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ABSTRACT. In this paper, we study multiplicity results for double phase problems of Kirchhoff type
with right-hand sides that include a parametric singular term and a nonlinear term of subcritical
growth. Under very general assumptions on the data, we prove the existence of at least two weak
solutions that have different energy sign. Our treatment is based on the fibering method in form of
the Nehari manifold. We point out that we cover both the non-degenerate as well as the degenerate
Kirchhoff case in our setting.

1. INTRODUCTION

In this work, we are concerned with multiple solutions for double phase problems with a nonlocal
Kirchhoff term and a singular right-hand side. To be more precise, we study the problem

P q
—m [/ (|Vu| + a(m)'v;'> dx} Lo (u) =7 +u" in Q,
Q

! w>0 in Q, ()
u=~0 on 0f),
with Q € RV (N > 2) being a bounded domain with Lipschitz boundary 99, A > 0 is the parameter to
be specified and L; , denotes the double phase operator given by
Ly (u) = div (IVulP*Vu + a(z)|Vu|*>Vu),, ue€ Wol’H(Q). (1.1)
Furthermore, we suppose the following conditions:

(H (1) 1<p<N,p<qg<p*and0<a(:) € L>®(Q) with p* being the critical Sobolev exponent
to p given by

Np
* = ; 1.2
D N—p (1.2)
(if) 0 <~y <1 and m: [0,00) — [0,00) is a continuous function defined by
m(t) = ag + bot’ "' for all t > 0, (1.3)
where ag > 0, by > 0 with 0 € [1, g) and r € (g6, p*).

Problems of type (P, ) combine several interesting phenomena into one problem. First, the differential
operator involved is the so-called double phase operator given in (1.1). In 1986, Zhikov [37] introduced
for the first time in literature the related energy functional to (1.1) defined by

W / ([Vw|? + a(z)|Vw|?) dz. (1.4)
Q

This kind of functional has been used to describe models for strongly anisotropic materials in the context
of homogenization and elasticity. Indeed, the hardening properties of strongly anisotropic materials
change point by point. For this, the modulating coefficient a(-) helps to regulate the mixture of two
different materials, with hardening powers p and ¢. From the mathematical point of view, the behavior
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of (1.4) is related to the sets on which the weight function a(-) vanishes or not. Hence, there are two
phases a(x) = 0 and a(x) # 0 and so (1.4) is said to be of double phase type. In this direction, functional
(1.4) has several mathematical applications in the study of duality theory and of the Lavrentiev gap
phenomenon, see Zhikov [38, 39]. Also, (1.4) belongs to the class of the integral functionals with
nonstandard growth condition, according to Marcellini’s terminology [30, 31]. Following this line of
research, Mingione et al. provide famous results in the regularity theory of local minimizers of (1.4), see,
for example, the works in Baroni-Colombo-Mingione [4, 5] and Colombo-Mingione [, 9].

A second interesting phenomenon is the appearance of a nonlocal Kirchhoff term given in (1.3) which
was first introduced by Kirchhoff [27]. Problems as in (Py) involving a Kirchhoff term are said to be
degenerate if ag = 0 and nondegenerate if ag > 0. It is worth noting that the degenerate case is rather
interesting and is treated in well-known papers in the Kirchhoff theory. We do cover the degenerate
case in our paper which has several applications in physics. For example, the transverse oscillations of
a stretched string with nonlocal flexural rigidity depends continuously on the Sobolev deflection norm
of u via m( [, |[Vu|? dz), that is, m(0) = 0 is nothing less than the base tension of the string is zero.

A third fascinating aspect of our problem is the presence of a nonlinear singular term in (Py). The
study of elliptic or integral equations involving singular terms started in the early sixties by the work of
Fulks-Maybee [18], originating from the models of heat conduction in electrically conducting materials.
More precisely, let Q be an electrically conducting medium in R3 and u be the steady state temperature
distribution in the region Q. Then, if u% is the rate of generation of heat with constant voltage A
(as in our model (Py)), then the temperature distribution in the conducting medium satisfies the local
and linear counterpart of the equation mentioned in (Py). For interested readers, we refer to works of
Diaz-Morel-Oswald [11], Nachman-Callegari [32], and Stuart [34] for applications in non-newtonian fluid
flows in porous media and heterogeneous catalysts, pseudo-plastic fluids, and in the theory of radiative
transfer in semi-infinite atmospheres respectively.

