Nonlinear Analysis: Real World Applications 73 (2023) 103914

Nonlinear Analysis: Real World Applications

Contents lists available at ScienceDirect

www.elsevier.com/locate/nonrwa =

Existence of ground state solutions for a Choquard double phase )

problem

Check for
updates

Rakesh Arora®, Alessio Fiscella”, Tuhina Mukherjee ¢, Patrick Winkert ¢+

? Department of Mathematical Sciences, Indian Institute of Technology Varanasi (IIT-BHU), Uttar

Pradesh 221005, India

b Dipartimento di Matematica e Applicazioni, Universitda degli Studi di Milano-Bicocca, Via Cozzi

55, Milano, CAP 20125, Italy

¢ Department of Mathematics, Indian Institute of Technology Jodhpur, Rajasthan 342037, India
4 Technische Universitit Berlin, Institut fir Mathematik, Strafe des 17. Juni

136, 10623 Berlin, Germany

ARTICLE INFO

ABSTRACT

Article history:

Received 10 January 2023

Received in revised form 10 April 2023
Accepted 15 April 2023

Available online xxxx

Keywords:

Choquard term
Double phase operator
Ground state solutions
Nehari manifold
Unbounded domain

In this paper we study quasilinear elliptic equations driven by the double phase
operator involving a Choquard term of the form

N |z =

- _ F(y,u .
—Lp q(w) + |ul? *u+ a(x)|ul? P = (/ (yiy\’)‘ dy) f(z,u) inRY,
R
where L7 / is the double phase operator given by

£e ,(u) = div(|VulP *Vu + a(@)|Vu|?*Vu), ue WHHRN),
0<p<N,1<p<N,p<qg<p+ 3, 0 < a() € CO(RN) with a € (0,1] and
f:RY xR — R is a continuous function that satisfies a subcritical growth. Based
on the Hardy-Littlewood—Sobolev inequality, the Nehari manifold and variational
tools, we prove the existence of ground state solutions of such problems under

different assumptions on the data.
©2023 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we are concerned with the existence of ground state solutions to the following double phase

Choquard equation

a p—2 q—2 F(y,u) : N
= L5 (u) + |ul’ w4 a(2)|u]*Tu = (/ Wdy f(z,u) inRY, (1.1)
RN [T —Y
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where L7 , is the so-called double phase operator given by
L8 (u) = div(|Vul’ > Vu + a(2)|Vu|* *Vu), uwe WHHRY), (1.2)

with W17(RN) being an appropriate Musielak—Orlicz Sobolev space and F denotes the primitive of the
function f € C(RY x R) satisfying

1fz )] <t + 12 ") for all z € RN and ¢t € R (1.3)
where (2N ) .
p — K p M
E S v < z _ = .
5N <r1_r2<2<2 N)’ 0<p<N, (1.4)

and p* being the critical Sobolev exponent to p. The double phase operator given in (1.2) is related to the
energy functional

B(u) = /Q(\wp + a(2)|Val?) de, (1.5)

which appeared for the first time in a work of Zhikov [1] in order to describe models for strongly anisotropic
materials in the context of homogenization and elasticity, see also [2,3] by the same author. A first
mathematical treatment of double phase integrals like (1.5) has been done by Mingione et al. concerning
regularity results for local minimizers of (1.5). We refer to the works of Baroni—-Colombo—Mingione [4-6] and
Colombo-Mingione [7,8], see also the recent papers of Aberqi-Bennouna—Benslimane-Ragusa [9], Aberqi—
Benslimane-Elmassoudi-Ragusa [10] and De Filippis—Mingione [11] about nonautonomous integrals. Note
that (1.5) also belongs to the large class of the integral functionals with nonstandard growth condition as
a special case of the famous papers of Marcellini [12,13]. Recent works in this direction with u-dependence
can be found in the papers of Cupini-Marcellini-Mascolo [14] and Marcellini [15].
The stationary Choquard equation
— Au+V(r)u = (/ |u(y)|pdy> lulP?u  in RV, (1.6)
RN |2 —yl"

with N > 3 and p € (0, N) has many physical applications in quantum theory and arises in the theory
of the Bose—Einstein condensation. See Lieb [16] for an approximation to the Hartree-Fock theory of one-
component plasma and Pekar [17] for the study of the quantum theory of a polaron at rest. We also mention
the work of Moroz—Penrose-Tod [18] in which (1.6) serves as a model of self-gravitating matter, known in
that context as the Schrodinger-Newton equation. For more physical models and deeper explanations for
problems with Choquard type nonlinearities we refer to papers of Alves—Yang [19] and Dalfovo—Giorgini—
Pitaevskii-Stringari [20], see also the references therein. A useful guide on Choquard type equations has
been published by Moroz—Van Schaftingen [21].

Motivated by these numerous applications, lots of existence results for different type of equations involving
Choquard terms have been published in the last decades. We refer to the famous works of Cingolani—Clapp—
Secchi [22], Lions [23], Ma—Zhao [24] and Moroz—Van Schaftingen [25-27]. The treatment in our paper uses
ideas of the papers of Alves—Yang [28] and Alves—Tavares [29]. Indeed, in [28] the authors study a generalized
Choquard equation given by

- F
— P Aju+ V(z)|ufPPu = et N ( M dy) Q(z)f(u) in RV, (1.7)
RN |z =yl
and establish a new concentration behavior of solutions of (1.7) by using variational methods. In [29] a new
Hardy-Littlewood—Sobolev inequality for variable exponents has been proved and applied to problems of
the form
- F
— Ayayu+ V@)@ 2= [ EEMOL ) po @) R, (18)
RN o —y| "
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in order to get existence of solutions of (1.8). Very recently, Sun—Chang [30] considered least energy nodal
solutions for double phase problems with convolution-type nonlinearities of the form

—div(|Vu"*Vu + a(z)|Vu|'*Vu) = (I, * [u]") [u|"?u in 2,
u=20 on 012,

which becomes the classical nonlinear Choquard equation if p = 2 and a(z) = 0. Further existence
results on Choquard type problems can be found in the papers of Alves—Gao—Squassina [31], Alves—
Germano [32], Arora—Giacomoni-Mukherjee-Sreenadh [33,34], Biswas—Tiwari [35], de Boer-Miyagaki—
Pucci [36], Ghimenti—Van Schaftingen [37], Liang—Pucci—Zhang [38], Minggi-Radulescu—Zhang [39], Mukherjee—
Sreenadh [40] and Zuo-Fiscella-Bahrouni [41], see also the works of Chen-Fiscella-Pucci-Tang [42] and
Liu [43] for ground state solution type results. For double phase problems without Choquard term on the
whole of R we refer to the recent works of Ge—Pucci [44], Le [45], Liu-Dai [46], Liu-Winkert [47], Pucci—
Temperini [48] and Stegliniski [49], see also Hou-Ge-Zhang-Wang [50] and Liu-Dai [51] for ground state
solutions for double phase problems on bounded domains.

