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Schrédinger systems ) ) N N

Normalized solutions /RN u]”dx = a; and v [o] dx = a3,

Sobolev critical exponent

Pohozaev manifold where N = 3,4, aj,a, >0, g € 2,2), a,fp > 1 with a + f = 2* = %, the Sobolev critical
Concentration-compactness principle exponent, 4,, 4, € R are parameters to be specified and will appear as Lagrange multipliers, and

u >0 is a parameter. Under some L?-subcritical, L?-critical and L?-supercritical perturbations
ulul?u and u|v|??v, respectively, we prove several existence results by using variational
methods, which can be considered as a counterpart of the Brézis-Nirenberg problem in the
context of normalized solutions for coupled Schrodinger equations. Our results extend and
improve the existing literature in several directions.

1. Introduction and main results

This paper is concerned with the existence of solutions (4,, 4,,u,v) € R* x H' (RN, R?) to the following Schrédinger system with
critical growth

—Au+ Aju = plulu+ 2a [u|*2ulv)’  in RN,
N a.n
—Av + v = p|o|T %0+ ——|u|*|v|P?v in RN,
20 = plvl a+ﬂ|u| o]
with the prescribed L?-norm
/ |ul*dx =a} and / |v]* dx = a2, 1.2)
RN RN
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where N = 3,4, y,a,,a, > 0 are positive constants, a, > 1 satisfy a + g = 2* with 2* = % being the Sobolev critical exponent. We
refer to this type of solutions as to normalized solutions, since (1.2) imposes a normalization on the L>-masses of u and v. Under
this circumstance, 4, and 4, cannot be determined a priori, but are part of the unknowns. The problem to be investigated comes
from the research of solitary waves for the system of coupled Schrodinger equations

2a
7. aﬂ’ﬂ
0Ty - _ - i
_’7 = AP, + ul P, 2%4_ a+ﬂ|5{/l|a|¥/2|ﬂ ZTZ in RV,

#1729, |, in RV,

0¥, -2
—i—— = AP + u|P |7 +
ot (1.3)

where ¥, =¥x1) €C, (x,n€ RN xR and j = 1,2. System (1.3) can be used to model various physical phenomena, such as
binary mixtures of Bose-Einstein condensates or the propagation of mutually incoherent wave packets in nonlinear optics, see, for
example, Esry-Greene-Burke-Bohn [1], Frantzeskakis [2] and Timmermans [3] for more applied backgrounds. An important and
of course well-known feature of (1.3) is the conservation of three quantities: the energy

1
Jo(P,, W) = E/RN |V, 12 + |V¥’2|2dx—§/]RN 7,9+ |#,]* dx

2
w171, dx,
el IR

and the masses

/ |#|> dx and / [#,]* dx.
RN RN

The L?-norms |¥, (-, 1), |¥,(-, )|, of solutions are independent of + € R and have a clear physical meaning. In the contexts mentioned
above, they represent the number of particles of each component in Bose-Einstein condensates or the energy power supply in the
context of nonlinear optics.

A solitary wave of (1.3) is a solution having the form

Yi(x,0) =eMu(x) and ¥,(x,1) = el u(x),

where A;, 4, € R and u,v € H'(R") are time independent real-valued functions solving (1.1). There are two different approaches to
finding for solutions to (1.1): On the one hand, one can consider the frequencies of 4; € R and 4, € R as fixed, on the other hand,
one can include them in the unknown and prescribe the masses. In the latter case, 4;, 4, € R are unknown quantities that appear
as Lagrange multipliers with respect to the mass constraint.

We note that if « = f =2, g =4 and N = 3, the system (1.1) is related to the following coupled system of Schrodinger equations

{—Au+)»lu=;41u3+ﬁuu2 in R3, 1.4)

—Av + Ao = pp0® + puPv in R3.

The problem (1.4) with fixed 4,,4, has been studied by many authors in the last two decades. In this case, we refer the
interested reader to the papers of Ambrosetti-Colorado [4], Bartsch-Dancer-Wang [5], Bartsch-Wang [6], Bartsch-Wang-Wei [7],
Chen-Zou [8,9], Gou-Jeanjean [10], Lin-Wei [11], Sirakov [12] and related references therein. In contrast, there are not many
papers that investigate the existence of normalized solutions for (1.2)—(1.4). In [13], Bartsch-Jeanjean-Soave proved the existence
of positive normalized solutions for different ranges of the coupling parameter g > 0, without any assumption on the masses
ay, a,. Bartsch-Soave [14] showed the existence of normalized solutions to (1.2)-(1.4) for any given u;, uy,a;,a, > 0 and g < 0.
They also investigated the phenomenon of phase separation for the solutions as f — —oo. In [15], Bartsch-Soave proved the
existence of infinitely many normalized solutions of (1.2)-(1.4) with a; = a, = a and yu; = p, = p by using the Krasnoselskii
genus approach for the constrained functional. In [16], Bartsch-Zhong-Zou studied the existence and non-existence of normalized
solutions to (1.2)—(1.4) by an approach based on the fixed point index in cones, bifurcation theory, and the continuation method.
Gou-Jeanjean [17] considered the existence of multiple positive solutions of (1.1)—(1.2) with 2 < a + < 2*, one solution is a
local minimizer, the other one is obtained through a constrained mountain-pass and a constrained linking, respectively. Recently,
Bartsch-Li-Zou [18] proved the existence and asymptotic properties of normalized ground states of (1.1)-(1.2) with critical exponent
g =2* with N € {3,4},2 < a + < 2*. Jeanjean-Zhang-Zhong [19] obtained the normalized ground states for (1.1)—(1.2) with mass
super-critical growth 2 + % <g,a+p<2* and N € {1,2,3,4}. Recently, Mederski-Schino [20] studied the existence of least energy
solutions to a cooperative systems of coupled Schrédinger equations with general nonlinearities of the form

—Au; + Au; = 0;Gu) in RV,
w, € H'RY), ie(l,2,...,K}, (1.5)
/]RN |",‘|2dx < ﬂ%,
with G > 0, where p; > 0 is prescribed and (4;,4;) € Rx H!(RY) is to be determined, i € {1,..., K}. The authors established several
existence results of normalized solutions for problem (1.5). The main innovation of [20] is based on the minimization of the energy

functional over a linear combination of the Nehari and Pohozaev constraints intersected with the product of closed balls in L>(RV)
of radii p;, which allows to provide general growth assumptions about G and to know in advance the sign of the corresponding
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Lagrange multipliers. For existence results of normalized solutions to Schrodinger equations or systems in bounded domains, we
refer to the works of Noris-Tavares-Verzini [21,22] and Pierotti-Verzini [23], see also the references therein.
If u = v and A, = A,, the system (1.1)-(1.2) reduces to the following problem

{—Au: Ju+g), x€RN,

(1.6)
/]RN lul>dx = a®, ue H'@RN),

where g is the nonlinearity. In the outstanding paper [24], Jeanjean studied the existence of solutions of (1.6) with nonlinearity
of the type g(s) = Y, a;|s|%s with a; > 0,0 < ¢; < % for N >3andog; >0if N =1,2and i = 1,...,m with m € N. The
occurrence of the L?-constraint renders several methods developed to deal with variational problems without constraints useless,

and the L?-constraint induces a new critical exponent, the L2-critical exponent given by

— 4
q:=2+ N
and the number ¢ can keep the mass invariant by the law of conservation of mass. Precisely for this reason, 2 + 2 s called L2-
critical exponent or mass critical exponent, which is the threshold exponent for many dynamical properties such as global existence,
blow-up, stability or instability of ground states. In particular, it strongly influences the geometrical structure of the corresponding
functional. In 2020, Soave [25,26] started the research of the existence and properties of ground states for problem (1.6) with
combined power type nonlinearities g(u) = pu|u|9?u + |u|?~>u with 2 < g < p < 2*. He presented a complete classification on
the existence and nonexistence of normalized solutions that let g be L2-subcritical, L?-critical and L?-supercritical. Since then, the
existence and properties of these normalized solutions for Schrodinger equations or systems have attracted the attention of more and
more researchers in recent years. For further studies on this aspect, we refer to Bartsch-de Valeriola [27], Bartsch-Molle-Rizzi-Verzini
[28], Hirata-Tanaka [29], Jeanjean-Le [30], Jeanjean-Lu [31], Wei-Wu [32] and the references therein.

The purpose of this paper is to study the existence of normalized solutions of problem (1.1)-(1.2). We present several existence
results in the following three cases:

(i) L2%-subcritical case: 2 < g < g;
(ii) L?-supercritical case: g < g < 2%;
(iii) L2-critical case: ¢ =g

This study is a new contribution regarding existence of normalized ground states for the Sobolev critical nonlinear Schrédinger
system in the whole space RY, which improves and complements the studies of Alves-de Morais Filho-Souto [33], Han [34] and
Hsu-Lin [35], which are concerned with the existence of solutions of (1.1) in bounded domains 2 c RN without prescribed L?-
norm, while in this paper we are concerned with the existence of normalized solutions. By studying the geometrical structure of
the corresponding Pohozaev manifold, we have obtained a constrained Palais—Smale sequence with additional properties, and show
the compactness of this special constrained Palais-Smale sequence at some energy level. As far as we know, normalized solutions
to (1.1)-(1.2) with critical exponent have not yet been considered in the literature.
In order to search solutions to (1.1)—(1.2), we introduce the corresponding energy functional given by

1, v) = %/RN (IVul? + Vo) dx—g/RN (lul? + |0]7) dx — 23 . lul%[0]? dx,

under the constraint S, X .S,,, where

Sa:{uEHl(RN): / |u|2dx:az}‘
RN

It is standard to check that I,, is of class C! in H!(RN)x H'(R"), and any critical point (u,v) of I,,| S0, XSay corresponds to a solution
to (1.1) satisfying (1.2). Here the parameters 4,, 4, € R arise as Lagrangian multipliers. In particular, we are interested in ground
state solutions which are defined in the following way:

Definition 1.1. We say that (u,,v,) is a normalized ground state of system (1.1)-(1.2), if it is a solution to (1.1)—(1.2) having
minimal energy among all the normalized solutions. Namely,

1, (ug, vg) = inf {1,,(u,v) : (u,v) solves (1.1)-(1.2) for some (4;, 4,) € R?}.

This definition seems particularly suitable in our context, since I, is unbounded from below on S, x.S,, and therefore no global
minima exist.
Now, we formulate the main results of this paper. First, we have the following result in the L2-subcritical case 2 < g < g := 2+

z| =

Theorem 1.1. Let N =3,4, a;,a, >0, a,f > 1 such thata+p =2*and g € 2,2+ %). Then, Lls, XS,y has a ground state (u, v) which
is a positive, radially symmetric function and solves problem (1.1)-(1.2) for some A, 4, > 0, provided 0 < p < min{yu,, u,}, where u,, y,
are explicitly defined in (3.1)—(3.2) below. Furthermore, the normalized ground state is a local minimizer of I uu,v)on S, X Saz.

