ¢ € R if

*

Ja(up) = ¢ and Ji(up) — 0 in (W&H(QD as n — oo. (3.1)

We say that Jy satisfies the Palais-Smale condition at level ¢ ((PS). for short) if any Palais-Smale sequence
{tn}nen at level ¢ admits a convergent subsequence in WO1 H Q).

Lemma 3.1. Let (1.7) be satisfied and let {un}nen C WOIH(Q) be a bounded (PS). sequence with ¢ € R.
Then, up to a subsequence, Vuy(z) = Vu(z) a.e. in Q asn — oo.

Proof. Since {uy,}nen is bounded in W, 7 (Q), by Proposition 2.2(ii) and Brézis [7, Theorem 4.9] along
with the reflexivity of WOI’H(Q), there exists a subsequence, still denoted by {up}nen, and u € Wol’H(Q)
such that

wp—u i WEHQ), VY, = Vu i [L*Q)]
Up, — u in L7(9), up(z) = u(x) ae. in (3.2)

lun(2)] < h(z) a.e. in £,

)

as n — oo with r € [1,p*) and h € LI(Q).
For any k € N, let T,: R — R be the truncation function defined by

t it <k,

Tk(t) =
k% if |¢| > k.

Let k € N be fixed. Then, since {uy },en is a (PS). sequence for Jy, we have
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o(1) = (J3(un), Tr(un — u))

= / (IVun P72 Vuy, + ()| V| > Vu,) - VI (u, — u) dz
Q

— )\/ |un\ﬁ_2unTk(un —u)dx — / |un\p*_2unTk(un —u)dz,
Q Q

as n — oo, because {Tj(uy — u)}nen is bounded in Wy 7 (€). By Holder’s inequality, we see that the
functional

G:g¢€ [LH(Q)}N — / (IVulP2Vu + p(z)|Vu|!*Vu) - g dz
Q

is linear and bounded. From (3.2) we see that VT (u, —u) — 0 in [L*(Q)] N, so we can get

li_)m (IVulP>Vu + p(2)|Vul|?*>Vu) - VT, (u, — u) dz = 0. (3.4)
Q

By the boundedness of {u,},en and by Proposition 2.2(ii), we also observe that for any n € N
/|un|p**2unTk(un —u)dz| < k/ lun|P "t dz < Ck (3.5)
Q Q

with a constant C' > 0 independent of n and k. Thus, by using (3.2), (3.3) and (3.4), we get

lim sup / [[Vu, [PV, — [VulP V] - VT (u, — u) dz
n—oo 3
+ /,u(m) [V, |72 Vu, — |Vul|??Vu] - VT (u, — u) dz (3.6)
Q
= lim sup/ |t |P” ™ 20 T (1, — ) daz.
n—00
Q

From Simon [38, formula (2.2)] we have the well-known inequalities

Hr|£ - n‘T lfT 2 27
r—2p  lr—2\ e _ 3.7
(1672 = [nl"2m) - (€ = m) 2 ll‘é—n|l) 1< <2 0
(€r+an

for any &, n € RN with a constant , > 0. Thus, by (3.5), (3.6) and (3.7), we obtain

limsup/ (|Vun [P*Vu, — |VulP~?Vu) - VT, (u, — u) dz
n—00
)

< lim sup/ \un\thunTk(un —u)dx (3:8)
Q

n—oo

< Ck.
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We set
en(@) := (|Vun (2) P~V (2) — [Vu(@) P72 Vu(z)) - V(un (@) - u(@)).
Thanks to (3.7) we see that e, (z) > 0 a.e. in Q. We split © by
SE={reQ: |u,(z)—u(x)| <k} and GF={zecQ: |u,(z)—u(z) >k},

where n,k € N are fixed. Taking 8 € (0,1) and using Holder’s inequality as well as the boundedness of
{en}nen in L1(Q) along with (3.8) gives

0 0

/egdxg /endm | Sk 4 /endm |G 1—o

Q Sk G

< (kC)?|SE0 4 OO GR .