In the present paper, we combine a double phase problem with a right-hand side of Choquard type
nonlinearity and we look for ground state solutions. We consider the following assumptions:

(h)) N>2,1<p<N,p<qg<p+Fand0<a()c C%*(RYN) with o € (0,1] and p* being the critical
Sobolev exponent to p.

(h2) The function f satisfies the classical Ambrosetti-Rabinowitz condition (AR-condition for short), that
is,
0 < OF(x,t) < 2tf(x,t) forallt>0, € RY and for some 6 € (g, p*), (1.9)

where F(x,t) = fot flz,7)dr.
(h3) The modulating coefficient a(-) and the function f(-,t) is Z¥ periodic for all ¢ € R, that is,

a(z +y) =a(xr) forall z € RY and for all y € Z,

and
f(x+y,t) = f(z,t) for all z € RN and for all y € Z.
t
(hy) The mapping R > ¢ — f(f’ 2) is increasing if ¢ > 0 and decreasing if t < 0 for all z € R.
LIE

The first existence result of this paper reads as follows.

Theorem 1.1.  Let hypotheses (hy)-(hs) be satisfied. Then problem (1.1) admits a nontrivial solution
v € WY(Q). If in addition (hy) holds, then v is a ground state solution of problem (1.1).

In order to consider a large class of nonlinearities in the Choquard term, we weaken the hypothesis in the
above result and replace our assumptions (hy) and (hy) by the following assumption:

(hy) (i) There exists © > 1 such that

OF (z,t) > F(x,st) forallte R and for all s € [0,1], (1.10)
where F(z,t) = 2f(x,t)t — ¢F(x,1).
t
(ii) im0 L; = oo uniformly for all 2 € RY.
t]?
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The assumption (h})(i) is originally due to Jeanjean [52] in the case p = ¢ = 2. It is important to note
that the assumptions (hy), (hf) and (hs) allow us to consider a bigger class of nonlinearities, in particular
outside the class of functions satisfying Ambrosetti—-Rabinowitz condition (1.9). An example of such function
is f(z,t) = g(x)|t\%71t1n(1 + |t]) where g is a Z" periodic bounded function. The Ambrosetti-Rabinowitz
condition ensures that the corresponding Euler-Lagrange functional has the mountain pass geometry
structure and the associated Palais—Smale sequence of the functional is bounded. Therefore, relaxing AR-
condition (1.9) not only includes a larger class of nonlinearities but also requires a careful geometrical analysis
of corresponding Euler-Lagrange functional and compactness results. We make following remarks in light of
assumptions (hy), (h}) and (hs).

Remark 1.2. Note that (1.4) can be equivalently written as

2N7"1 < 2NT2

. 1.11
ON —p —oN—p P (1.11)

p <

Remark 1.3. Since f(z,0) =0 = F(«,0), thanks to (1.3), from (1.10), we get F(z,t) > 0, that is,

2sf(z,t) — qF (z,t) >0 forallt € R. (1.12)

Remark 1.4. For ¢ > 0, using (1.12), we have

8 F(x,t)  t2f(z,t) — $t31F(x,t)

> 0.
Ot +3 ta =

Moreover, from (1.3), we easily see that lim, ,q+ F(z,t)t2 = 0. Combining these facts, we get F(z,t) >0
for all (z,t) € RY x R with ¢ > 0. Repeating the same steps as above for ¢ < 0, we obtain F(z,t) > 0 for all
t € R. Thus, it holds

f(x,t) >0 forall (z,t) € RY x R with ¢t > 0,
f(z,t) <0 for all (z,t) € RY x R with ¢t <0.

Therefore, for all z € RV, we obtain that F(z,-) is nondecreasing in (0, 00) and nonincreasing in (—o0, 0).

Now we state our second result concerning the existence of ground state solution:

Theorem 1.5. Let hypotheses (hy), (hfy) and (hs) be satisfied. Then problem (1.1) admits a nontrivial
ground state solution.

Remark 1.6. It is easy to see that (hy) implies (h})(i). Indeed, for 0 < ¢; < t2, we have

./—"(l‘,tg) — ]:(J,‘,tl)

=q 3 (f(z, t2)te — f(x,t1)t1) — (F(x,t2) — F(x’tl))]

I (Y L A (G2 L / f,nrdt
0 tz%_l 0 t1%—1 ty r3-1

_ 2 f(iﬂ,tg) o f lL’,T) T%71 dr + h f(fﬂ,tg) _ f(xatl) T%71 dr
=4 i1 [ [ 41
|/ t1 ts T 0 ts t

1

>0

)

that is, F is increasing for ¢ > 0. Analogously, F is decreasing for ¢ < 0 and so, (h5(i)) is satisfied.
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The proofs of Theorems 1.1 and 1.5 rely on variational tools in combination with the Hardy—Littlewood—
Sobolev inequality and the Nehari manifold. Indeed, let I: W1*(RY) — R be the energy functional of (1.1),
then the Nehari manifold is defined as the set

N = {ue WHHEN)\ {0} ¢ (I'(u), u)y = 0},

where (-,-)3 denotes the duality pairing between W5 (RY) and WL (RN)*. It is clear that the set N is
smaller than the whole space W1 (RY), but it contains all critical points of I which are weak solutions of
(1.1). We are looking for an element of A which realizes the infimum of inf,en I(u). Such a function is a
ground state solution of (1.1).

The paper is organized as follows. In Section 2 we present the main properties and embedding results
for the Musielak—Orlicz Sobolev space W7 (R¥) on the whole of RY and we recall the Hardy—Littlewood—
Sobolev inequality which is used in our considerations. Section 3 is devoted to the proof of Theorem 1.1
whereby the first part of this theorem is proved in Theorem 3.7. Finally, in Section 4 we give the proof of
Theorem 1.5 without assuming the AR-condition.