The next two theorems are concerned with the L2-supercritical/critical cases 2 + % < ¢ < 2* by constructing the mountain-pass
type ground states, if the parameter y > 0 sufficiently small.
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Theorem 1.2. Let N =3,4, a;,a,>0, a,f> 1suchthata+f=2"andge 2+ %, 2*). Then Iﬂlsa1 XS,y has a ground state (u, v) which

is a positive, radially symmetric function and solves problem (1.1)-(1.2) for some 4,4, > 0. Moreover, 0 < m,(a,a;) < 2z (S“’ﬁ )7,

N\ 2
where m,(a,a,) is given in (2.8), and (u,v) is a mountain-pass type solution.

Theorem 1.3. Let N =3,4, aj,a, >0, a,f > 1 such that a + f =2* and q = 2 + %. Then IylSﬂleaz has a ground state (u, v) which
is a positive, radially symmetric function and solves problem (1.1)-(1.2) for some 4, 4, > 0, provided 0 < u < u3, where 5 is explicitly
N

Sap
2

defined in (5.1) below. Moreover, 0 < m u(ar,ay) < % ( )7 and (u, v) is a mountain-pass type solution.

Finally, we present another existence result for (1.1)-(1.2) in the L2-supercritical case 2 + % < g < 2* when u > 0 is sufficiently
large.

Theorem 1.4. Let N =3,4, aj,a, >0, a,f > 1 suchthata+f=2*and g€ 2+ %,2*). Then there exists u* = u*(a;, a,) > 0 such that
for any u > u*, problem (1.1)—(1.2) possesses a positive, radially symmetric solution (u, v) for some A, A, > 0.

Remark 1.5. Note that in the paper by Mederski-Schino [20] the nonlinearity G can be assumed to have at least L>-critical growth
at 0 and to be Sobolev critical growth. In particular, in the Sobolev critical growth, the nonlinearity G takes the form

K
~ 1 N
G =G+ 5 3 0l >
=1
where G(-) is a subcritical perturbation. The energy of the minimizer in the constrained set of (1.5) is strictly less than the number
#S N/2 Zle 0}_N /2 But in our paper, the nonlinearity appears differently from (1.5) as the entangled mixed item
2
Gu) = 2—*|u|“|U|ﬂ, a+p=2"

Moreover, the energy functional [ (. 0) of (1.1) and (1.2) satisfies the Palais—~Smale compactness condition below the minimum
N

Sus\ 7 . . . - . .
threshold value % 2ap )2 So, our paper and the one by Mederski-Schino [20] have their own characteristics and interests in

theoretical methods, independently of each other.

When searching for normalized solutions for (1.1)—(1.2), one of the main difficulties is the lack of compactness of the constrained
Palais-Smale sequences. Indeed, since the embeddings H'(RN) & L2(R") and H! (RN) & L*(RV) are not compact, it is hard to
verify whether the weak limits of the constrained Palais-Smale sequence lie in the constraint S, X.S,,. To overcome this difficulty,
we adopt the idea of Jeanjean [24] by showing that the mountain-pass geometry of /| Suy %Sy allows to construct a Palais—-Smale

sequence of functions satisfying the Pohozaev identity, which yields boundedness and is useful to prove the strong H'-convergence.
Another difficulty, as naturally expected, is the presence of the critical Sobolev term in (1.1), which further complicates the study
of convergence of constrained Palais-Smale sequences. To overcome such a difficulty, we will perform a careful analysis of the
behavior of the constrained Palais-Smale sequences to analyze the possible reason of lack of compactness and to find out the
regions of the energy levels where the Palais—-Smale condition is satisfied and compactness can be restored. For this purpose, the
concentration-compactness principle (see Alves-de Morais Filho-Souto [33] and Han [34]) and the mountain-pass theorem (see,
for example, Willem [36]) are involved to obtain both ground state solutions to (1.1)—(1.2) by minimizing the functional on the
associated Pohozaev manifold and mountain-pass solutions.

The paper is organized as follows. In Section 2, we start with some preliminary results which will be frequently used in the rest
of the paper while Section 3 presents the proof of Theorem 1.1, which is about the L2-subcritical case. Section 4 is devoted to the
proof of Theorem 1.2 with the L2-supercritical perturbation and in Section 5, we prove Theorem 1.3 for the L?-critical case. Finally,
by using the concentration-compactness principle, we give the proof of Theorem 1.4 in Section 6.

2. Preliminaries

In this section we recall the main notations and tools that will be needed in the sequel. For 1 < s < co we denote by L*(RY) the
usual Lebesgue spaces with norm

1
llulls == </ Iul“dx>
RN

and H'! = H'(RV) is the standard Hilbert space equipped with norm and inner product given by
[lu]|? , =(uwu)y and (u,0)= / (VuVu + uv) dx.
H RN
Further, let H = H'(RV)x H'(RV) and H! denotes the subspace of functions in H'! which are radial symmetric with respect to 0,
and H, = H!x H! as well as S, = S,n H!. By Bp(y) we denote the ball centered at y with radius R, By := Bg(0) and || - || denotes

the norm in H'! or H. Moreover, u* is a rearrangement of |u|. We recall that

IVarily < IVully,  llu*lly = llull; and / Iu*l”lv*lquZ/ [ul?lov]? dx,
RN RN

4
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see, for example, Lieb-Loss [37].

Positive constants whose exact values are not important in the relevant arguments, and that may vary from line to line, are
generally denoted by C or C;, where i € N. For N > 3,4 € (2,2*], we recall the following Gagliardo-Nirenberg inequality, see
Nirenberg [38]:

lullg < Cx GIVallZllully 7 for all u e H'®N), 2.1)

where the optimal constant Cy , depends on N, g, and the number

y, = %q—z) for all g  (2,2°]. @.2)
Particularly, if ¢ = 2*, then we denote by S be the best Sobolev constant defined by
IVull3
S:= inf —2 2.3)

= in s
ueDI2Z®RNN\(0} |ull2,

where the Sobolev space D'?(R") is defined as the completion of the space C;”(RN ) with respect to the norm [lul| pi2gn, = || Vull,.
Using (2.2), it is easy to see that

<2, if2<gq<q,
qrg4=2, ifg=7gandy, =1,
>2, ifg<q<?2*.
When studying Schrddinger systems, we need a vector-valued version of the Gagliardo-Nirenberg inequality. For o, > 1,
2 < a+ p <2% we define

+B—(@+P)rarp)/2 (@+P)yarp/2
(lal2 + oli2) PP )2 (g2 4 v p)2) v

O(u,v) :=
J1er]
and by Correia [39], we have
C(N,a,p)~" = inf O(u,v) > 0. (2.4)
upeH! (]RN )\{O)

From (2.4), we get the vector-valued Gagliardo-Nirenberg inequality in the form
Hl* 101”1l
+h—(a+P)asp)/2 @+P)yatp/2
< CN @, p) (Iul2 + lo)2) = Pe) 2 (g2 4 o) 2) e

which holds for u, v € H'(RN). The vector-valued Gagliardo-Nirenberg inequality has been investigated by many authors. We refer
to the papers of Correia [39] and Ma-Zhao [40] and the references therein. Particularly, if a« + = 2*, we define

/ (IVul® + [Vo]?) dx
RN

= inf . (2.5)

S =
“ T veDI2RN )\ (0) 2/2*
</ |u|"|u|”dx)
RN

From Alves-de Morais Filho-Souto [33, Theorem 5], we have that

B/2* a/2*
SM:(<%> +<§> )S, (2.6)

where S is the best constant defined by (2.3).
Let

Py oy = l@.0) €S, XS, : Pu,v) =0},

ap,ay

where

P(u,v):/ (1Vul® + |Vo]?) dx—,uyq/ (lul? +|0]7) dx
RN RN

- 2/ [u]%|v|? dx.
RN

As proved by Bartsch-Jeanjean-Soave [13, Lemma 4.6], any solution of (1.4) belongs to P, , . The equation P(u,v) = 0 being the

Pohozaev identity for (1.1) and the Pohozaev manifold 7, ,, will play an important role in our proofs. Therefore, if (u,v) solves

system (1.1) for some 4;, 4, and (u,v) € Pal,u2 is a minimizer of the constraint minimization

2.7)

m,(ay,ay) = " 'ing 1,u,v), (2.8)

WIEPG | ay
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then (u, v) has least energy among all the solutions of (1.1) and (1.2). Namely, (u,v) is a normalized ground state solution to (1.1)
and (1.2).
For u € S, and s € R, we define the function

Ns
(s *ku)(x) :=e2 u(e’x) forall x e RN,
It is straightforward to check that if u € .S, then s x u € S, for every s € R. We define s % (u, v) = (s % u, s x v) and the fiber map as
D y(s) 1= 1,(s * (u,v))

2s args
= e_/ (|Vu|2 + |VU|2) dx — K¢ / (lul? +10]9) dx
2 JrN q RN

2%s
_ 2 / u]®|o|? dx.
2* ]RN

An easy computation shows that tbéu U)(s) = P(s % (u,v)) and

Payay = {W,0) € S5 X S, 1 @, (0)=0}.

ap,ay

In this spirit, we split the manifold P, , into the disjoint union

_ 0 -
Pal,az - p:],az u Pal,az v Pal,az’
where
+ o - B
o = w0 €D, L0l >0},
Pl(l)l a = {(u, V) EPy ¢E;,17)(0) = O} g (2.9)
R {(u, V) € P, 1y 1 DL (0) < 0} ,

and

o )(0)=2/ |Vu|2+|vU|2dx—,4qy§/ [uld + |v|? dx
RN RN

(u,v
—22* / [ul®|v]? dx.
]RN

In order to prove our results, we need the monotonicity and convexity of @, (s), which will strongly affect the structure of
Paw2 and thus have a strong effect on the minimization problem (2.8). The following lemma can be found in Strauss [41].

Lemma 2.1. Let N > 3. Then the embedding H!(RV) & L'(RN) is compact for any 2 <1t < 2*.

Now, we recall the following version of the Brézis-Lieb lemma, see Chen-Zou [9, Lemma 2.3].

Lemma 2.2. Let N >3, a,f>1land2 < a+f <2* If (u,,v,),eny € H is a sequence such that (u,,v,) = (u,v) in H, then (up to a
subsequence if necessary)

lim/ (Jal® el = 1t101? = J, = af* [0, — o) dx = 0.

n—o JpN

Furthermore, we need to generalize the concentration-compactness principle to the case of systems, see Han [34] and
Long-Yang [42].