From this, noticing that |GX| — 0 as n — oo, we get

0< limsup/ez dz < (kC)?|Q*°.
n—o0 P

Letting & — 0%, we obtain that ¢ — 0 in L!(Q) as n — oo. Thus, we may assume that e, () — 0 a.e. in
Q. Applying (3.7) proves the assertion of the lemma. O

Lemma 3.2. Let (1.7) be satisfied and let ¢ < 0. Then, there exists g > 0 such that for any X € (0, \g), the
functional Jy satisfies the (PS). condition.

Proof. Let Ay > 0 be sufficiently small such that

_p* o>
1\r -7 1 1\|#»—° p*
Qlf=-— M === < S7=p, 3.9
|( p*) [0<19 qn 39
where S is the best constant of the Sobolev embedding W, ?(Q) < LP™(Q), namely

[Vullp

S =
wEW P\ (0} [l

(3.10)

Let A € (0, \o) and let {u, }nen be a (PS). sequence in W, (). We first show that {u, }nen is bounded
in WO1 (). Arguing by contradiction, going to a subsequence still denoted by {un, }nen, we may suppose

that lim o0 =o00and ||uy|l1,4,0 > 1 for any n > k with k € N sufficiently large. Thus, according to
n—00

Proposition 2.2(ii), we get

1
In(un) — = <J>\(un) Up)
1 1 1 1 1 1
= | — R vunp - Up, Y (R unﬂ
(= o) 1wtz (3= 2 ) 19wl = (5 - 5 )l
> (1 i) (Vin) — ACy[un|?
=\q D n 9N Un|l1,4,0"
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Thus, by (3.1) and Proposition 2.1(iv) there exist ¢, ca > 0 such that as n — oo,

1 1
1+ calltnll o + o(1) = (5 - E) tnl? 310 — ACollunl? s

which is a contradiction since p* > g >p > 9 > 1.

Hence, {un }nen is bounded in W(}’H(Q). By Proposition 2.2(ii), Lemma 3.1, Brézis [7, Theorem 4.9] and
the reflexivity of WOI’H (€), there exists a subsequence, still denoted by {uy,}nen, and u € W(}’H(Q) such
that

w, —u in Wy H(Q), Vu, = Vu in [LH(Q)]N,
Vun(z) = Vu(z) a.e. in Q, Up, = u in L7(Q), (3.11)
Un(x) = u(x) a.e. in Q, leer, — ullp — £,

as n — oo with r € [1,p*). Let A be the nodal set of the weight function u(-) given by
A={zeQ: ulx)=0}.

As p(+) is a Lipschitz continuous function by (1.7), we know that 2\ A is an open subset of R¥.
Since the sequence {|Vaun|P "2V, bnen is bounded in LP'(Q), by (3.11) we get

n—oo

lim /|Vun|p_2Vun -Vu dz = ||Vulfb. (3.12)
Q

Because of the boundedness of {| Vi, |72V, bnen in L9 (Q\ A, p(z) dz), by using (3.11) and Autuori-Pucci
[1, Proposition A.8] we conclude that

lim [ p(2)|Vu,|T*Vu, - Vu dz

n—oo
Q
(3.13)
— T; q—2 . — q
= nh_{rgo ()| Vun | Vu, - Vu dz = |Vl ,.
o\A
Furthermore, using (3.2) and the Lemma of Brézis-Lieb in Papageorgiou-Winkert [35], we obtain
[Vu; [y = [[Vu; = Vaullf = [Vul[§ 4 o(1),
IVullg o = IVu; = Vullg = [Vullg , +o(1), (3.14)
ljllpe = llws = wllpe = [lullp- + o(1),

as n — oo. Thus, by (3.11), (3.12) and (3.13), we get

o(1) = (J}(un), tn — u)

= / (|Vun [P Vu, + p(2)| V| *Vuy,) - (Vu, — Vu) dz

Q
—/\/|un|’”72(un—u)dx—/|un|p*72(un—u)dx
Q Q

= [IVunlf = [[Vull} + [[Vun| P +o(1)

.
o — IVllg = llunllp- — flu
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as n — oo. Hence, by (3.11) and (3.14) it follows that
[Vun, = Vullb + [[Vun, — Vull] , = lJun — ullp- +0(1) = 7 4 o(1)

as n — 00.