Denoting
on(u) = /Q (|up|p —&—a(x)luqlq) dzx,

and indicating with WO1 (Q) the homogencous Musielak-Orlicz Sobolev space which will be introduced
in Section 2, we can state the following definition of a weak solution to problem (P ).

Definition 1.1. A function u € Wy 7 (Q) is said to be a weak solution of problem (Py) if u="¢ € L*(%),
u>0 a.e.in Q and

o) (65,0 ) = A [ wpar s [

is satisfied for all p € W&’H(Q), where (-,-) denotes the duality pairing between W&H(Q) and its dual
space W(}’H(Q)*.

Based on hypotheses (H) and Proposition 2.1 in Section 2, it is clear that the definition of a weak
solution is well-defined. Moreover, we introduce the corresponding energy functional Jy : WO1 Q)5 R
associated to problem (P)) defined by

A 1
Ix(u) = Moy (Vu)] — 17/ Jul' =7 da — 7/ |u|” da,
—7Ja rJa
where M : [0,00) — [0, 00) is given by
¢
M(t) = / m(7)dr = apt + %Otg.
0

The main result in this paper reads as follows.

Theorem 1.2. Let hypotheses (H) be satisfied. Then there exists \* > 0 such that for all A € (0, \*]
problem (Py) has at least two weak solutions uy, vy € Wy () such that Jx(uy) < 0 < Jy(vy).
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The proof of Theorem 1.2 is based on a careful study of the corresponding fibering map which was
initiated by the work of Drabek-Pohozaev [12]. The idea is to define the related Nehari manifold of
(Py) in the form of the first derivative of the fibering mapping and then we split the Nehari manifold
into three disjoint parts which are related to the second derivative of the fibering function. It turns out
that the global minimizers of Jy restricted to two of them are the solutions we seek and the third one
is the empty set for small values of the parameter A > 0. This method has become a very powerful tool
and has been used in several papers.

To the best of our knowledge, the only work dealing with a double phase operator and a nonlocal
Kirchhoff term has been recently done by Fiscella-Pinamonti [17] who studied the problem

—m [/Q ('Wp +a(g;)|V“|q) dx] £ (u) = f(z,u)  inQ,

p q
u =0 on 012,

with a Carathéodory f: 2 x R — R satisfying subcritical growth and the Ambrosetti-Rabinowitz condi-
tion. Based on the mountain-pass theorem, the existence of a nontrivial weak solution of (1.5) is shown.
In addition, the authors in [17] considered the problem

-m (/ [VulP dm) Apu—m (/ a(z)|Vul? dx) div (a(z)|Vu|?*Vu) = f(z,u) in €,
Q Q
u=>0 on 0,

and proved the existence of infinitely many weak solutions with unbounded energy by using the fountain
theorem. Even if the double phase operator does not explicitly appear in (1.6), this problem has still a
variational structure set in the same double phase framework of (1.5). Further results in the context of
double phase Kirchhoff problems can be found in the recent works of Arora-Fiscella-Mukherjee-Winkert
[1], Fiscella-Marino-Pinamonti-Verzellesi [16], Gupta-Dwivedi [23], Ho-Winkert [25] and Isernia-Repovs
[26].