Lemma 2.3. Let {(i,,0,)} ey € D"2RN)xDV2(RYN) be a sequence such that u, — u,v, = v € D2(RN). Assume that |Vu, |*+|Vv,|>* = ©
and |u,|®|v,|? — v weakly in the sense of measures. Then, there exist some at most countable set J, a family of points {x iler C RY and
families of positive numbers {v;},c; and {®;} ey such that

v = lul“lol’ + Y v;é, s
jeJ ’
> |Vul]® + |Vo]? + ijaxj,
jedJ
2

a+f
;2 Sa.ﬂ"j ,

where 6, is the Dirac-mass of mass 1 concentrated at x € RV,
Lemma 2.4. Let {(u,,0,)},en € D"2(RN) x D'2(RN) be a sequence as in Lemma 2.3 and define

—X p-soo

Wy 1= lim 1imsup/ (lvun|2+ |VUn|2) dx,
R |x|>R
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Ve i= lim limsup/ |u,,|"|v,,|ﬂdx.
R IxI=R

—®  pooo

Then it follows that

2
a+p
Do 2 SgpVso

limsup/ (1Vu, > + Vo, [*) dx =/ do+ o,
n—oco RN RN
limsup/ i, |%|0,P dx = / dv + vg,.
n—00 RN RN
Fix u > 0, the following compactness lemma will play a crucial role in the sequel.

Lemma 2.5. Assume that
m,(ay,a) <m,, (by.by) forany 0<b; <a;,0<b, <a,. (2.10)

Let {(uy, v,)}pen € S, X S, be a sequence consisting of radially symmetric functions such that, as n — +oo,

1, (uys V) + Agptty + A0, = O for some 4. 2, , € R, (2.11)
1, (4,v,) > c. P(u,v,) =0, (2.12)
and
u,v; >0 aeinRY, (2.13)
If
N
0 and 2 (S20)7 | ingo 0),m,,(0 2.14
c#0 and c< = | — + min{0,m,(a;,0),m,(0,a,),m,(a;,a,)}, (2.14)

then there exists (u,v) € H, with u,v > 0 and Ay, 4, > 0 such that, up to a subsequence, (u,.v,) = (w,v) in H and (. 4,,) = (4. 4,)
in R%.

Proof. We divide the proof in three steps.
Step 1. We show that {(u,,v,)}, . is bounded in H and 4, ,, 4, are bounded in R.
Ifqge 2,2+ %), then gy, < 2. Combining this with (2.1), and P (u,,, v,,) — 0, for n large enough, we have

1
c+1>1, (u,v,) - 2—*P(u,,,un)

1 2 2 g 1
(el 15e )+ (32 = 3) [ ot +1ent) e

q

arq
2

v

= (19l + 172l12) = € (1912 + 170112

for some C > 0, which implies that {(u,,v,)}, _y is bounded in H. If g € 2+ %,2*), we have gy, > 2, and using P (u,.v,) — 0, we
obtain for n large enough,

c+l12>1, (u,,,v,,) - %P (un,un)

Ve 1 2 B
:”<7q'5> /RN |un|q+|vn|"dx+ﬁ/w Ja]* Joa]” dx

> C(|[Vay [l3 + | Von2) + 0, (D)
for some C > 0. This implies that {(u,,v,)},.y is bounded in H. Moreover, by (2.11), we get that

A= _01—21; (s 03 [ (14 0)] + 0, (1),

Jon=—=T! (4, 0,) [(0,0,)] + 0, (D).
Thus, 4,,.4,, are bounded in R. Hence, up to a subsequence, there exist (u,v) € H,, 4, 4, € R such that

(U, 0,) = (u,0) in H,,L* (R¥)x L* (RV),
(un,un) - (u,v) in L4 (]RN) x L4 (]RN) for q € (2,2%),
(tyr0,) = (u,0) a.e.in RV,
(

’11,71”12,") - (/11, 12) in Rz.
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Furthermore, by (2.11) and (2.13), we infer that

{I"l(u, )+ A+ Ao =0, (2.15)

u>0,0>0,
and so, P(u,v) = 0.
Step 2. We prove that the weak limit satisfies u # 0 and v # 0, and so u > 0,v > 0 by the maximum principle. Arguing by
contradiction, since there may be u = 0 or v = 0, we shall consider the following three cases.
Case 1. u=0,0v=0.
Since (u,.v,) — (0,0) in L7 (RN) x L7 (RV), we have

0 =P (u,.v,)+0,(1)

(2.16)
=/ (1Vu, 1 + Vo, I?) dx—2/ Jet, | [0a]” dx + 0,(1).
RN RN
Without loss of generality, we may assume that
h, :/ (IVu,I* +1Vv,*) dx > h and w, :2/ |4, |Un|ﬂ dx - w,
RN RN
as n — oo. Passing to the limit in (2.16) as n — oo, using (2.5), we obtain
_2 g
h=w<2S ?h2
ap
s N
Therefore, either h=0o0r h > 2 ( ';‘” ) > If h =0, then this gives a contradiction to the fact that ¢ # 0. So,
s N
2
h>2 ( “‘ﬂ> . (2.17)
2
Moreover, by (2.16) and (2.17), we derive
c= nlLrEO I, (45 0y)
=tim (2 [ (VP4 1Vo,?) d— = [ Ju]* o] dx
n—o00 2 RN n n 2* RN n n
s N
2
> 2 (2e8) "
- N 2
which contradicts (2.14).
Case 2. u#0,v=0.
In this case, we have u > 0 by the maximum principle and by (2.15), we have
(2.18)

—Au+ﬁlu:/mq‘l, in RV,
Jan lul*dx =a?, u>0.

By using the papers of Li-Zou [43, Lemma 2.1] and Weinstein [44], we deduce that (2.18) has a unique positive solution with
a = ||ull, <a,. Thus,

m,(a;,0) < m,(|lull,,0) = 1,,(u,0). (2.19)
Let u, = u,, — u. Then by the Brézis-Lieb lemma [45] and Lemma 2.2, we have

0=P (u,,v,) +0,(1) = P (@, v,) + P u,0)+0,1)

(2.20)
:/ (|VE,,|2 + |vUn|2) dx—2/ [i,]” [04]” dx + 0,(1).
RN RN
Without loss of generality, we may assume that
‘, =/ (|vun|2 + |VU,,|2) dx—¢ and b, =2/ [i,]* [0,]” dx — b, (2.21)
RN RN
as n — oo. By (2.20), passing to the limit as n — o0, and (2.5), it follows that
_ g
£=b<2S 2¢7.
ap
s N
Therefore, either # =0 or £ > 2 ( ;’” ) > If # = 0, then it contradicts to the fact that ¢ # 0. So,
s N
2
£>2 < “2”> _ (2.22)
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Moreover, by virtue of (2.19)-(2.22), we derive

e =lim I, (4,,0,) = lim 1, (i,.v,) + 1, (u.0)

. 1 -2 2 — B
2 lim <§/RN (qunl + Ianlz) dx — F/RN (%, o dx) +m,(a;,0)

N
2 (Sap\?
Zﬁ (%) +m,4(a1»0),

which is a contradiction to (2.14).
Case 3. u=0,v #0.
Analogous to the proof in Case 2, we have

N
2 (Sap\?
ez = ( 5 ) +m,, (0, ay),
which is a contradiction to (2.14).

Step 3. (un,vn) — (u,v) in H.

Let (u,,v,) = (u, —u,v, — v). Then by the Brézis-Lieb lemma [45] and Lemma 2.2, we deduce that

0= P (u,v,)+0,(1)=P (4, 0,) + P uv)+ 0,1
=/ (V&> +1v3, ) dx—2/ [i,]" 5,7 dx + 0, (D).
RN RN

Without loss of generality, we may assume

f;,=/ (V&[> +1V5,1°) dx — ¢/ and b;=2/ [, | (5, dx — b,
RN RN

(2.23)

as n — oo. By using (2.23) and passing to the limit as n — oo along with (2.5), we derive that

* *

2 9
¢ =b <28 207,
a.p

oz

N
I >2 (Sa.ﬁ ) ® holds, then we deduce

Thus, either #/ =0 or ¢’ >2 <S“'ﬂ ) 5

2

c= ,,li,rf,lolﬂ (upr0,) = r}irr;olu (Ups D) + 1, (. v)

. 1 - — 2 - a =
2»«13@(5/]@ [ (Vi,|* +|VD,]?) dx - 2—*/RN [@,|° [5,]” dx>
+my(lulla, lIvll2)

> lim (1/ (1va, 2 +195,12) dx = = [ Ja,[* 5,/ dx) +m,(ay.a)
RN 2% JrN

n—oo \ 2
s N
2 ap\ *
> N ( ) ) +m,4(01,02),

which is in contradiction to (2.14), where we have used 0 < ||lu|l, < a; and 0 < ||v|l, < a, and assumption (2.10). Therefore, we
must have

lim/ (|Vﬁn|2+|V5n|2> dx = 0.
n—oo RN
Next, we claim that 4, 4, > 0. Indeed, if 4, <0, then

—Au = Ay |u+ pu" + 2—au""lvﬁ >0 inRV.
a+p

Then we can apply Lemma A.2 of Ikoma [46] deducing that ¥ = 0 which is also a contradiction. Consequently, 4, > 0, and
analogously 4, > 0, as claimed. Combining (2.11), (2.12), (2.15) and P(u,v) = 0, one has
My + dods = Ay llully + A 0115

It follows that |lull, = a;.|lvll, = a, and hence (u,,v,) = (u,v) in H. [
3. Proof of Theorem 1.1

In the L2-subcritical case 2 < g <g :=2+ %, we have 0 < gy, < 2. To begin our argument, we first introduce the following two
positive constants
2-aqy4
2gy4—2-2* arg—2* % )
o * _ * _ o * _
2777 (25 -2)(2 qu) 72 g (2 Sa’ﬂ(Z q}'q)> G.1)
Hy = s
q(1=7,) qa(l-vg)
Cnqla a4 +a, )
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and
2-q14
z* PE)
(2*=-2) ((2 —qr)S} )
4y = e (3.2)
27 Y —qrg  2-qyy
VCNq( q(1— Vq)+ q(1— yq)(2* )2*2 22»2
We consider the constrame(zi functional I ”l Suy XS0y For any (u,v) € S[,1 az, by account of (2.1) and (2.5), we have that
I,(u,0) > % </ (IVul® + |Vo]?) dx>
25;/;7 z
-— </ (IVul® + |Vo]?) dx>
2 RN (3.3)
- Cn gt 10w 7 — L Cygay A

2
2h</ (|Vu|2+|VU|2)dx> ,
RN

where the function 4 : R* — R is defined by

2%

28 2
1 af v M q(1-ry) qa(l-vg)
o e B S

From gy, < 2, we get that 4(0*) = 0~ and h(+c0) = -
Lemma 3.1. Assume that 0 < u < u,;. Then the function h(-) has exactly two critical points, one is a local strict minimum at negative
level, the other one is a global maximum at positive level. Furthermore, there exist 0 < Ry < R, such that h(Ry) = h(R;) = 0 and h(t) > 0

if and only if t € (Ry, R)).