(3.15)

Now, assume for contradiction that £ > 0. By Proposition 2.2(i), (3.10) and (3.15), we see that /7" > S¢P

which implies
(> 877,

For any n € N we have

(1) — 3 (T (11n), 1)

1 1 1 1 1 1 *
= (- il -2 (5= 2) g+ (3= 2l
b q q qa P
From this, as n — oo, by (3.1), (3.11), (3.14), Holder’s and Young’s inequality, we obtain
£) A (G- ) Il
* 1 1 p*—9
)= a (5 - 3) 0
£ - (3= 2 ) b
qa P
9

o
IV

A\
/N N N

Q= Q=R

G

G

D B e

IV
—

~
’UX’

+

=

N—— — 7

I
=
7 N\
Q|
|
@*|,_.
N~

3

*|

4

| — |
>

7N

S
|

Q|

~_

Finally, by (3.16) we get

*

9 y2
1 1 p* 1 1\ 7@ 1 1\]7—>®
oo (D) (A1) TR ()
q p q p 7 q

(3.16)

where the last inequality follows from (3.9). This gives a contradiction and shows that ¢ = 0. Hence, by

(3.15) and Proposition 2.1(v), the result follows. O

Note that the energy functional Jy: I/VO1 (()) - R is not bounded from below. For this, we will use the
treatment of Garcia Azorero-Peral Alonso [23] following ideas from Figueiredo-Santos Junior-Sudrez [19]

and Zhang-Fiscella-Liang [45] in order to obtain a lower bound for a special truncated functional related to

Jx. Let us define §y: [0,00) — R by

A

1
Ba(t) := 675‘1 -3

1 .
Cot” — —Cpet?,
p

where Cy and C)p+ are the constants mentioned in Remark 2.4. Since ¥ < ¢ we see that §x(t) < 0 for ¢ near

zero and due to 1 < ¥ < p < g < p* there exists A\; > 0 such that /) attains its positive maximum for any

A € (0,A1). Let Ro(A\) and R;(X) be the unique roots of 8y such that 0 < Ry(A) < Ri(A).
Then, we have the following claim.
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Claim. Ry(A\) — 0 as A — 0.

From Sx(Ro(A)) = 0 and B4 (Ro())) > 0 we have

1 1 *
5R0()\)q = %cﬁRO(A)ﬂ + ECP*RO()\)” (3.17)
and
Ro(N)9™t > XCyRo(N)? ™1 + Cpe Roy(N)P" 1 (3.18)

for any A € (0,A\1). From (3.17) we know that Ry(\) is bounded since ¢ < ¢ < p*. Suppose that Ry(A\) —
R > 0as A — 0. Then we obtain from (3.17) and (3.18)

1 1 * .
—R?= —Cp-RP and R > Cp~RP -
q p
which is a contradiction since ¢ < p*. This proves the Claim.
From the Claim, there exists Ay > 0 such that Ro(A) < 1 for any A € (0, A2). This implies that Ro(\) <
min{R;(A),1}. Thus, for any A € (0, min{\, A\2}) we choose a C*°-function 7: [0,00) — [0, 1] such that
1 ifte0, Ry(N),
T(t) = el Rol) (3.19)
0 ift € [min{Ry(N), 1}, 00).

Then, we can introduce following truncated energy functional

- 1 1 Aoy L
Ia(u) == EIIVUIIS + QIIWIIZ# = glulls = E”“”g*T(”u”l,H,O)'

It is clear that Jy € C’l(Wol’H(Q),]R{) is coercive and bounded from below. Also, note that if |ull1 4,0 <
Ro(A) < min{R;1()),1}, then Jy(u) = Jx(u).
Thus, we have the following technical result.

Lemma 3.3. Let (1.7) be satisfied. Then there exists A\* > 0 such that for any A € (0, \*) the following hold:

(i) If Jx(u) <0, then llull1,22,0 < Ro(N) and Jx(v) = JA(v) for any v in a sufficiently small neighborhood

of u;

(ii) Jx fulfills a local (PS). condition for ¢ < 0.

Proof. Let A* < min{)g, A1, A2, A3}, where \g is given in Lemma 3.2, A; and Ay are chosen for the definition
of 7 in (3.19), while A3 := Cl;q with Cy mentioned in Remark 2.4. Let A € (0, \*).
(i) Let Jx(u) < 0. We distinguish two different cases.