2. Preliminaries

This section is devoted to recall the main preliminaries which are needed in the sequel, for example, the
properties of the Musielak—Orlicz Sobolev space W17 (RY) and the Hardy-Littlewood-Sobolev inequality.
As usual, we denote by L"(R) and L"(R”) the classical Lebesgue spaces equipped with the norm ||-||,- and
for subsets 2 C RY we write || - ||, for 1 < r < co. Furthermore, W (R¥) stands for the corresponding
Sobolev space endowed with the || [|7,. = [[V - ||+ || - ||} for any 1 < r < co. Consider the nonlinear function
H:RN x [0,00) — [0,00) defined by
H(x,t) =tP + a(x)t?,

where we suppose that hypotheses (h;) holds. Let M (R™) be the space of all measurable functions u: RN —
R. Then, Musielak-Orlicz Lebesgue space L*(RY) is given by

L*(RN) = {u e M(RY) : on(u) == / H(z,|u|) de < oo}
RN
equipped with the Luxemburg norm
u
|lu|l = inf {7’ >0: oxn (7) < 1},
where the modular function is given by
onu) = / H(, u]) dz = / (Jul” + a(@)ul?) da.
RN RN
The corresponding Musielak—Orlicz Sobolev space W1 #(RY) is defined by
WLHRN) = {u e L*RY) : |Vu| € LH(RN)}

endowed with the norm

lull = IVull2 + [lulla,
where ||Vu|y = || |Vu| |- Furthermore, we introduce the weighted space
LI{RY) = {u € M(RN) : / a(z)ul?dx < oo}
RN

5
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with the seminorm

ol = [ oz<9c>|u|qdac)é

We know that L™(RY) and WH7(RYN) are separable reflexive Banach spaces, see Liu-Dai [46, The-
orem 2.7]. Moreover, C°(RY) is dense in WL*(RY), see Harjulehto-Hiisté [53, Proposition 6.4.4] and
Crespo-Blanco—Gasinski-Harjulehto-Winkert [54, Theorems 2.24 and 2.28].

The following relations between the norm || - || and the corresponding modular function can be found in
Liu-Dai [46, Proposition 2.6].

Proposition 2.1. Let (hy) be satisfied, u € WH(RY), ¢ > 0 and

plu) = /RN (IVul” + [uf” + a(@)(|Vul* + [ul") dz = ul]} , + [ Vull] o + [ullf .

Then the following hold:

(i) Ifu # 0, then |lul| = c if and only if o(%) = 1;
(ii) Jlull <1 (resp. > 1, =1) if and only if o(u) < 1 (resp. > 1, =1);
(it) 17 [[ull <1, then llull? < o(w) < Jlul];
(iv) If [lull > 1, then [ul|? < o(u) < [lul?;
(v) |Jull = 0 if and only if o(u) — 0;
(vi) ||u]] = oo if and only if o(u) — co.

The following embedding result can be found in Liu-Dai [46, Theorem 2.7].

Proposition 2.2. Let (hy) be satisfied. Then the embedding WM (RYN) — L™(RY) is continuous for all
r € [p,p*].

One main tool in our treatment is the famous Hardy—Littlewood—Sobolev inequality, see, for example,
Lieb-Loss [55, Theorem 4.3].

Proposition 2.3 (Hardy—Littlewood—Sobolev Inequality). Let s, > 1 and 0 < p < N with % + &+ % =2

and let g € L*(RY) and h € L"(RYN). Then there exists a sharp constant C(N, u, s), independent of g and h,
such that

[ [ 228 azay < o syl (2.1)
RN JRN |x—y|

If5:r:%, then

N _p Ny ) TR
C(N,py5) = C(N, ) — o L2 2){F(2)} |

I'(N—-5) | I'(N)

In this case, we have an equality in (2.1) if and only if g = (constant)h and

—(2N—-p)

h(w) = A (2 + o - of*)
for some A€ C,0#~y€R and a € RV.

Let (X, | -|/x) be a Banach space, (X*,|| - || x+) its topological dual space and ¢ € C*(X). We say that
{tn}nen C X is a Palais—Smale sequence at level ¢ € R ((PS).-sequence for short) for ¢ if

o(up) = ¢ and ¢'(u,) =0 in X* asn — oco.
6
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We say that ¢ satisfies the Palais—Smale condition at level ¢ € R ((PS).-condition for short) if any (PS).-
sequence {uy nen admits a convergent subsequence in X. If this condition holds at every level ¢ € R, then
we say that ¢ satisfies the Palais—Smale condition (the (PS)-condition for short). Moreover, ¢ satisfies the
Cerami-condition at level ¢ € R ((C).-condition for short), if every sequence {uy, nen € X such that

o(up) —c and (1 + ||unllx) ¢’ (un) =0 in X* asn— oo,

admits a strongly convergent subsequence. If this condition holds at every level ¢ € R, then we say that ¢
satisfies the Cerami condition (the (C)-condition for short).

3. Existence of a ground state solution with AR-condition

In this section we give the proof of Theorem 1.1 under the hypotheses (h;)—(hy). The energy functional
I:WHH(RN) — R associated to (1.1) is given by

P Vul|2,, + ||ul| 1 F
= IVelia + Illde _ */ (/ (y’ul dy) F(z,u)dz,
RN R y|

P q 2 N |z —

L

1(u)

which is clearly C! with derivative

') = |

R

_/ (/ F(y, u) dy) f(z,u)vdz for all u,v € WHH(RY),
RN R

N |z —yl*

(IVulP*Vu + a(z)|Vu|"*Vu) - Vodz + / (lul?u + a(z)|u|* u)v da
N RN

where (-,-)3 denotes the duality pairing between W1 (RY) and its dual space W17 (R¥)*. Clearly, the
critical points of I correspond to the weak solutions of problem (1.1). In order to establish the existence of
a weak solution, we consider the Mountain pass level

b:= inf sup I(~(¢)), (3.1)
Y€l te(0,1)

where
I'={yecC(0,1,wW-*RN)) : 4(0) =0, I(y(1)) < 0}.

By using Proposition 2.3 we can estimate the Choquard term by

/RN (/R Fly, u) dy) F(z,u)dz < C(N, u)||F(.7u)||221%%_ (3.2)

N |z —yl*

Lemma 3.1. Let hypotheses (hy)—(hy) be satisfied. It holds b > 0.