Proof. For 7 > 0, we have A(r) > 0 if and only if

25 7
H q(-rg) | a(l=yy) _ 2 ar, ah 2*—gy,
o) > ;CN’q (a1 +a, ) with ¢@) = 4 — 2—*1 4,
In view of
_z
2-aqr, ,_ 28,5 o
@)= I - (27— gyt
it is not difficult to check that ¢(-) has a unique critical point at
1
_ 2*(2—qy,) ¥
I= —qS , (3.4)
42 —qry) *F

and ¢(-) is increasing on (0,7) and decreasing on (7, +c0). Moreover, the maximum level is

2-qy4

27y-2-2" arg=2" . 2% 22
p=2"277 (2" -2)(2 —qy,) T (2 S,,}Q—m)) .

Thus, there exist 0 < Ry < R; such that A(R() = A(R,) = 0 and A(?) > 0 if and only if t € (R, R,). Moreover, h is positive on an open
interval (R, R,) if and only if o(7) > “CN (@ 4y +a q(l W) ), that is, u < u; holds. Since A(0*) = 0™, h(+o0) = —oco and 4 is positive
on an open interval (R, R)), it is easy to see that h has a global maximum at positive level in (R, R;) as well as a local minimum
point at negative level in (0, R;). Note that

%
_ - —5 2 q(1=7,) q(1=yy)
B ()= 17! [12 g — 25'1,[32 2 — HYCngla, ™ +a, ™ )] =0

if and only if

.
(1-7,) (1-7,) : — =5 0%
W = ur,Cuy (a7 +ay ) with y) =2 - 28] T,

Clearly, y(-) has only one critical point 7, which is a strict maximum. Therefore, the above equation has at most two solutions, which
implies that ~ only has a local strict minimum at negative level and a global strict maximum at positive level and no other critical
points. Thus, A(-) has exactly two critical points 0 < ¢, <7 < t, with

A(t)) = min h(r) <0 and h(t,) =maxh()>0. [
O<t<i >0

10



Y. Meng et al.

Lemma 3.2. Assume that 0 < y < pip. Then PSI P @ and P

ap.a

Proof. We first prove that Pgl o+, = ¥ implies that P, , is a smooth manifold of codimension 3 in H. We note that P,

by P, v) = 0,G(u) = 0, F(v) = 0, where

Gu) =a* - / wdx, F(v)=d}- / v? dx.
RN RN

It suffices to show that the differential

d(P,G,F): H > R’

Nonlinear Analysis 260 (2025) 113845

is a smooth manifold of codimension 3 in H.

., 18 defined

is surjective. Assuming that it is not true, there must be that d P(u, v) is a linear combination of dG(u) and d F(v) according to the
independence of dG(u) and d F(v). That is, there exist v;,v, € R such that (u, v) is a weak solution of the system

qY, .
—Au+viu= =Ll + alu|*2ulv)?  in RV,

—Av+vyu = Tqylvl"’zv + Blul*lv)?v in RV,

/ |uf? dx = a2, / vf? dx = a2.
RN RN

However, by the Pohozaev identity for (3.5), we have

2/ (IVul® + [Vou]?) dx=;4qy2/ (lul? + |v]7) dx+22*/ [u|®|v]? dx,
RN 4 JrN RN

which implies that (u,v) € Pgl ap @ contradiction.

Now, we prove that Pgl,az = . Arguing by contradiction, there exists (u, v) € P?
. — /

W =i, ;0
=(t- 2)/ (1Vul® + |Vol?) dx — p (t - qv,) yq/ (lul? +v]7) dx

RN RN

—2(:—2*)/ lul®|v]? dx
RN

=0.

)(0) _o"

(u,v

In view of Wi(gy,) = 0 and (2.5), we obtain

*

@=ar)i? =2(2° - a,) / ullol? dx <2 (2* = qr,) S, 7 o
g ,

It follows from gy, < 2 that

1

2-qr, Z\77

p2| =57 .
2(2—ar,) ©

Moreover, combining (3.6) with W (2*) = 0, we infer to

@ =2 = (2" —ar,) rgur™ /]R lul? + |0l dx

% qa(1-74) q(1-7¢) _
< (2" —ar,) v uCy yla) T +ay )pta?

2-qyr4
_g 2
P —gry | 28
qa(1-7¢) q(l-yg) B a.p
SYHC ey a1 (27— ay,) T o= p” .
q
that is
2-qrq4
% 22
*
@ -2) ((2—%)5&,,,)
HZ My = I ,
al=r) | al=r). (o, ]
YCnglay " Hay ) (2 —qr,) 77 27=

which leads to a contradiction to our assumptions. Hence, Pgl o= 3. O

By using Lemmas 3.1 and 3.2, we can describe the geometry of P,

P+ and P, = having disjoint closure.
ap.ay ap.ay

142"

\a

11

ap.a

The manifold P,

(3.5)

1
. Let p = (fon (IVul* +|Vo|*) dx)? and let

(3.6)

o, is then divided into its two components
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Lemma 3.3. For every (u,v) € S, XS,,, the function @, ,,(-) has exactly two critical points s, < 1, and two zero points c, ;) < d,)
With s, ) < €y < ) < A, Moreover, it holds:

() sx v e P;rl’az if and only if 5 = 5(,,);
sxwv)EP, if and only if s = 1, ,);

(i) (IV(s % w2 + V(s * v)l|12)!/? < Ry for each s < ¢, and

Iﬂ(s(u,u) * (“s U))
=min{I,(s % (,v)): s € R and (|V(s x w2 + V(s * v)[12)"/? < Ry} < 0;

(i) I,(tgp) * (1, 0) = max,eg I,(s x (u,0)) > 0 and @, ,(s) is strictly decreasing on (¢, ), +o0);
(iv) The maps (u,v) = s(,,) € R and (u,v) ~ 1, € R are of class C'.
Proof. Let (u,v) € S, X S,,. First, we show that @, () has at least two critical points. We recall that by (3.3), we obtain
Dy (8) = I,(s % (,0)) > h (|| Vull2 + [[VolID)/?),

and so

R R
@, (5)>0 forallse (log 0 , log 1 .
o) IVull? + Vol (IVull? + [ Vol 2)1/?

Clearly, @, ,,(-=00) =0~ and @, ,,(+00) = —co. It is proved that &, ,(-) has at least two critical points s, < t(, ), where 1, is the
global maximum point at the positive level, and s, ,, is the local minimum point on

1 Ro
—-o0,log —————m
(IVul2 + [ Vol 72

at the negative level. Now we claim that @, ,,(-) has no other critical points. In fact, as o4

(uw(s) =0, we get

g(s) = un/ (lul? +0]?) dx
RN
with
g(s) := eu_‘”")s/ (1Vul* + |Vo]?) dx—2e(2*“”q>s/ 2| |v]? dx.
RN RN

It can be seen that g(-) has a unique maximum point, so the above equation has at most two solutions.

On account of tDEu’U)(s) = P(s * (u,0)), it gives s x (u,v) € Py ar implying that s = s, or f,. By combining that s, is a

local minimum point of @, ,(s) and Pgl = @, we immediately infer that ‘DZ, ,u)(s(u,v)) > 0, which implies that s, ,) * (u,0) € P:l a
Similarly, we have that 7, ,, *x (w,0v) € P, _ .

aj.ay
By the monotonicity and recalling the behavior at infinity of @, ,(-), we see that @, ,(-) has exactly two zero points ¢, ,, and

iy With s, ) < €0y < ) < dg.)- Particularly, @, () is strictly decreasing on (z,, +0).
Finally, we show that (u,v) - s(,,,) € R and (4, v) = ¢, € R are of class C !, Indeed, we can apply the implicit function theorem
on ¥(s,u,v) := tDEM U)(s). Then we have
Y (Sup)o s V) =P (11,4, 0) = 0,
0S¥’(s(u,v), u,v) = digw)(s(u’u)) >0,
O (12t V) = P! (1(,9) < O
and Pg] = ¢ imply that it is not possible to pass with continuity from P;] a 0P - Thus, we know that (u,v) = s, € R and
(,v) ~ 1, € Rare of class C'. [
By using Lemma 2.1 of Li-Zou [43], if g € 2,2+ %), it holds
m,(a;,00<0 and m,(0,a,) <O. (3.7)

For k > 0, we define

172
A= {(u,u)GSa] XS, </ (|Vu|2+|Vu|2) dx> <k}.
RN

Lemma 3.4. If 0 < u < min{y,, 4, }, then the following statements hold.

@) my(ay,ay) = ianRO I,(u,v) <0;

(i) m,(ay,ar) <m, (by.b,y) for any 0 < by < ay,0< b, <ay.

12
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Proof. (i) By Lemma 3.3, we have
P;fl’az = {Sup * @,0) 1 (,0) € Sy X Sy, } C Ap,

and

my,(ay,ay) = pinf 1,@u,v) = pin 1,(u,v) <0.
aj.ay a0y

Clearly, m,(ay,ay) > ianRO I,(u,v). On the other hand, for any (u,v) € Apg,, We get
mu(al’aZ) < Iu(s(u,v) * (u’ U)) < Iﬂ(u’ U)7

which implies that my(ay,ay) <inf 4, 1, (u,v). Thus, it holds my(ay,ay) =inf 4, 1,(u,v).
(ii) This can be proved by follow?ng the strategy by Jeanjean-Lu [31, Lemma 3.2], where a scalar equation is considered, with
minor modifications. By the definition of 7 in (3.4), we have as in (i), that

my,(ay,ay) = iH;f 1,(u,0).
For arbitrary & > 0, we prove that m,(a;,a,) < m, (b;,b,) + €. Let (u,v) € A; be such that
L(w.v) < my (by.by) + 5., (3.8)

and let ¢ € C(‘J”(]RN ) be a cut-off function with ¢ € [0,1], ¢ = 1 on B;(0) and ¢ = 0 on R? \ B,(0). For § > 0, we consider
us(x) 1= u(x)p(6x) and vs(x) := v(x)p(6x). Obviously, (uz, vs) — (u,v) in H as § — 0. As a consequence, for # > 0 small enough, there
exists § > 0 small enough such that

1/2
& -
I, (u5,05) < 1,(u,0) + 7 and (/RN (IVus)* +|Vosl?) dx> <i-n.