Case 1: ||ul|1,2,0 > 1.

This case cannot occur. Indeed, by the definition of 7 in (3.19) we know that 7(||u||1,,0) = 0. Therefore,
by Propositions 2.1(iv) and 2.2(ii) we get that

A

~ 1 1
Ia(u) = EIIVUIIZ + QIIVUIIZ,,L — 5l

1 .
9
ully — ];IIUIIZ*T(IIUIILH,(J)

1

A 3.20
>l 500~ 500l o (320)

= da(llull1,7.0),
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where ¢ : [1,00) — R is given by

1 A
Pa(t) = gt” — Z0oyt”.

It is clear that ¢, has a global minimum point at
with

since 9 < p.
1
We point out that ¢ (t) > 0 if and only if ¢t > ()\%) = Hence, choosing A < A3 = % we have

II[liIl | ¢x(t) > 0 which yields, joint with (3.20), that Jy(u) > 0 for any lull1,2¢,0 > 1. This gives the desired
te|l,00
contradiction.

Case 2: |lul|1,22,0 < 1.

By Propositions 2.1(iii) and 2.2(ii) we get

T 2 Zllall sep = GO0l 0 = - Conllul gl )
= Ba(llll1,54,0);
where
Balt) == ét" - %Cﬂtﬁ - %Cp*tp*T(t).
Since 0 < 7 < 1, we note that
Bi(t) > Ba(t) > 0 for any t € [Ro(A), min{Ry(A), 1}], (3:21)

where the last inequality follows by the construction of the roots Ry(A) and Ry (\) for 5.

Hence, if min{R;(A),1} =1, then from Jy(u) < 0 and (3.21) we obtain that ||u|l1 4,0 < Ro(\).

While, if min{R1(A),1} = Ri()), considering R1(A) < ||ull1,2,0 < 1 and arguing similarly to (3.20) we
get

_ ~ A 1. A
Ixn(uw) > dx(|lull1,m0) with  @a(t) == 5tq - 5019#9,

from which we can proceed exactly as in Case 1 to get a contradiction. Considering Ro(A) < ||ull1,1,0 <
Ri1()), from Jy(u) < 0 and (3.21) we get another contradiction. Hence, we obtain again llull1,22.0 < Ro(A),
completing the first part of (i).

Moreover, we observe that Jy(v) = Jy(v) for any |v — ull1,22,0 < Ro(A) — |Jull1, 2,0, concluding the proof
of (i).
(ii) Note that any Palais-Smale sequence for J, \ is bounded since fA is coercive. Applying Lemma 3.2 shows
that we have a local Palais-Smale condition for .Jy = j,\ at any level ¢ < 0. O
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Now, we are going to construct an appropriate mini-max sequence of negative critical values for the
functional J).

Lemma 3.4. Let (1.7) be satisfied and let A € (0, A2), where A2 is chosen for the definition of T in (3.19).
For any n € N there exists e = e(A,n) > 0 such that

Y (ff) >n,
where j/(s = {u e Wy Q) - Ja(u) < fs}.

Proof. Let A € (0,A;) and n € N be fixed and let Y, be an n-dimensional subspace of Wy " (Q). By
Proposition 2.2(ii) we have that Y;, < L?(Q) is continuously embedded. Hence, the norms of WOIH(Q) and
L?(Q) are equivalent on Y,,. In particular, there exists a positive constant C(n) which depends only on n
such that

—C’(n)HuHiMO > —||ul|y  for any u € Y;,. (3.22)
Therefore, using (3.22) and Proposition 2.1(iii), for any v € Y;, with |lull1,2,0 < Ro(A) < 1 we have

A
SCm) [l a0- (3.23)

~ 1
() < =|lul® 5, 0 —
A0 < Sl -

Now, let 7 and R be two positive constants such that

r < R < min {Ro()\), (Acén)p ) " } (3.24)

and let
Sp={u€eY, : |ullixo=r1}.