Proof. From (1.3) and (3.2), along with Proposition 2.2 and (1.11), we have

2N —p
F 2N7r 2Nr N
/ (/ (%UL dy) F(z,u)dz < Cy (/ (|u|2N—L + |u|2N—i> dx)
RN \JRN |~”U -yl RN
2 27
< Co(flull 7 + [[ulli2) (3.3)

<G ()7 + (o) 7 )

with some Cy,Cq,C3 > 0. Applying (3.3) we get

o =5 [ ([ 2 ay) Pl do = ot - (00 - (o) F)

N |z —yl"

1
I(u) > =
(u) .
7



R. Arora, A. Fiscella, T. Mukherjee et al. Nonlinear Analysis: Real World Applications 73 (2023) 103914

Since 2ry > 2r; > p by (1.4), we may choose 6 > 0 such that if p(u) < § then
p(u)
I > —=.
(> 5
In particular, if v € I', then we have p(y(0)) = 0 < ¢ < p(y(1)) since I(y(1)) < 0 and p(u) < ¢ implies
I(u) > 0. Therefore, by the intermediate value theorem, there exists 7y € (0, 1) such that p(y(79)) = J. This
gives us

5
;q<f( ¥(70 ))<t21[ép1]l( v(1)).

As v € I' was arbitrary, we get b > 2 25 > 0. O

Lemma 3.2. Let hypotheses (hy )—-(hs) be satisfied.

(i) There exist o, n > 0 such that I(u) > n for all u € WEH(RN) with ||u|| = o.
(ii) There exists e € WHH(RN) with |le]| > o such that I(e) < 0.

Proof. (i) By (3.2) and (hs), we can write

ullf 4.+ |lull? 1
I(U) > || Hl,p + ‘ q,a || ||q,a _ *C(N,/J,)”F( )H -~
p q 2 N-p
2N —p
ot ||u|| 2NTy 2Nrg N

> —Cy / |u|2N=r + |u|2N=u | dz ,

p q RN
where Cy > 0 is constant independent of u. Using again Proposition 2.2 and (1.11), we obtain
1 2 2 2 2
I(w) 2 —plu) = Cs(llullyy + llully) > 5”“”1174) = Cs([lully + llulliy)

for some C5 > 0. Since 2ry > 2r; > p, we can choose ¢ > 0 sufficiently small such that I(u) > 7 provided
||u|| = p for some 1 > 0.
(ii) In order to prove the second part, let us fix ug € WHH(RN) \ {0} with ug > 0 and define

t
g (t) =F (x,uo) fort >0 and x € (2.
[ ol
From (hs) it follows that
' (t 0
9et) 5 0 port >0,
gr( ) T2t

Integrating this over [1, s||ugl|] with s > 7> we easily get

Hu

9

ga(slluoll) = g2(1)(slluoll) 2,
that is,

N%waF<%lm)(Mdﬁ
ol

Using this, we can write

90t lluoll?,)

0 o F(y,l‘j—())
87 |uol| / / Twol). g, F<x o )dx
2 Jev \ vz -yl [[uo|

= CgsP + Crs? — 0789,

sP » s
I(sup) < ;lluoHLp + " (

where Cg, C7, Cs are positive constants and s > Taoll H Therefore we can choose s > H T large enough such
that e = sug with I(e) < 0 and ||e ||>psmce(9>q>p O

8
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By the Mountain Pass theorem without (PS)-condition, see Chabrowski [56, Theorem 5.4.1], there exists
a (PS)p-sequence {uy }neny C WEHH(RY) of I, that is,

I(u,) = b and I'(u,) —0 in WHHRN)*, (3.4)

where b is defined in (3.1).

Lemma 3.3. Let hypotheses (hy)-(hy) be satisfied. Then, the (PS)y-sequence {un,}neny € WHH(RY) of T
is bounded.

Proof. From (3.4), we get

) — LDy ), 3.5)

for n € N large enough. By (hg) and Proposition 2.1 we have for ||u,| > 1 that

(I' (up), Un ) 1 1 1 1
I(uy) — e \p @ lunllh , + . 0 (IVunll , + llunlld )

o ) (g ) o

1 1 1 1
> (5= 3 Ittt (5= 5) (9l + ol

(D= (-

This along with (3.5) gives the boundedness of {u, }nen in WHH(RY). O

Lemma 3.4. Let hypotheses (hy)—(hs) be satisfied. Then, there existr, 3 > 0 and a sequence {y, }nen C RY
such that

n—oo

liminf/ |un ()P dz > 3.
Br(yn)

Proof. Suppose the assertion is not true. Then, by Lions’ lemma [57, Lemma I.1], one has
U, — 0 in L*(RY)  for any a € (p,p*).

From (3.2) and (hg), we know that

2N—pn

F n 2N 2Nr - N
/ (/ 7@’”) dy) F(x,u,)dz < Cy (/ <un|2N‘L + |un|2N_2“) dx) ;
RN RN [T — Y RN

with a constant Cy > 0. Due to (1.11) it follows that

lim - (/R Fy, un) dy) F(z,up)dz =0 (3.6)

e =

and similarly,

lim - (/}R Ely,un) dy) Un f(z,u,) dz = 0. (3.7)

e =

Using (3.7) in lim, oo I'(uy) = 0, we easily get

T (unll? + [Vunllo + ) =0 (35)

On the other hand, from (3.6) and (3.8) we get 0 = lim,, o0 [(u,,) = b > 0 which is a contradiction. O
9
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Now, we define a sequence v, () = un(- + yn). Then oy (un) = 01(vn), 50 {Upn tnen remains bounded in
WLEH(RN), see Lemma 3.3. Moreover, by translation invariance of I and I’ due to (hz), implies

I(v,) > b and I'(v,) — 0. (3.9)
Thus, up to a subsequence, there exists v € W1 (RY) such that
v, — v in WHHRY), v, = v in L (RY) for any s € [1,p*), (3.10)

and also by Lemma 3.4

/ |vp ()P dz > é
#(0) 2

From this, it is clear that v # 0.