Now, we take ¢ € C°(RN) such that supp() € B(O, 1 + %) \ B(O, g ). Define

v = llusla v = llsl

w,=—————x¢ and w,= ol
2

X @,
el

then

(supp (ué) U supp (v(;)) n (supp (s * wa) U supp (s * wb)) =0,

for s < 0. Hence (uz + s * w,, v; + s % wy) € S, X S,,. Note that

172
1, (s * (wa,wb)) -0 and (/IRN (|V(s * wu)l2 +|V(s % w,,)lz) dx> -0
as s - —oo, thus we obtain

1, (S* (wa’wb)) = i
172 (3.9)
</ (IV(s * w)l? + V(s * wy)]?) dx) <
RN 2

for s < 0 sufficiently close to —co. Consequently,

1/2
</ (|V(u5+s*wa)|2+|V(U(;+s*w,,)|2) dx) <1,
RN
and combining (3.8)-(3.9), we have

m,(ay,ay) <1, (u5+s*wa,v5 +s*wb) =1, (u(;,U&) +1, (s*wa,s*wb)

<m, (bl,b2) + €,

which completes the proof. []

Proof of Theorem 1.1. By choosing 0 < 4 < min{y, 44, }, then combining (3.7), Lemmas 2.5 and 3.4, it is sufficient to show that at
the m,(a,,a,) level, there exists a radially symmetric Palais-Smale sequence for I,,| Su, XS0y such that P (u,,v,) - 0 and u;,v; - 0
a.e.in RN,

Let m,(a;,a,) = inf 4 RN, 1,(u,v). By the symmetric decreasing rearrangement, it is easy to verify that m,(a,a,) = m,(a;,a,).
Taking a minimizing sequence {(@,, #,)} ey for m,(a;,a,) = inf 4 ro"Hr 1,,(u, v), after passing to (|&,|,|5,|) we may assume that (i,, 0,)
are nonnegative. Furthermore, by using L(s@, 5, * ([ 09)) < 1,0, 0y, and replacing (i,,5,) by @,,0,) = @5, * (s 0y,
we get a minimizing sequence (4,,0,) € P’f1 Thus, by Ekeland’s variational principle (see, for example, Willem [36]), there

ap,ay.;r’

13
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exists a radially symmetric Palais-Smale sequence (u,,v,) for I,| Sup %S,

(hence a Palais-Smale sequence for I,|s s ) satisfying
ay.r ap”ay
Iy, v,) — (@,, 0,)|l = 0 as n - oo, which indicates that

P (u,,v,) =P (&,0,) +0,() >0 and u,,v; >0 ae.in RV

Then Lemma 2.5 with ¢ = m,(a;, a,) implies that there exists a (v,v) € H,,u,v > 0 and A;, 4, > 0 such that, up to a subsequence
if necessary, (u,,v,) = (u,v) in H, and (4;,,4,,) = (41,4,) in (R*)?. From the strong convergence, (u,v) € P, ,, is a solution of
(1.1)-(1.2) and thus a normalized ground state. []

4. Proof of Theorem 1.2

In this section, we deal with the L?-supercritical case g := 2+ % < ¢ <2*. We consider once again the Pohozaev manifold P, , ,
which can be decomposed as
P, o =PF uP’ up-

ay,az ay,ay ay,ay ay,ay’

If there exists (u,v) € Pgl +p then we have that

(qu—zwq/ (Iul"+|u|")dx+2(2*—2>/ lul* |0l dx =0
RN RN

Since qy, > 2, there must be (u, v) = (0,0), which contradicts the fact that (u,v) € Sq, . This implies that PO = ¢ and then,
as in Lemma 3.2, we can prove that P, , is a smooth manifold of codimension 3 1n H However we know that he geometry of
P,,.a, Will be different from the one in Lemma 3.3.

Lemma 4.1. For each (u,v) € S, X S,,, there exists a unique 1, € R such that 1, ,, x (u,v) € P, ,,, where 1, is the unique critical

point of the function of @, ,, and it is a strict maximum point at positive level. Moreover, it holds:

1,427

i) P, =P

ay,ay ay,ay’

(i) @, ,(s) is strictly increasing on (—oo,1,,)) and

tD(u’U)(t(u’v)) = 216%%( ¢(u.u)(5) > 0;

(iii) The map (u,v) ~ 1, € R is of class C';
(iv) P(u,v) <0 if and only if ¢, <O.

Proof. In view of

D) (s) = 1,(s % (u,0))

= _/ (IVul® + |Vu]?) dx /RN (lul? +|v]7) dx

- / o dx.
2 RN
we have

(uu)(s) =¢ /RN (|V“|2 + |VU|2) dx — py et ./RN (|u|q + |U|q) dx

— 2% / [ul®|v|? dx.
RN

It is easy to see that digu U)(s) =0 if and only if

/ (IVul® + |Vo]?) dx = qu%—z)x/ (lul? +]0]7) dx
RN RN

+2e27 728 /N u|®|v]” dx 2 g(s).
R

Clearly, g(-) is positive, continuous and monotone increasing, and g(s) - 0" as s > —co and g(s) — +oco as s — +oo. Therefore, there
exists a unique point #,, such that #, ) *x u,v) € P, ,,, where 1, is the unique critical point of @, ,(-) and it is a strict maximum
point at positive level. By maximality, we have that <D( U)(t<u ») < 0 and since PO = ¢, we conclude that ¢, ,) * (u,v) € P, s and
Paray = P a since @, ,)(-) has exactly one inflection point. In order to show that the map (,v) = t,,, € R is of class C!, we can
apply the 1mp11c1t function theorem as in Lemma 3.3. Finally, since tDE ORI if and only if s > 1, ), s0 P(u,v) = ( @ <0 if
and only if 7, ) <0. []

Lemma 4.2. The minimum m,(ay,a,) has a the following minimax representation

= f I,(s*
m,(ay,a,) SII>1<S max u(s % (u,0)).

14
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Proof. For (u,v) € Sa, XS,

0 by Lemma 4.1, we have
max 1,(s % (u,0)) = 1t ) * W, 0)) = m,(ay,a).
Hence

m,(a;,a,) < inf max I, (s * (u,v)).
wo1,ay) < g inf, max T, (s % (4.0)

On the other hand, by using Lemma 4.1, we also obtain

= mas > 1 4 1
I”(u, v) rynélé( Iﬂ(s * (u,v)) > ullr>1<§u2 Ipe‘% Iy(s * (u,v)) if w,v) € P,

1,42°
and thus we conclude that

m,(a,,a,) = inf maxlI,(s* (u,v)).
wara) = gin maxl, s x @ o). O

We recall the following useful lemma, which is needed in proving Lemma 4.4 below, see the paper of Bartsch-Soave [14].

Lemma 4.3. The map (s,u) € Rx H'(RN) - s xu € H'(RV) is continuous.

Now, we give a way to find the required Palais-Smale sequence in Lemma 2.5.

Lemma 4.4. There exists a radial Palais-Smale sequence for I, Sy xS, At level m,(a;,ay) with P (u,,v,) — 0 and u;,v; — 0 a.e.in
RN,

Proof. We use the strategy firstly introduced in Jeanjean [24] and consider the functional T, 4 Rx H'RN)x H'(RV) - R defined
by

I,(s,u,0) := 1,(s % (u,0)

XS

on the constraint R X .S, ayr

ap,r

It is straightforward to check that T, , 1s of class C!. Let
I;' ={(u,v) € Sgy X Sg, 1 1, u,0) < c}.

Note that, for any (u,v) € S, x S,,, we have

ap?
2%
— o

1 2 2 ZSa; 2 2 2
1,(u,v)> E/RN (IVul* + |Vo|*) dx - 2; </RN (IVul* + |Vl )dx>

q(1-7,)
1

q(1=rg)

H qr, H qr
- ECN’qa ||Vu||2 ¢ — ;CN,qa2 ||VU||2 >0

and

*
*

2z 7
P(u,v)z/ (IVul® + |Vo]?) dx - 25 2 (/ (IVul* + [Vo]?) dx>
RN a,ﬁ RN

l—yq)l qarg

q(1-7,)
IVull}? = uy,Cy gay |

q( q7,
— 17 CnN 49 [Voll,* >0,

if (u,v) € A, with k small enough. By Lemma 4.1, we know that m x(a1.a) > 0, thus if necessary replacing k by a smaller quantity,
we also have

1
Lo < 5 /RN (1Vul® + |Vol?) dx < m,(a;, ay).
We consider now the following minimax level
o= ,‘2? max 1,(r@®)
with
r= {y = (0,9, 0) €C ([o, ILEXS, , xSaz’,> :
7(0) € (0) x A (D) € (0} x I3}

Next, we shall show that ¢ = m,(a;,a,). On the one hand, we note that for any (4,0) € P,
P(u*,v*) < P(u,v) = 0, which implies 7, = #.,x -, < 0. It follows that

\.ay> there are W*,v*) € S, . xS, , and

L, 0) 2 1,(t, % (u,0)) 2 L,(t, * ", 0") = max L, (s * (u*,v%)).
Clearly,

Vs * u*[|3 + [|[Vs % v*]]3 > 0% as s — —co,

15
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1, (s* (u*,v*)) — —00 as s — oo.
So, there exist s, < —1 and s; > 1, such that sy * (u*,v*) € A, and s; x (u*,v*) € IB. We define
e i1 €10, 11 (0, [(1 = )sg + 151 % (u*,0)) €RX S, , XS, .
By Lemma 4.3, one has y, € I'. Thus,
c < [nax, IN,‘(y*(t)) < max L,(s % (u*,0") < 1,(u,0),
implying that ¢ < m,(a;, a,). On the other hand, for any path y = (a, ¢, @,) € I', we consider the function
P,:1€[0,1] - P (a(t) * (1), 2(1))) €R.

One easily verify that P,0) > 0 and P, is continuous. We claim that P,) < 0. Indeed, from Lemma 4.1, if P,(1) > 0, we get
{1yt 2 0> and then

1,(01 (1), @2(1) = D, (1).0,(1))(0) > Py, (1,0, (1)) (=) = 0*,

which is a contradiction. Hence, we deduce that there exists t, €(0,1) such that P,,) =0, namely that, a(t, ) k(@) 9,(t,)) € P,
and so

1,42°

L2 1, (7 1)) = 1y (w 1,) % (1 () 0 (1)) 2 m, (ar.a0),
which implies that ¢ > m,(ay, ay). Therefore, ¢ = m,(aj, a,).