Finally, we mention some existence and multiplicity results for double phase problems without Kirch-
hoff term, that is, m(t) = 1 for all ¢ > 0. We refer to the papers of Arora-Shmarev [2, 3] (para-
bolic double phase problems), Colasuonno-Squassina [7] (eigenvalue problems), Farkas-Winkert [14],
Farkas-Fiscella-Winkert [13] (singular Finsler double phase problems), Fiscella [15] (Hardy potentials),
Gasiriski-Papageorgiou [19] (locally Lipschitz right-hand side), Gasiriski-Winkert [20, 21, 22] (convection
and superlinear problems), Liu-Dai [28] (Nehari manifold approach), Liu-Dai-Papageorgiou-Winkert [29]
(singular problems), Perera-Squassina [33] (Morse theoretical approach), Zeng-Bai-Gasiniski-Winkert
[35, 36] (multivalued obstacle problems) and the references therein.

The paper is organized as follows. In Section 2, we recall the main properties of Musielak-Orlicz
Sobolev spaces VVO1 7-[(Q) and state the main embeddings concerning these spaces. Section 3 gives a
detailed analysis of the fibering map and presents the main properties of the three disjoints subsets of
the Nehari manifold. In Section 4 we prove the existence of at least two weak solutions of problem (P)),
see Propositions 4.4 and 4.6. Finally, in Section 5 we study a singular Kirchhoff problem driven by the
left-hand side of (1.6), inspired by [17].

(1.5)

(1.6)

2. PRELIMINARIES

In this section, we will recall the main properties and embedding results for Musielak-Orlicz Sobolev
spaces. To this end, we suppose that @ C RV (N > 2) is a bounded domain with Lipschitz boundary
9Q. For any r € [1,00), we denote by L"(Q) = L"(;R) and L"(Q; RY) the usual Lebesgue spaces with
the norm || - ||,.. Moreover, the Sobolev space Wy () is equipped with the equivalent norm ||V - ||,. for
1<r <oo.

Let hypothesis (H)(i) be satisfied and consider the nonlinear function H: £ x [0,00) — [0, c0) defined
by

H(z, t) =t + a(x)t?.
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Denoting by M (2) the space of all measurable functions u: Q@ — R, we can introduce the Musielak-Orlicz
Lebesgue space L*(Q) which is given by

LH(Q) = {u € M(Q) : on(u) < o}
equipped with the Luxemburg norm

lullze = inf {= >0+ 0 (£) <1},

where the modular function is given by

= / H(z,|u|) dz = / (Jul? + a(z)|u|?) dz
Q Q
The norm || - || and the modular function g3 have the following relations, see Liu-Dai [28, Proposition
2.1] or Crespo-Blanco-Gasinski-Harjulehto-Winkert [10, Proposition 2.13].
Proposition 2.1. Let (H)(i) be satisfied, u € L™(Q) and ¢ > 0. Then the following hold:

(i) Ifu#0, then ||lully = c if and only if 03 (%) = 1;

(i) |lullg <1 (resp.> 1, =1) if and only if Q'H( ) <1 (resp.>1, =1);
(ili) If [lully <1, then HUHH < op(u) < lull3;

(iv) If [ulln > 1, then [lullf, < on(u) < |lullf;

(v) JJulls =0 zf and only if o3 (u) — 0;

(vi) ||ull — oo if and only if o3 (u) — oo.

Furthermore, we define the seminormed space

LI(Q) = {u e M(Q) : /Qa(ac)|u|qu < oo}

ol = ( [ a<x>|qux)é .

While, the corresponding Musielak-Orlicz Sobolev space W17 () is defined by
wiH(Q) = {ue L4Q) : [Vul € L¥(©)}

endowed with the seminorm

equipped with the norm
lully2e = [Vl + [,

where ||Vuly = || |[Vul 7. Moreover, we denote by Wg*(€) the completion of C§°(2) in W1H ().
From hypothesis (H)(i), we know that we can equip the space Wg H (©2) with the equivalent norm given
by

l[ull = [Vulls,

see Proposition 2.16(ii) of Crespo-Blanco-Gasifiski-Harjulehto-Winkert [10]. Tt is known that L*(Q),
WLH(Q) and WO1 H(Q) are uniformly convex and so reflexive Banach spaces, see Colasuonno-Squassina
[7, Proposition 2.14] or Harjulehto-Hést6 [24, Theorem 6.1.4].