Proposition 3.5. Let hypotheses (hy )—(h3) be satisfied. For any ¢ € C2°(RY) we have, up to a subsequence,

L (f Eon) v |, (B

Proof. By the growth conditions in (1213) and (1.4) along with the fact that v, is bounded in W1*(RY)
gives the boundedness of F(-,v,) in L2¥-# (R™). In addition, the pointwise convergence of v,, to v and the
continuity of F' imply that F(z,v,) — F(z,v) pointwise a.e. in R. We define the convolution operator
K: LT3 (RN) = L5 (RY) by

1
Tl
From the Hardy—Littlewood—Sobolev inequality stated in Proposition 2.3, we obtaln that K is a linear and
bounded operator. Hence, up to a subsequence, { K (F'(-,v,))}nen is bounded in L (IRN)

K(w)(x) = xw(x).

K(F(z,v,)) = K(F(z,v)) a.e inRY

and

n F(y, _2N_
/N /N > y,vuw )dydx—>/N /N (y,v) ¥(z)dydx for every ¢ € L21%IX;L(RN).
RN JR RN JR

|z —y|"

In particular, for every ¢ € C2°(RY), we have

(, n) F(y,v)
/RN /]RN Iz — |uf z,0)¢ (x)dyda:%/RN /RN ‘x_wa(x,v)gb(:r)dydz. (3.11)

Now, we claim that for every ¢ € C=°(RY),

/RN (/R Fy,vn) dy) (f(z,vn) — f(z,v)) $(z) dz — 0. (3.12)

N |z —yl"

Since { K (F(-,v)) }nen is uniformly bounded in L (RY), by Holder’s inequality, it is enough to show that

I Con) = FC0)) @l 2 — 0. (3.13)

72 SupP(9)

Using (1.3) and Young’s inequality we get

2N 2N (ry1—1) 2N (ro—1) 2N
7o) 5 < 0 (o T 4 o) T ) g7
2Nry 2Nro 1
< O (Ionl 55 40 5 ) + a7z, [0l) € 2 supp(e)

10
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for some Cy,Cy3 > 0. Then, from Lebesgue’s dominated convergence theorem, we obtain the required
assertion in (3.13) and so in (3.12). Finally, combining the estimates in (3.11) and (3.12), it is easy to verify

that
im Fy, vn) ) _ ( F(y,v) )
nl_,oo RN (/RN Iz — g dy ) of(z,v,) dz /]RN /]RN P— dy | ¢f(z,v)dz. O

Proposition 3.6. Let hypotheses (hy )—(hg) be satisfied. For a subsequence of {v,}nen, we have

Vv, = Vv pointwise a. e. in RV,

Consequently, it holds,
Vo2V, = [VolP2Vo in [LFT (RY))Y;
_q_
Von|" 2V, = [Vo" Vo in [LET (RV)V.

Proof. We know that

v, = v in WHHRY), v, -0 inL{ (RY) and v, v a.e in RV (3.14)

loc

for s € [1,p*]. Let ¢ € C®(RN), ¢ >0, ¢ =1 in Br C supp(¥)) with R > 0. Taking ¢ = (v, — v)¥ as test
function in (3.9) leads to

lim <|an\p_2an — |[VuP Vo + a(x) <|an|q_2an — \Vv|q_2Vv)) “(V(vy, —v))pdz

n—oo [pN

= — lim ( [Vun|P >V, — |Vu[P*Vu

n—oo JpN

+a(x) (|an|q72an - |Vv|q72VU) ) Vi (v, —v)da

(3.15)
— lim (|Vu|p_2Vv + a(x)|Vv\q_2Vv) -V (vp —v)ypda
n—oo JpN
dim [ (ol + a(@)oal?) (o — v da
n—oo JpN
F
+ lim (/ (yi’vnﬂ) dy) flx,vp) (v, — v)pd.
n—o0 Jgn \JrN [z — Y|
By Holder’s inequality, we observe that
[LXRM)Y 5 h— / <|Vv|f"*2 + a(x)|vy|q*2) Vv - hdx
RN
and
LHRY) 5 g+—s / (|W|ff’*2 + a(x)wv\q*?) v-gdz
RN
are bounded linear functionals. Now, by using (3.14) and 1 € C2°(RY), it is clear that
lim ( (|Vv\p_2Vv + a(:c)|Vv|q_2Vv) -V (vp, —v)
oo JpN (3.16)
+ (Joal” + a(@) val)(vn — v) ) Yo =0,
and
lim ( <|an|p_2an - |vu|”‘2w>
oo JaN (3.17)

+ a(x) (|V1}n|q_2an — |Vv|q_2Vv) ) V¢ (v, —v)dz = 0.

11
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Following the arguments of Proposition 3.5 and using (3.14) as well as (1.3), we obtain

K (F(x,v,)) = / Fy,vn)

L 2Ny
7 dy  is uniformly bounded w. r. t. n € Nin L™= (RY), (3.18)
RN |z —yl

and by using Young’s inequality, we have

[EK(F (-, 00)) f (-, 00) (00 — )|
< Co (IK<F(-,vn)>|% +1f( vn) (0n — vW%)

2N(r; 1) 2N 2N(rg—1) 2N
+ (Ivnl = |(vy, — 0TV + v | IR (v — U)¢|2Nu)> (3.19)

=

<o (K(F(-,vn>>|

2N 2r1 N 2rg N 2rq 2 1
< o (IK(F(Cvn)[ " + |on|2N=8 + |on|2X=1 4 [0y, — 02N =H + v, —v]2V=# | € L (supp(¢))

due to (1.11) whereby Cy, Cq,Cs are positive constants. Combining the above facts and using Lebesgue’s
dominated convergence theorem, we get

im [ ( /]R Py, vn) dy) F@, ) (0n — v)p dz = 0. (3.20)

n
n—oo N |z =yl

Now, using the convergence results of (3.16)—(3.20) in (3.15), it follows that

lim K|an\p_2an - |Vv\p_2Vv) + a(x) (|an|q_2an - |Vv|q_2Vv)} -V(v, —v) ¥pdz =0.

n—oo [pN

On the last expression we can apply Simon’s inequalities (see Simon [58, formula (2.2)]) and use the fact
that v =1 in Br. This gives

lim Vv, — V|’ dz =0,
and since the choice of cut-off function ¥ with Br C supp(v), R > 0 is arbitrary,

Vv, — Vv pointwise a. e. in RY.

However, this says that
-2 —2 o :
|vn|P" %0, — [v[P "% pointwise a. e. in RY.

Since {|vp|"” *vn }nen is bounded in [LP%(RN)]N, we conclude that
[Vun|P ">V, = |[VoP?Vo  in [L%(RN)]N.
In a similar way, we can establish that
V| *Vu, = [Vo|! *Vo  in [Lg%1 ®RWN. O

Now we can prove that problem (1.1) has a nontrivial weak solution which shows the first part of
Theorem 1.1.