Let 7 = {y([0,1]): y € I'}. According to the notation of Theorem 3.2 by Ghoussoub [47], this means that F is a homotopy
stable family of compact subsets of R X S, , X S,, , with extended closed boundary ({0} x A4;) U ({0} x 12), and that the superlevel
set {1 4 2 o} is a dual set for 7, which means that the assumptions by Ghoussoub [47, Theorem 3.2] are satisfied. Therefore,

by using [47, Theorem 3.2], we can take any minimizing sequence {(y,([0,1]).7, = (&, @} ,. ®2,)},en for o with the property that
a(t) =0, ¢1,(t) >0, @, ,(t) > 0 for every t € [0, 1]. Indeed, replacing y, by 7, = (0,a, * (¢} ,|.19,,])), there exists a Palais-Smale
sequence {(s,, u,, 0,)}ueny € R XS, , X S,, ,» such that I,(s,.,u,,v,) = o,

o1, (s, u,,0,) >0 and | -0, 4.1)

XTy, Say )"

6(,4,0)11‘ (85t 0y) @ s
Un

ay.r

as n — +oo, with the property that

[5,,] + dist (0, ) » (01,10, 11, @5,,([0, 11)) ) — O. 4.2)

Let (. 0,) = 5, % (4, U,) € Sy, X S, - By the definition of Tu(s,,, u,,v,) and the first condition in (4.1), we obtain P(u,,v,) = 0. The
second condition in (4.1) reveals that for any (¢, y) € T;, Sa, r X T3, S, we have

ay,r
I;‘ (E,,,E,,) [b.w] = a(uyv)f” (sn,un, Un) [(_Sn) * (¢, ‘I/)]
= 0,0 (=s,) * @),
=o0,(Dl(d, W)y asn— +oo.
From (4.2), we infer that {s,},cy is bounded and u,,7, — 0 a.e.in R¥. To sum up, {(4,,7,)},ey is a Palais-Smale sequence for
I ,,Isawx Suyr and hence a radial symmetric Palais-Smale sequence for I, Sy S, at level ¢ = m,(a,, a,) with P(w,,v,) —» 0. []

We fix a;,a, > 0. Then, using Lemma 2.1 by Li-Zou [43, Lemma 2.1.], if g € 2+ %,2*), we have

m,(a;,0) >0 and m,(0,a;) > 0. (4.3)

Lemma 4.5. For fixed a,,a, > 0, the following statements hold:

@) my(a;.ay) <my, (by,by) forany 0< by <a;,0<b, <ay
(ii) m,(a,, a,) is nonincreasing with respect to u € (0,+00);
(iii) lim

oo My(ag, ay) = 0%

Proof. (i) The statements can be shown by Lemma 3.4 (ii). (ii) For any u > x4’ > 0, one has

my(aj,ay) = _inf maxI,(s* o)< inf maxl,(s*x wuv)=my(a,a),

Say XSa, sER ay XSa, SER

from which the conclusion follows. (iii) We first prove that m,(a;,a,) > 0 for any y > 0. Indeed, for any (4,v) € Py ay> WE have

a2
/ (IVul* + |Vo]?) dx:m/q/ (lul? + v]?) dx+2/ [u]®|0]? dx
RN RN RN

16



Y. Meng et al. Nonlinear Analysis 260 (2025) 113845

arg

2
sq(/ (|Vu|2+|Vu|2)dx>
RN
2%
2
+C, </ (IVul® + |Vo]?) dx> ,
RN

inf / (IVul® + [Vo]?) dx > 0.
RN

aj.ay

which implies

Therefore, we deduce from this that

. 1
m,(ay,a,) = 7)1nf 1,(u,0) - EP(u, v)

aj.ay

qry—2
=pinf (;4 "zq /RN (|u|q+ |v|‘1) dx + (1 - 2%)/}RN |u|a|v|ﬁdx>

ay.ay

> C inf / (IVul® + [Vo]?) dx > 0.
RN

ay.ay

Now (iii) holds if we can prove that for any ¢ > 0, there exists z > 0 such that
m,(ay,ay) <€ forany u>p. 4.4
Choosing ¢ € C(‘)"’(RN) with ||¢||, < min{a,,q,} and noting that

m,(ay,az) < my, (119l 9ll2) < max 1,(s* ¢,s x P)

s (4.5)
= max 2 <E(S * ) — —||¢||Z) s
seR q

where E(u) is defined by

1 2 1 2%
E(u)—E/RN|Vu| dx—z—*/RN |lul dx.

args
Since E(s x ¢) — u||q§||Z — 0% as s - —oo, there exists s, > 0 such that E(s x ¢) —
hand, there exists i > 0 such that

yequ s

. llgll§ < & for any s < —sy. On the other

$2—50

) ||V¢||£V e %0
S\ Nl T«

ma2<E@*¢»—ﬂ§£uwm>

||¢||g> <e foru>T.

and so max g 2 (E(s * @) — # ||¢||Z> < £ when u > u. Therefore, by combining this with (4.5), we obtain (4.4), and the conclusion
follows. [

Recall that the minimizer for S in (2.3) is achieved by the function

N-2

N=2 £ 2
U () :=(N(N =2))74 <—>

e + |x|?
where € > 0 is a parameter. We define the test functions 7,(x) := ¢(x)U.(x), where ¢(x) € C(‘)"’(RN ) is a radial cut-off function with
¢ €10,1], =1 on B,(0) and ¢ = 0 on RN \ B,(0). By Jeanjean-Le [30] or Soave [26], we can derive the following well-known
asymptotic estimations.
Lemma 4.6. We have for ¢ — 0
N
VR 3 =S2 +0EN™2),

* N
ln % = 82 + 0N,

0(e?), ifN>5,
712 =3 0| Inel), if N =4,
O(e), if N=3,

and
O(eN-(N-24/2) " if N >4 and q € (2,2%) orif N =3 and q € (3,6),
n:NE = 0(e9/?), if N=3and q € (2,3),
O(?|Ingl), if N=3and q=3.

17
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Lemma 4.7. Fix a,a, > 0, then

z

m,(ay,ay) < N

S, 7
< ;ﬁ> forall u> 0.

Proof. We define

a
u T He»
¢ llmell, ™

= !(4,.0,) D€ given by Lemma 4.1. Then by (2.6) and 1, * (u,,v,) € P,

and v, =
for e > 0 sufficiently small, we have

1
=1
NIl ™
1,42°

Letz, :

m,(ay,ay)
< I % (ug, 0,)

leE ’uequté
> /RN (IVu > + Vo ?) dx - T/RN (Jue)® + |vg]?) dx

262*1E
. /N 10, 1P dx
R

5 25%
(7/RN(|W£|2+|WE|2) dx — = /]R el | dx

(4.6)

< sup
>0

q
_ g el
ll7 115

S5\ 2 a

% < w) T 40N - cet —”"g”",

N\ 2 lIn:115

where we have used that

52 252 1 A N7 .

2 A- == —— th A,B>0.
sup ( 2 T ATG wi >

>0

According to P(t, x (u,,v,)) = 0, we have that

262 -2 / u %o, 1P dx < / (IVu 1> + Vo, %) dx.
RN RN
Hence it follows that
4.7)

o< Jen (IVu 1> + Vo, ) dx \ T2
- 2 fon lu v |# dx
From (4.7), P(t, x (u,,v,)) = 0 and the fact q7, > 2, we infer that

o272,
_ Jen |Vu,|? + |Vo,|? dx
2 fow I %o, 1P dx
Jen VU ? + Vo I dx
2 [ lue|%lve|? dx
arg-2

S ue] ™+ o]t dx </]RN |Vu, | + |Vv£|2dx)2*2
2 fon lug|%lo )P dx

(a7~ Jew lue]” + Jue|* dx

— MYy
2 fan lu v 1P dx

q
2 fan lug|%lo |? dx
*_ *_, * .
VA3 lme I~ ol Tl
—” P 1~ GV, 1711 5 —a, |
e Ml ”'75”2

N * N
On account of Lemma 4.6, by using ||V;15||§ - S57, In % — S7 and

if N =3,
if N =4,

6-q
lI7ellg O(e™),
(I-rg)

a—arg _4d-rg)
llmell, ™ Jo(linel" =2 ),

as € — 0, for some constant C > 0, we can obtain

e'e 2 Cllne .

18
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Consequently, by using (4.6), for all sufficiently small £ > 0, we infer to

N
Sep\ 2 (UK
my,(ay,a,) < 2 ( M) +0(EN ) —c—L_

q—q7.
N\ 2 llmelly "
S \7T 0T if N =3
2 B 2 _ £ 4 N 1 =3,
gﬁ<§> +0(E"?) - w0
O(|lng|” "2 ), if N=4,

)

N
<2 Sap ,
N 2
from which the statement of the lemma follows. []
Proof of Theorem 1.2. Combining (4.3) along with Lemmas 2.5, 4.4, 4.5 and 4.7, the proof is complete. []
5. Proof of Theorem 1.3

In this section, we deal with the L2-critical case ¢ = g := 2+ — < 2*. Note that qrz = 2. We first introduce the following constant

4
N

— - -1
pz = =C L (a‘ll_2+ag_2) . (5.1)

Ng

SIS

Lemma 5.1. For u > 0, we have
) . Ky S IVull? Vvoli2 2_” q g £
W@, ay) 1= W, 0) €8, XS, L [Vully +1IVoll; > 7 (luliZ + N1olZ) :

IfO<p < s, then O(ay,a) = Sg XS,

Proof. If 0 < u < pj3, for (u,v) € Sa, X Sg,, We get
2u, 7 o 2H -2, 72
Z(lulld + ol < 7C‘N@(a‘f +al )(IVull5 + Vol < AVull3 + [IVoll3),

hence S, X S,, = 0O,(a;,a). If u > p3, we claim that

IVl + Vel _

sup 0, (5.2)

@oeSy xSy, [lulld + lv)Z
g q
from which O, (a;,a,) # @ follows. For this purpose, we consider the function
sinn|x|, if |x| <=,
¢, (x) 1=

0, if |x| > =,

and define u, := ”(quﬁn, v, = Mfﬁ%. Clearly, (u,,v,) € S, X S,,. Since [V, = O(?), l|g,|I; = O(1) and ||¢,,||g = O(1), one has

q-2
IV + 150,05 _ a+3 I l5 0V
— e

as n — +oo,

q q a4 q
a2+ N0l af +al  lg,l2

and (5.2) follows. []
Recall the decomposition

Py a=PF UP’ uPs

ar.a ap,ay ay,ay ay,ay’

introduced in (2.9). Then, we have the following conclusions, by analogous arguments as in Section 4.