We end this section by recalling the following embeddings for the spaces L7 () and VVO1 e (Q), see
Colasuonno-Squassina [7, Proposition 2.15] or Crespo-Blanco-Gasinski-Harjulehto-Winkert [10, Propo-
sitions 2.17 and 2.19).

Proposition 2.2. Let (H)(i) be satisfied and let p* be the critical exponent to p given in (1.2). Then
the following embeddings hold:
(i) LH(Q) — L"(Q) and Wy (Q) <= W (Q) are continuous for all v € [1,p];
(ii) WO1 H( ) <= L"(Q) is continuous for all r € [1,p*] and compact for all r € [1,p*);
(iii) L(Q) — LL() is continuous;
(iv) LY(Q) — L™(Q) is continuous.
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Remark 2.3. Since ¢ < p* by hypothesis (H)(i), we know from Proposition 2.2(ii) that Wol’H(Q) —
L(Q) is compact.
3. ANALYSIS OF THE FIBERING FUNCTION

As mentioned in the Introduction, the proof of Theorem 1.2 relies on the fibering map corresponding
to our problem. For this purpose, we recall that the energy functional J): VVO1 7{(Q) — R related to
problem (P,) is given by

Ixn(u) = Moy (Vu)] /|u|1 Vd:vff/ |u|" dx
_ 6 _ 1— _1 r
_ [am(wwgww] 2 [ [ ra.

Due to the presence of the singular term, we know that .Jy is not C1. For u € Wy (Q) \ {0}, we
introduce the fibering function ), : [0,00) — R defined by
Py (t) = Ja(tu) for all t > 0,

which gives

5u(®) = [awon(e90) + 2000 AL [fuprae =L [
Note that 1, € C*°((0,0)). In particular, we have for ¢ > 0
¥, (t) = [ao + bodyy (tVu)] (P71 Vulp + 7| V2 ,) — Aﬁ/ Ju|' =7 dz — tH/ lu|" dx
and ’ !
Pl (t) = [ao + body, ' (tVW)] [(p — VP2 Vull? + (¢ — 1)t 2| V|2 ,]
+bo(0 — V)52 (4Vu) (Y| V| 4+ 19| Va2, ) (3.1)

+ Ayt / |u|' ™7 dx — (r — 1)tT_2/ |u]" da.
Q Q
Based on this we can introduce the Nehari manifold related to our problem which is defined by

Ny = {ue WgH@)\ {0} : (1) =0}

Therefore, we have u € N, if and only if
oo + o™ (V0] (19l + 190lg0) = [ '+ [ Jul a.

Also tu € Ny if and only if ¢}, (1) = 0. It is clear that A, contains all weak solutions of (P\) but it is
smaller than the whole space WO1 H(Q) For our further study, we need to decompose the set Ay in the
following disjoints sets

N ={ueN, : (1) >0},
Ny ={ueNy ;1) <0},
Ny ={ue N, : ¢/(1) =0}.
Now, we show the coercivity of the energy functional Jy restricted to the Nehari manifold N.

Lemma 3.1. Let hypotheses (H) be satisfied. Then J>\|NA is coercive and bounded from below for any
A>0.
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Proof. Let u € Ny be such that ||u]| > 1. The definition of N, implies that
1 1 _ A _
—= -/Q |u|" dx = - [ao + bo(ﬁg{ 1(Vu)] (HVUHS + HVUHZ’G) + ;/Q Ju|' ™ da. (3.2)

r

Using (3.2), 1 — vy < 1 < p < ¢ < fq < r along with Proposition 2.1(iv) and Proposition 2.2(ii), we get

) = [awtn(va) + Pova)] - 2 [u—ra= 2 [ jupas

o ((9) = (T ) 4 0008 (V) (Gom(V0) = Lom(V) )