Theorem 3.7. Let hypotheses (hy)-(hsz) be satisfied. Then the element v € V set in (3.10) is a critical
point of the functional I, and so a weak solution for problem (1.1). Moreover, I(v) < b.

Proof. The proof is provided by showing

lim (I'(vy), )qy = (I'(v), )y, for all p € C°(RY). (3.21)

n—roo

12
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Recall that
') = |
RN
[ (ol 2o+ @)l ) pda
]RN

- /RN (/RN m dy) Flavn)p da.

Applying Propositions 3.5 and 3.6 we easily derive (3.21). Now, using (3.9) and the density of C>°*(R") in
WLH(RN) given in [53, Proposition 6.4.4], we obtain I’(v) = 0.

Let us now prove that I(v) < b. From Proposition 3.6, (1.9), Fatou’s lemma and the fact that v,, — v in
L9(B,(0)) for any n > 0, we derive

(IV0nP ">V 0, + a(@) V0|V, ) - Vipda

llonllf , + (Ive

lim nlggo <I(’Un) — ;[’(fun)’un) = llnIggf ((epep) (e(leq} N 37(1 + ”UTL”g,a))

+1iminfi/RN (/R F(y’”")dy> (200 f(2,0,) — OF (2, v,)) dz

n—oo 20 N |z —y"
Tt ||vn||g,a>)

(0 —p) (0 —q)
.. 1 F(y,v,) _ T v T
+11m1nf20/Bn(0) (/B dy) (2un f(z,vn) — OF (2, 0v5)) d

> timint (2o, + C52 (19,
n—o0 7 (0) |.7,‘ - y|M

(0 —p) (0 —q) 7 )
po qb e

L </B o) dy> (20f (2,v) = 0F (w,v)) da.

20 By (0) n(0) |z — y\”

lollf, +

(Vo

gatlv

Since the left hand side of above inequality tends to b as n — oo and 7 is arbitrary, we obtain

(0 —p)

b2 EPult, + D (190l + 1ollga) + g5 [ (] 2k dy) @of(o) - 07 (o) do
RN R

qf Nz =yl
— I(v) - %1’@)@ ~ I(v).

This shows the assertion of the theorem. [

Now we are going to show that problem (1.1) has a ground state solution if we suppose in addition
hypothesis (hs). For this purpose, we introduce the Nehari manifold associated to problem (1.1) given by

N = {ue WEHRN)\ {0} : (I'(u),u)y =0}

This means that for any u € N/, we have

(vl + ) + Vel + o) = [ ([ 225 a) feoutan. @22

N |z —yl*

Let us define
m = inf I(u)

ueN
Now we are ready to prove the existence of a ground state solution under hypotheses (hy)—(hy) which
completes the proof of Theorem 1.1.

13
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Proof of Theorem 1.1. We are going to show that I(v) = m. To this end, for v € A, we consider the
fibering function @, :(0,00) — R defined by @, (t) = I(tu) such that

@,(0) = (I'(tw), whpe = 0l + 07 (19l o + ullo)
_/ (/ F(@/,tug dy) f(z, tu)udz. (3.23)
RN RN |$C _ y|

From (3.22) and (3.23), it follows for ¢ > 1 that
F(y, tu)

@' (1) <t (|| VP P4 IVu|? ‘I—/ / d tuw)ud
(1) < (IVull? + llul? + 1Vl , + [Jull2,) v o o= g y ) f(x, tu)ude

=it /]RN </RN |1;(ig’jzb dy) flz,u)ude — /RN (/]RN |F96(%Zl|2 dy> f(z, tu)udez.

Using (hy) and Remark 1.4 in (3.24), we obtain
q
P! (t F F(y,t ,t 2
“_(1) §/ (/ (v, Ldy) f(x,u)udzf/ (/ v, ug dy) q( zz)|u| dx
td RN \JrN [z — | BN \JrN [z — Y| 3 |tul2 2t
F F(y,tu)t
S/ (/ . ,{dy)f(%u)udx—/ (v, tu) MQ f(z,w)udz <0.
BN \JrN [z — Y| rN \Jry |z —yl
(t) >

(3.24)

Hence, @/,(t) <0 for t > 1. Arguing similarly as above for ¢t < 1, we obtain @/ (t) > 0 for ¢ < 1. Therefore,

the number 1 is a point of a maximum for the function &/, that is,

I = @ 1 = ¢ut - [ t .
(u) = @,(1) D (t) e (tu)

Now, we define the map ~v:[0,1] — WLH(RY) as y(t) = (t.u)t such that I(t,u) < 0 and ¢, > 1. The
mountain pass geometry of the energy functional I implies that the map ~ is well defined and « € I". Hence,

b< max 1(:(1)) < I(t)t;") = I(u),

where the second inequality follows by using the fact that 1 is a point of a maximum of the map ¢ — @,(t)
for u € . Since u € N was arbitrary chosen, we deduce

b<m. (3.25)
Let v be the solution of problem (1.1) obtained in Theorem 3.7 such that
I(v)<b and (I'(v),d)y =0 for all ¢ € WHH(RN), (3.26)

where the mountain pass level b is defined in (3.1). Now, by using the fact that v € AV and combining (3.25)
and (3.26), we obtain the required claim I(v) =m. O

4. Existence of ground state solution without AR-condition

In this section, we establish the existence of a ground state solution of problem (1.1) under the
assumptions (hi), (h}) and (hs). We start with the mountain pass geometry.

Lemma 4.1. Let hypotheses (hy), (h}) and (hs) be satisfied.

(i) There exist R, o > 0 such that I(u) > o for allu € WHH(RYN) with ||u|| =
(ii) There exists e € WELH(RN) with |le]| > o such that I(e) < 0.