Lemma 5.2. For each (u,v) € O,(a;, ay), there exists a unique t, ) € R such that t, ,, * (u,v) € P, ,,, where 1, is the unique critical
point of the function of @, . Moreover, it holds:
@ P, ., =P and P is a submanifold of H;

1,42 ap.ap ap,ap
(i) s % (u,v) € P,

ap.a

if and only if s = 1, ,);
(iil) @y, ,)(s) is strictly decreasing on (¢, ), +o0) and

D)) = max D, 1(s) > 0;
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(iv) The map (u,v) ~ 1, € R is of class C'.
Lemma 5.3. m,(a;,a,) has a minimax representation of the form

m,(a;,a,) = inf maxl[I, (s (u,)).
u(ar. a) Ol ay) B u(s x (u,v))

From Soave [25], we know that for fixed A, u > 0,
(5.3)

m,(a;,0)>0 and m,(0,a;)> 0.

Lemma 5.4. If 0 < u < us, then there exists a radial Palais-Smale sequence for I ulo,(ay.ay) Gt level m,(ay,a,) with P (u,,v,) — 0 and

u v > 0aein RN,
The proofs of Lemmas 5.2, 5.3 and 5.4 can be carried out analogously as it was done in the proofs of Lemmas 4.1, 4.2 and 4.4,

respectively. So we omit it here.

Lemma 5.5. Let 0 < yu < p3 and fix ay,a, > 0. Then the following statements hold:

@ my(ay,a) <my, (by.by) forany 0 < by <a;,0<b, <ay;
(ii) m,(a;,a,) is nonincreasing with respect to u € (0, u3).
Proof. (i) Since 0 < u < p;3 implies 0,(ay,ay) = Sal X Sﬂz, the statement can be proved as in Lemma 3.4 (ii).
(ii) For any p3 > u >y’ > 0, one has

inf  maxI,(s % (u,0)) < Salir)l(fs rgleaﬁ( Ly (s % (u,0)) = m(ay,a),

m,(ay,ay) =
H Say XSq, sER @

O

from which the assertion follows.

As in the previous section, the following estimate will play a crucial role in the proof of the existence of a ground state.

Lemma 5.6. Let 0 < u < u3 and fix a;,a, > 0. Then it holds

2 AN
m,(ay,ay) < ~ < ; > .
by (2.7) and (5.1), we have

1,42°

Proof. We first prove that m,(a;,a,) > 0 for 0 < u < y3. Indeed, for any (u,v) € P,

2 _ _
/ (IVul? + |Vo]?) dx = T"/ (|u|'1+|u|4) dx+2/ ul?|v]” dx
N q RN RN

<£ (/ (IVul® + |VoP?) dx)
H3 RN
»

c </RN (1Vul* + |Vo]?) dx>7,

+

which implies

inf
(u,v)eP,I1 a

/ [Vul? + |Vo]> dx > 0.
RN

Therefore, we deduce that

= i _1 -2 a,(h
m”(al,az)—plnf I”(u,u) 2P(u,u)— Npt?f:z ./RN [u]*|v]” dx > 0

aj.ay

Recall the test functions #,(x) := ¢(x)U,(x) and the definitions

a; a
u, = ——1, = —1n
el o mell,

20
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from Section 4. Let t, :=t(,_, , be given by Lemma 5.2. Then by (2.6) and ¢, % (u,, v,) € P, ,,, for £ > 0 sufficiently small, we have

m, (@, ay) < L,(t, % (u,,0,))

21, 2t — —
= [ 1V Ve, ) dx - ”2 /RN (lae 7+ o7 ax

2e2"te
—z*éﬂmmﬂm

2 2%
s 2 2 2s ap, 1P
< = \% +|V dx — d
<o (5 [, v rwar) o3 [ e o) G0
7
o el
(A
N 7
Sep\ 2 lIn 11
=%< ;”) +0(eN2) - Ce¥e —,
ll I3

where we have used again the fact that

5 25 1 A N/ .
—A- B)=—|—+ h A, B E
w(54-50) -5 (Gam)  wmas>o

According to P(t, x (u,,v,)) = 0 and the fact qrz =2, for some constant C > 0, we infer that

/]RN (|Vu£|2+ |VU€|2) dx /]RN <|ue|q + |U6|q) dx
= —H
2 fon I, [0, |7 dx T2 Lo lu 110,17 dx
Jev (1Vue* + Vo ?) dx

2 o lug|%lo 1P dx

o220

> (1 — nyCN’E(ai’_z + ag_z))

1Vn 12l 122

ll 15

N * N
where we used 0 < y < p3. Furthermore, on account of Lemma 4.6, by using ||V71£||§ - S7 and ||”Ig||2* — S§72 as ¢ — 0, for some
constant C > 0, we have

e > Clin . (5.5)

Thus, in conjunction with (5.4) and (5.5), for € > 0 sufficiently small, yields

N q
2 (Sup\? o nd?
mu(al’a2)§N< ; > +O(6N 2)—C aiz
I 12
S\ 7 06T if N =3
2 : 2 _ £ N 1 =),
sﬁ<;® +0(N2) - 20
O(lne|" "2 ), if N=4,
Sup\ 2 03 fN=3
2 3), if N =3,
si< ””’) LoEN -0
N\ 2 O(|lne|"2), if N=4,
S N
2 a,p 2
(%)

This proves the assertion of the lemma. []

Proof of Theorem 1.3. The proof follows by combining (5.3) with Lemmas 2.5, 5.4, 5.5 and 5.6. []

6. Proof of Theorem 1.4

In this section, we deal with the L?-supercritical case 2 + % < g < 2* when u > 0 is large enough. Recalling the strategy
introduced by Jeanjean [24] and consider the auxiliary functional
Iﬂ ‘Rx Sal X Sa2 >R, (s,u,0)+ I”(s * (u,v)),

where

Ns Ns
s x (U, 0)(x) = (s *u,s *xv)(x)= (eTu(eSx),eT v(esx)) .
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By a direct calculation, we have
/ |V(s*(u,u))|2dx=e23/ (1Vul® + |Vol?) dx,
RN RN
N@g-2) s "
|s* ov)fdx=e 2 (lul® +Jv|?) dx for all q € [2,2*],
RN RN

and

/|s*u|“|s*u|ﬁdx=e2*f/ [ul®|v]? dx.
RN RN

Then, it follows that

Ns Ns
LG * o) =1, (7 u(ex),e T v(e'x) )

25 qYqS
=%/ (IVuf? + |Vol?) dx - 22 / (lul? +0]%) dx
RN RN
zeZ*S

q
- / lul®|v]? dx.
2* RN

Summarizing the above expressions, we have the following result.

1,(s,u,v)

Lemma 6.1. For any fixed (u,v) € S, X S,,, there hold

»
(i) / |V(s*(u,v))|2dx — 0 and 1,(s x (u,0)) > 0 as s > —oo;
N

(ii) |V(s % (u, 0))]? dx > +o0 and I,(s x (u,0)) > —c0 as s — +oco.
RN

Lemma 6.2. There exists K(a,,a,) > 0 sufficiently small such that

I,wv)>0 foruekK, and 0< sup [,(u,v)< inf I,(uv),
(wv)eK, w,v)eKy

where

K, = {(u,v) €S, XS, " /RN |Vul? + |[Vo|? dx < K(a],az)},
6.1)

K, = {(u, ) €S, XS, / |Vul® + |Vo]* dx = 2K(a1,a2)}.
RN
Proof. Let K > 0 be arbitrary but fixed and suppose (u,v,) € S, X S,, and (u5,v,) € S, X S, satisfying
/ (IVu; > + Vo, |*) dx <K and / (IVuy|* + |V, [*) dx = 2K.
RN RN
Then, for sufficiently small K > 0, by (2.1) and (2.5), it follows that

1,Quy,00) = 1,(uy, 1)

1 2
= —/ (Vo + V0, ) dx - ﬁ/ (ua] " + [oa] Y ax = == [ Jus]“loal” dx
2 RN q JRN 2% RN

1 2
--/ (|Vu1|2+|vU1|2)dx+ﬁ/ (| + o | Ddx + = [ Juy|“loy 1P dx
2 RN q JrN 2% RN

1 2
2—/ (|Vu2|2+|Vv2|2)dx-ﬂ/ (|u2|"+|u2|")dx——/ luy |0y ]? dx
2 RN q JrN 2% RN

1
— 1 [ avu P 1ve P
RN
Ng=2) K

CKZ* C,K
> — — 2 - 4 > —
-2 ! 2 T4

where we used that 2* > 2 and W > 1. On the other hand, for K > 0 small enough, for any (u,v,) € S, xS, satisfying
fRN |Vu1|2 + |V01|2 dx < K, from (2.1) and (2.5) again, we infer to

L(uy.0p) = %/RN (1Vur ] + Vo, ) dx—g/RN (| +Jen[?) dx

~ 5r |u1|a|U1|ﬂdx
2* RN
-

1 2
5/ (IVu; 1> + Vo, ) dx = C3 </ (IVu, > + Vo, %) dx)
RN RN

22
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N(g-2)
-C, </ (IVu, > + Vo, %) dx>
RN

Hence, we can choose a sufficiently small constant K(a,,a,) > 0 in (6.1) such that

I,(u,v) >0 forue K, and O0< sup I,(w,v)< inf I,(u,v),
" ! (u,v)EpK] " (w.v)EKy K

where K| and K, are given by (6.1). [

On account of Lemmas 6.1 and 6.2, for fixed (uy, vy) € S, X S,,, there exist two constants s, s, satisfying s; <« -1 <0<1<s,

a’
such that
K(ay,a
/ (IVuy |* + Vo, ) dx < M, / (I1Vuy|? + V0, |?) dx > 2K(ay, ay)
RN 2 RN
and
1,@up,00) >0, I,(u,0y) <0,
where (uj,v)) 1= 51 % (g, vy) € S, X S, and (uy, vy) 1= 55 % (U, V) € Sy, X S,,. Based on this, we now define a minimax level
, = inf 1,(g(),
vu(ay, az) Jnf, max, «(8)
where
T = {g € CUO0.11,S,, X S0y): 80) = @y o) g(1) = (v |
Then for any g € I' there holds
max, 1,(g(1) > max{I,(u,v)), I,(u, )},

which implies y,(a;,a,) > 0.
Lemma 6.3. It holds lim,_, , . 7,(a;,a,) = 0.