It is clear that S,, is homeomorphic to the (n — 1)-dimensional sphere S™~!. Thus, from Proposition 2.6(iv)
we know that ¥(S,,) = n. Furthermore, from (3.23) and (3.24) we obtain

~ 1 A 1 A
<O Zpp—9 _ 2 <RV (Zpp—9 _2_ )
In(u) <r <pr 190(71)) <R <pR ﬁC(n)> <0

Hence, we find a constant € > 0 such that jA(u) < —¢ for any u € S,, that is, S,, C j\)\_e and so, by
Proposition 2.6(i),

Next we define for any n € N the sets
Y= {A C W(}H(Q) \ {0} : Aisclosed, A= —A and y(4) > n} ,
K, = {u e Wt () : T4 (u) =0 and Jy(u) = c}

and the number
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cn = inf sup Jy(u).
Aex, WEA

Clearly, ¢,, < ¢ 41 for any n € N.

Lemma 3.5. Let (1.7) be satisfied and let A € (0, A2), where Ao is chosen for the definition of T in (3.19).
For any n € N, the number ¢, is negative.

Proof. Let A € (0,A2) and n € N be fixed. From Lemma 3.4 we know there exists ¢ > 0 such that
5 (j;g) > n. Also, since j)\ is even and continuous, we know that j;s € 3,. From jA(O) = 0 we have

0¢ j;s Since SUD,, ¢ 7 Iy (u) < —e and Jy is bounded from below, we obtain

—00 < ¢, = inf sup j;\(u) < sup j)\(u) <-e<0. O
AETn ueA uelJy®

Next we have the following lemma. Note that in Garcia Azorero-Peral Alonso [23] a similar lemma was
proved. In fact, the proof of Lemma 3.6 works similarly. For sake of clarity we give here the proof.

Lemma 3.6. Let (1.7) be satisfied, let X\ € (0,\*), where \* > 0 is as in Lemma 3.3, and let n € N. If
C=¢Cp=Cpy1=...= Cpy| for somel € N, then

Y(K) > 1+ 1.

Proof. Let A € (0, \*). Since from Lemma 3.5 we have that ¢ = ¢, = ¢p41 = ... = cp41 I8 negative, then by
Lemma 3.3(ii) it easily follows that K. is compact.
Let us assume by contradiction that v(K.) <. Then, by Proposition 2.6(v) there exists 6 > 0 such that
Y(N5(K.)) = 2(Ke) < I, where
Ns(K.) = {u e WH(Q) : dist(u, K.) < 5}.

By the deformation theorem, see for example Benci [4, Theorem 3.4], there exist ¢ € (0, —c) and an odd
homeomorphism 7: W(}’H(Q) — W&H(Q) such that

7 (j§+€ \ N(;(Kc)) et (3.25)

While, by the definition of ¢ = ¢4 there exists A € ¥,,1; such that sup,,¢ 4 j,\(u) < c+e, thatis A C j§+‘€,
and so by (3.25)

n(A\ Ns(K.)) Cn (f;+f \ N5(KC)> c Jee. (3.26)

On the other hand, from Proposition 2.6(i) and (iii) we have

(AN Ns(Ke))) 2 7(A\ Ns(Ke)) = 7(A) = v(Ns(Ke)) = n.
Hence, we conclude that n(A \ Ns(K.)) € ¥,, and so

sup In(u) > ¢, =c,
u€n(A\N; (K.))

which contradicts (3.26). O
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Proof of Theorem 1.1. Let A € (0,\*), where \* > 0 is as in Lemma 3.3. By Lemma 3.5 we have ¢, < 0.
Hence, from Lemma 3.3(ii) we know that the functional Jy satisfies the Palais-Smale condition at level
¢n < 0. Thus, ¢, is a critical value of J; A for any n € N, see for example Rabinowitz [37].

We consider two situations. If —co < ¢ < ¢ < ... < ¢p < €pp1 < ..., then J, \ admits infinitely many
critical values. If there exist n, I € N such that ¢, = ¢,11 = ... = ¢pyy = ¢, then y(K.) > 141> 2
by Lemma 3.6. Thus, the set K. has infinitely many points, see Rabinowitz [37, Remark 7.3], which are
infinitely many critical values for Jy by Lemma 3.3(ii).

Then, by Lemma 3.3(i) we get infinitely many negative critical values for Jy = Jy and so problem (1.6)
has infinitely many weak solutions. 0O
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