14
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Proof. (i) The proof works in the same way as the one of Lemma 3.2(i).
(ii) We choose v € WM (RY) such that u > 0, |lu|| = 1 and

q
Ju(2)|? 4
dx | |u(y)|? dy > 0.
AN<Awm—yw )
For t > 1 large enough we have

I(tu) < 2P %/RN (/R F(y’tu)dy> Pa, tu) da.

p N |z —y"
Moreover, by Remark 1.4, we know that for any [ > 0 there exists C; > 0 such that

a
2

F(z,tu) > ltu(x)|2, when |tu(z)| > C;

uniformly in z € RY. Using this estimate, we obtain

tip(u) 121 @ N o
I(tu) < > 5 /RN</RN|x_y|Mdy>I()I d

when [tu| > Cj. Thus, for suitable [, we can find ¢, > 0 sufficiently large such that |t,u(z)| > C; uniformly

for z € RY with [|t,ul| > ¢ and I(t,u) < 0 for some o > 0. This proves the assertion of the lemma by fixing
e=tu O

A direct consequence of Lemma 4.1 is the following result.

Corollary 4.2. Let hypotheses (hy), (hh) and (h3) be satisfied. Then there exist v > 0 and w € WHH(RY)
such that ||w|| > r and
A= inf I(u)>I1(0)=0>I(w).

llull=r

Proof. Taking Lemma 4.1 into account, we get

A= inf I(u)>R>1I(0)=0>I(e).

llull=c
The result follows by fixing r = o and w =e. O
Lemma 4.3. Let hypotheses (hy), (hh) and (hg) be satisfied. Then there exist ro > 0 and € > 0 such that
0 < |lul] < ro implies
I(u) Z ellull?  and (I'(u), u)p > el|ul®.

Proof. Similar to the proof of Lemma 3.2 we get

By using Proposition 2.1(iii), for 0 < |Ju|| < 1 we have

K0 o 0 1 Bt
Wi, c(m<» T (o) )

where 2ry > 211 > p by (1.4). This implies that if we choose r > 0 small enough it follows

1
W o 0 < fuf <7
[[ull9

15
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for some £ > 0. Similarly, one can establish

I/
Mzs ifo<|ul|<r
[l

for some £ > 0. This ends the proof. O

Proposition 4.4. Let hypotheses (hy), (hfy) and (hs) be satisfied. Then any (C).-sequence of I is bounded
in WHH(RYN) for any ¢ € R.

Proof. We argue indirectly and suppose {uy}nen is an unbounded (C).-sequence of I. Then, up to a
subsequence, we have

lunll = 0o, I(un) —c and (1 + ||unl) I’ (uy) — 0.

Let v, = %2 then {v, }nen is bounded in WHH(RY). Our claim is

Tl

lim sup / |vn [P dx =0 (4.1)
Ba(y)

n—oo yERN

because if, up to a subsequence,

sup/ o[ dz >8>0
YER™ J By (y)

for some § > 0, then we can choose a sequence {z, }neny C RY such that

/ [vn|P dz >
Ba(zn)

Since ZN N By(2,) can have maximum 4" number of points, we can select y,, € Z" N By(2,) such that

é
nlP dx > =7>0.

Now we set Uy, () = vn(- + yn) and see that p(v,) = p(?,) due to (hz). Hence, {0, }nen is also bounded
in W5 (RM) which implies, up to a subsequence, that

NS>,

o, =9 in WHHRY), §, -0 in L}

RY) and 0,(x) = 9(z) a.e inRY

for some o € WLH(RY). From

/ |”Dn|pdx:/ lon [P dx > 7 >0,
B2(0) Ba(yn)

we know that @ # 0. We further set @, = 0, |lu,| and have that |G, (z)| — oo if 9(x) # 0. Using (h}) (iv),
we get

F(a, @ (1)) [0 ()|
‘Q/Q

- — oo forallz e 2, (4.2)
| ()

where 2 = {x € RY : #(z) # 0} has positive measure. Since lim,, o, I(u,) = ¢, we get, for ||u,|| > 1, that

/RN (/R Py o) dy> F(z,up)dz = —(c+ o(1)) + lunllty | IV

g,a + ||u7l||g,a

N |z —yl" P q
—(c+o0 p(un)
< —(c+o(1)) + H )
—(C o) un”q
< —(c+o(1)) + )
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Changing the variables and applying (4.2) gives

—(c+o0(1)) +1 Z/ (/ F(yauz) dy) F(x, ) da
[[unl|? P~ Jry \Jrr |z -y [[unl|?

9 9
F 71 D2 F 71 D2
_ / < (y7un)|vn|q dy) (maun)qlvn| dr
RN 2

BV |z — y|" ||

q q
F Nn NTLE F aNn ~'I’7.§
s [ ([ ool o)) Fniolinlt o
a \Ja | — /"l i}

But this is impossible and so (4.1) must hold. Then, from (4.1) and Lions’ lemma [57, Lemma I.1] we have

v, — 0 in L*(RY) for any s € (p,p*). (4.3)

By the continuity of the map ¢ — I(tu,) for ¢ € [0,1] and each fixed n € N, we can find a sequence
{tn}nen € [0,1] such that

I(tyuy,) = I(tuy,). 44
(tu) = max I(tu,) (44)
Next we are going to show that
lim I(t,u,) = occ. (4.5)
n—oo

Since ||u,|| — oo, we can choose M > 1 and n € N sufficiently large such that % € (0,1). For such n,
using (4.4), we get

Mu,,

[[n|

I(touy) > 1 ( ) = I(Muv,)

> min{MP, M}y /RN (/RN F(y’M””)dy> Fle, Mop)de  (4.6)

q |z — y|"
in {M?, M4 F(y, M,
:Mf/ (/ Wdy> F(z, Mv,) da,
q RN RN |CU —y\

since ||v,|| = 1 implies p(v,,) = 1, see Proposition 2.1(ii). Using the estimate as in (3.3) and applying (4.3)
as well as (1.4), one has

2N—pn

F M n 2Nr 2N N
/ (/ Wdy) F(z,Mv,)dz < Cy (/ <Mvn2N—it +Mvn2N—i> dx)
rN \JrN [z — Y| RN

2N —p

2N7ry 2Nro N
<o ([ (o5 4 75 ) as )
RN

—0 asn— oo.