Proof. For any fixed (uy,vy) € Say X S, We set gy(t) 1= [(1 —1)sy +1s55] % (g, v9) € I Therefore, we can obtain

0<7,(aa) < max I,(g®) = max L, (I(1 = 0)sy +t55] % (ug, vp))

L a[(1=n)s; +155] 2 2
= max 4 —e 17552 v + | Vo, dx
te[O,l]{ 2 RN (l tol Vool )

=)

- ﬁeqTN[(l_’)SIHSZ]/ (lugl? + 1vgl?) dx
q RN

_ geZ*[(l—t)x]+rx2J |u0|a|U0|ﬂ dx
2* RN

N(g-2)
Smax{lrz/ (IVupl* + [Vu,l?) dx— K73 / (lugl? + vp]?) dx}
2 RN q RN

r>0

4
< Cu Ne2-4 -0, as y — +oo,
since 2+ = <g<2'. [

For convenience, we set f(1,,1,) = ult;|972t; + ult,|"*t, for any 1,,1, € R. Utilizing the same argument as Proposition 2.2 by
Jeanjean [24], there exist a Palais-Smale sequence {(u,,v,)},en € S4, X S,, associated with the level y,(a;, a,) such that

I, 0,) = v,(a;.a), ||I;4|Sa]xsa2 (U0l =0 and  P(u,,v,) = 0, (6.2)

as n — oo, where

P(u,,,vn>=/ (19, +1V0,12) dx—2/ 110,17 dx

BY RN (6.3)

+N/ F(u,,,U,,)dx—E/ f,,v,)u,,v,)dx,
]RN 2 ]RN

with f(u,, v,)(u,,v,) = pu(|u,|?+]v,|?). According to Proposition 5.12 by Willem [36], there exists a sequence {(4; ,, 45 ,,)},en € RXR
such that

I, (s V) + A1 (0, 0) + Ay (0,0,) = 0 as n — 0. (6.4
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Lemma 6.4. There exists a constant C = C(N, q) > 0 such that

n—oo

lim sup/ F(u,,v,)dx < Cy,(a;, ay),
RN

timsup [ 0,000,853 < Cr a0,

n—oo RN

lim sup/ [Vu,|* + [Vu,|* dx < Cy,(a;, ay).
RN

n—oo

Proof. From [,(u,,v,) = v,(a;,a,) and P(u,,v,) — 0 as n — oo, we have
Ny, (ay,ay) +0,(1)
= NI,(u,,v,) + P(uy,,v,)

N+2 2N +22*%
== / (IVu,I* + 1Vo,[*) dx - —/ Ju, 1|0, 7 dx
RN 2 RN

N
- 7/ fu,,v,)u,,v,)dx
RN
1 2 2 2 a8
<(N+2 = (|V v - —
<) [ (309 +190,) = 2l 1) ax
X / £ U 01y, 0, dx
2 RN
=(N+2)[y”(al,a2)+/ F(u,,v,)dx+0,(1)]
RN
- ﬁ/ Sy, v,)(uy,, v,) dx,
2 RN
which leads to
2y,(ay,ay) +0,(1) 2 E/ f(un,v,,)(un,vn)dx—(N+2)/ F(u,,v,)dx
2 RN RN
= M F(u,,v,)dx — (N +2)/ F(u,,v,)dx
2 RN RN

=W/ Flu,,v,)dx.
2 RN

That is,
. 4
llnm_)sololp/RN F(u,,v,)dx < myﬂ(al,az), (6.5)
and thus
lim sup/ S @y, 0,) @y, 0,) dx < Cy(ay, ap). (6.6)
n—00 RN
Again by (6.2) and (6.3), we infer that
1
vular,ap) +0,(1) =1, (u,,v,) - ;P(un,vn)
- (l _ i)/ (IVu, > + Vo, |?) dx
2 2%/ JgN
(6.7)

- (1 + g)/w F(u,.v,)dx

N
+ o /]RN f@,,v,)u,,v,)dx.
Consequently, by combining (6.5), (6.6) and (6.7), we immediately obtain
timsup [ (190, +1V0,%) dx < Cry(ar.a). O
n—oo RN

In view of the boundedness of {(u,, v,)},en in H, and Lemma 2.1, up to a subsequence, there exists (u,v) € S, , X.S,, . such that

(uy,0,) = (W, 0), in H,,

(U, v,) = w,v), in L' (RV) x L (RN) for 1 € (2,2%),

(u,,v,) = (u,v), a.e. in RN,

(6.8)

as n — oo. Using 2 + % < g < 2%, we obtain

lim/ |u,1|”dx:/ |lu|?dx and lim/ |U,,|qu:/ |o|? dx.
n—o JpN RN n—o JpN RN
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Now, take (u,,0) and (0, v,,) as test functions in (6.4), we see that {(4; ,, 4, ,)} ey is bounded in RxR. Thus, there exists (4;, 4,) € RxR
such that, up to a subsequence, (4, ,,4,,) = (41, 4,) as n — co.
By using the concentration-compactness principle, we obtain the following result.

Lemma 6.5. There exists u* > 0 large enough such that for any u > u*, one has
/ |u"|"|v,,|ﬁdx—>/ [ul®|o]? dx as n — oo.
RN RN

Proof. By Lemmas 2.3 and 2.4, we divide the proof into three steps.
Step 1. We show that w; = 2v;, where ; and v; are given in Lemma 2.3.
Let p € C(‘;°([R3) be a cut-off function with ¢ € [0,1], ¢ = 1 in B;(0) and ¢ =0 in RV \ B,(0). For any p > 0, we set
2

X —X; 1, if|x—x-|§lp,
rp(x)=<p< />= T2
? p 0, if [x—x;| > p.

By Lemma 6.4, we know that {¢,u,},ey and {@,v,},en are bounded in H L(RN). Then, we choose (@, @,v,) as a test function in
(6.4) and let p — 0. This gives

lim lim (1} (uy, 0,) + A1ty 0) + 25,4(0,0,), (@1t #,0,)) = 0. (6.9)

’;—yo n—0o

From (6.8), the definition of ¢, and the absolute continuity of the Lebesgue integral, it follows that
im li 4 dy = [ q
tim tim [yl b7 ax = tim [ g, lutax
= lim/ @,lul?dx =0,
=0 J1x—x;1<p
im li ddx = [i q
tim i [ gyloltax=tim [ g, joltax
zlirn/ @,|v/9dx =0,
=0 Jiexji<p

lim lim / M@l dx =0, (6.12)
N

p~0n—co

(6.10)

(6.11)

and

lim lim/ Ao,V dx = 0. (6.13)
RN 7

p—>0n—oo

Using Lemma 2.3 leads to

lim lim / ®, (|V“n|2 + |VUn|2) dx
RN

p—0n—oo (614)
~tim [ 0,00 = ollx) = 0.
and
im L Bdx = 1i — —
tim fim [ gyl 1oy x = timy [,y = i1, = v, (6.15)

Summing up, from (6.9)-(6.15), taking the limit as n — oo, and then the limit as p — 0, we infer that
w; = 2v /e

Step 2. We show that w, = 2v,,, where o, and v, are given in Lemma 2.4. Let y € ey (R3) be a cut-off function with y € [0, 1],
w=0in B /,(0) and y = 1 in R3\ B (0). For any R > 0, we set

x 0. Ix|<iR,
wr() :=w(—): 2
K R I, |x|>R

By Lemma 6.4, we know that {ygu,},ey and {wgv,},cy are bounded in H'(RN). Then, we choose (ygu,, wgv,) as a test function
in (6.4). Furthermore, let R — oo, we can easily obtain that
Jim tim (1) (u,,0,) + A1 (8, 0) + 22,10, 0,), (WRidy, WRV)) = 0.

By the definition of y, we have
/ (1Vu,|* +1V0,1?) dxs/ wr (IVu,|* +Vu,|?) dx
{xeRN : |x|>R} RN
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s/ (IVu,1* + 1V, [*) dx.
{xeRN : |x|>1 R}

Thus, by virtue of Lemma 2.4, we get
lim lim wr(IVu, | + |Vo,|?) dx = @, (6.16)
RN

R— 00 n—>00

Similarly, we can deduce the following limits:

lim lim wrlu, ||, dx = lim/ wrdv = v, (6.17)
RN R—->o0 RN

R—o0 n—co

lim lim u,|9dx = lim u|?dx
Jim tim [ el = gim [ gl

(6.18)
= lim / yrlulfdx =0,
R—-0 \x|>%R
lim lim / wrlv,|?dx = lim wrlv|?dx
R—con—=co JpN R—oo JpN
(6.19)
= lim yrlv|?dx =0.
R0 fix5 1R
lim lim A pwry>dx =0, (6.20)
R-ocon—oo fpn
and
. . 2 _
lgl_r)r;o nlLrEO ,/RN Ay gV, dx = 0. (6.21)

Then, from (6.16)-(6.21), taking the limit as n — oo, and then the limit as R - oo, we conclude that

W, =2V

) 0"

Step 3. We prove that v; = 0 for any j € J and v, = 0. Suppose by contradiction that there exists j, € J such that v o > 0or
Ve > 0. Steps 1 and 2 along with Lemmas 2.3 and 2.4 imply that

o ws - atp
vy S0 =8 T Qv (6.22)
or
IENEY S atp
oSS o) T =8, 7 Qv T (6.23)

N N
from which we find either v o 2 (S‘;" )2 or vy, > (S‘;ﬂ )72 . We first consider the case that (6.22) holds. It follows from Lemma 6.3

that there exists a positive constant y* large enough, such that

N
1 1 Sap\ 2
<22 (%)

for any u > p*. Recalling 1,(u,,v,) — 7,(a;,a,) and P(u,,v,) =0, we have

. 1
rulay, ap) = lim <I”(un,vn)— WP(M,,,UH)>
q

1 1Y,
>2( — - = )lims “lo,lP d
> (qu 2*> lnigp/ﬂw @,luy*v,]” dx

\%
VS
Ql__
N
|
=
N——
/N
[§) ?C/)
Y
——
Bl

in contradiction to the fact that

1 1 Sap
e <2 (5= 5) ()

If (6.23) holds, the proof is similar to the above statement and we get a contradiction. Therefore, we have proved that v; = 0 for
any j € J and v, =0.

o)z
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Moreover, by combining this with Lemmas 2.3 and 2.4, we have

/ |un|alvn|ﬁdx_)/ lulalvlﬁdX, as n — oo,
RN RN
which completes the proof. []

Proof of Theorem 1.4. We note that all calculations above can be repeated similarly, replacing I, by the functional

I¥u.0) = %/RN (1Vul? + Vo) ax— 2 /RN (|7 + |v¥]7) dx
_2
2* R
Using (=, 0) and (0, v™) as test functions in (6.24), in view of (I;f)’ (u,v)™,0) =0 and (1;)’ (u, v)(0,v™) = 0, where w~ := min{w, 0},
we get u~ = 0,0~ = 0, and so, u > 0,v > 0. Therefore, we have that u; — 0,07 — 0ae.in RN, as n —» . Then it follows from

(6.24)

lu* %107 1P dx.
N

Lemma 2.5 and Lemmas 6.4, 6.5 that the proof of Theorem 1.4 is finished. []
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