Inserting this in (4.6) yields
min {M?, M1}

I(tpuy) >
q

+ On(l)

which holds for any M > 1. This proves (4.5).
Now we have I(0) = 0, limy, 00 I (uy) = ¢ and (I’ (tpun), tntn)y = 0 for ¢, € (0,1). Then, from (1.10)
and Remark 1.4, it follows that

11
I(tnun) o 56<1/(tnun)7tnun>7{
thllunlly,  td 1
——F 4 Y (IVunlld o + llunlld o) — gﬂ(tn“n)

17

é[(tnun) =

Ol O+
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42 ( /R i Ey, tntin) dy> (2 (@, tntin) i — P (@, tin) dx}

2 Jan o=yl
1 [2]un|l) ta 1
= 6 |:np)p + ;n (Hvun‘lg,a + ||un||q7a) - gp(tnun)

1 (/ F(y’t”u”)dy> Fla, tayuy) da
RN

290 JpN |z —y["

un |} un |} 1 F(y, tyu,
< é {l iy | Hl’p} + */ (/ Fly, tntin) uu) dy> F(z,up)dr
p q 2q Jry \Jry |z =yl

U ||} U ||} 1 F(y,u,
LG + —/ (/ (y’uu)dy> Flz,uy)dz
p q 2q Jrv \Jr~ |2 — 9|

_ Nunllty  Nunllyy
p q
1 F(y, u,
+ 7/ </ (Luu) dy) (2f (2, up)uyn — ¢F (2, uy,)) da
2q Jrn \Jr~ |z -yl

1
=1I(un) — =(I'(un), up)y — ¢ asn — oo,
q
which contradicts (4.5). Therefore, we can conclude that {u, }neny must be bounded in WHH(RYN). O

Now we can give the proof of Theorem 1.5 which says that problem (1.1) has a nontrivial ground state
solution ug € WH(RYN) under hypotheses (hy), (h}) and (hz), that is,

I(ug) = inf {I(u) : w# 0 and (I'(u),u) = 0}.

Proof of Theorem 1.5. From Lemma 3.1 we know that the mountain pass level ¢ := b > 0, so there exists
a (C)¢-sequence {up fnen of I at the level . Moreover, Proposition 4.4 implies the boundedness of {uy, }nen
in WHH(RYN). Let us define

§ = lim sup / |up|? dz.
Ba(y)

n—oo yGRN

Suppose § = 0. Then, by Lions’ lemma [57, Lemma 1.1}, we have u,, — 0 in L*(RY) for any s € (p,p*).
Using the estimates in (3.3), we easily conclude that

lim (/ F(y’un)dy) F(z,up)dz =0,
RN \J/R

nte TG

(4.7)
F(y, un
lim / Lu,} dy | f(z,un)u, dz = 0.
n—oo Jpn \Jrn |z —y|
Due to {I'(uy), un)x = 0 and the second limit in (4.7) we get
Vun|l2 . + lunlll, — 0 asn — oo. (4.8)

Therefore, using the fact {uy, }nen is a (C).-sequence along with (4.8) we obtain

¢— lim (1(un)—;<1/(un),un>>

n—oo
RT p—q q q
= tin (22190l + )
1 / F(y, un) ) )
- ——rdy | 2f(x, up)un — pF(z,u,))dz
2p Jrn ( eV |2 —yl" 2/ : ( )

—0 asn — oo,

18
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which is a contradiction to ¢ > 0. Thus § > 0 and there must be a sequence {y,}nen C ZV and a real

/ |op, [P doe = / |un|” do > Kk >0, (4.9)
B2(0) Ba(yn)

where vy, () = Un (- + ). Since oy (un) = o1 (vy) and (hs) holds, we get {v, Inen to be a bounded sequence
in WH7(RY). Hence there exists © € WL (RY) such that

number k > 0 such that

v, = in WHHRY) and v, - @ in LP

loc

(RY).

From (4.9) we know that © # 0 a.e.in RY. By (h3), we assert that {v, },en is a (C).-sequence of I and by
Proposition 3.6, we have for any ¢ € C°(RY)

(I'(9),¢) = lim (I'(vy), ¢) =0,
which says that @ is a nontrivial solution of (1.1). Now let
a=inf {I(u) : u# 0 and (I'(u),u) =0}.

Let u be an arbitrary critical point of I. Then Remark 1.3 helps to get that

1 /
— g

a=p o 1 (/ F(y,u) )
= U + — dy | F(z,u)dx > 0,
qp lllz 2q Jan \Jpn |z -yl (&)

I(u) = I(u)

since ¢ > p. Thus @ > 0 and a < I(9) < co. We know that there exists sequence {wp}nen of nontrivial
critical points of I such that
I(w,) > a asn— oc.

Since I'(wy,) = 0, by Lemma 4.3, we can find 9 > 0 such that
lwn]| > 7o for all n € N. (4.10)

Furthermore, we see that
(1 + |lwn DI (wy) — 0 asn — oco.

This implies that {wy,}nen is a (C)q-sequence of T at « and Proposition 4.4 says that {w,}n,en must be
bounded. Let
5 = lim sup / |wy,|P dex.
Ba(y)

n—oo yGRN

lim </ M dy) flz,wy)w, dz =0
RN R

noe v e~y

Then §; = 0 implies

by following the same arguments as for (4.7). This leads to

(/R F(y’w”)dy> f(@, wn)wp dz — 0

N |z —yl"

plun) = (' wn),wn) + [

RN

since I'(w,) = 0. Hence, |w,|| — 0 as n — oo by Proposition 2.1, which contradicts (4.10). Therefore
91 > 0. We set w,(-) = wy(- + yn). Similar arguments as used before in Propositions 3.5 and 3.6, for any
¢ € C(RY) imply that I’(i@,) = 0, I'(w,) = I'(,) — a and for some w € WHH(RY), we have

W, = w#Z0 in WHHRY) and Vi, — Vi pointwise a. e. in RY.
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Obviously (I'(w,),¢) = 0 for all ¢ € C°(RY), that is w is a critical point of I. Using again the density of
CZ(RY) in WLH(RYN) given in [53, Proposition 6.4.4], we obtain I’(1%) = 0.
It remains to show that w is a ground state solution of problem (1.1), that is I(w) = . Applying Fatou’s
lemma, the pointwise convergence of w,, and V,, along with Remarks 1.3 and 1.4, it follows that
1
I(w) = I1(w) — —(I'(), D)
q

q—D, . p 1 / (/ F(y,ﬁ}) ) ~
—||w + — ———dy | F(z,w)dz
pa o * 5 for Upn To— g @) 700 )

— 1 F(y,w, .
< lim inf (%Hwnnfp + (/ Fly, in) dy) F(z, ) dx)
R

n—o0 Z RN N |z —yl*
. - Loy -
= hnn_1>101<1)f <I(wn) - a<I (’U)n),wn>> = Q.

Since I'(w) = 0, we obtain I(w) = « which finishes the proof. O
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