+A<T)/’lem
o[ e -
v 00 (5= Y iwaty + (25 - 1) Ivuig] - =

1 1
> bogbg_[l(Vu) (9 — ) on(Vu) — C’l/ \u|1_7 dz
q r Q

> Cal[ull?’ = Culull*~,

with positive constants C7 and Cs, where we have used the estimate

0—1
_ 1 1 1 1
o (Tulon(Ve) = |SIVulR + 21Vl (19l + V) > o (V) > il
Since pd > p > 1 — ~, the coercivity of J,\‘Nk follows. If we set
h(t) = C1tP? — Cot' ™7 for all t > 0,

then it is easy to see that h attains its unique minimum at

Co1 =)\

to= [ 22— .
Clpe

Hence, J ,\| N is bounded from below. This completes the proof. O

Let S be the best Sobolev constant in W, () defined as

. IVl
ueWy’

(3.3)

The next result shows the emptiness of Ny for small values of \.

Lemma 3.2. Let hypotheses (H) be satisfied. Then there exists Ay > 0 such that N} = 0 for all
A€ (0,Aq).

Proof. Arguing by contradiction, we suppose that for each A > 0, there exists u € VVO1 H () \ {0} such
that ¢/ (1) = 0 =14!/(1). That is

[0 + bod3y ™ (Vo)) (IVullp + [ Veulg,0) = A / ™o+ [ ol da (3.4)

and
a0+ bog%, (V)] [(p = DIIVullt + (¢ — D[ VullZ,

6—2 p 1—r r (35)
+bo(0 = )62 (Vu) ([ Vullz + [|Vul2,,)” = —Ay |U| dz 4+ (r —1) |u| dz.
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Multiplying (3.4) with v and adding it to (3.5) yields
[a0 + body; (V)] [(p = L+ NIIVullh + (g = 1+ 1) Vul.]

0—2 p q 2 r (36)
+bo(0 — 1)y~ (V) ([Vullp + [Vullf o))" = (r = 1+7) A |ul" dz.
On the other hand, subtracting (3.5) from (3.4) multiplied by (r — 1), we obtain
[ao + b0 (Va)] [(r = p)IVullh + (r — )l Vull? ]
(3.7)

_ 2 —
—bo (6 — 163, (Var) (I Vullp + [ Vull? ) =(7“—1+7))\/Q|u|1 T dz.

We define the functional T : Ny — R given by
a0 + bod, ' (V)] [(p = 1+ ) Vullh + (¢ = 1 +7) | Vuld ]

T (u) = (r—1+7)
bo(0 — 1)¢%; (V) (IVully + [Vullg)” [
+ (r—14%) /Q|U| o

From (3.6) we see that Th(u) = 0 for all u € Ny. Since 6 > 1, using Holder’s inequality and (3.3) along
with the estimate ppy (Vu) > [[Vul[b we obtain

p— 1 + 7) b _r —r r

To(u) > E—Hw (ao||w||§;+p921||w||§9) — §THQ |Vl
p—1+9) (b —Iiol-= r 3.8
= Er—1+7; <p921 Vu|§0) — 877 Q' |Vl (8:8)

= |[Vull, (A Vulp’~" — B),
where
-1 b . -
A= (M) >0 and B:=S#|Q'"# >0.
P r—1+7)
Since p < ¢ it is easy to see that

(IVullp + 1Vullg o) < adn(Vu). (3.9)

Using (3.9) in (3.7), Holder’s inequality and the best Sobolev constant S defined in (3.3), it follows
that

bodly (V) [(r — p — q(0 — 1) | V]2 + (r — g — q(0 — 1)) | Vu|l2,,]
< ap [(r = p)[VulZ + (r — )| Vull?,,]

+bodl (V) [(r —p — q(0 — 1)[Vul2 + (r — g — g(6 — 1)) |Vul2,,]
< [ao + bod (V)] [(r — PVl + (r — )| Vu]l2.,]

— bo(6 — 1) (V) (| Vull? + [ Va2 )

= (r—l+’y))\/ lu|' = da
Q

1=y

< (=LA ST Va7
Again using po3 (Vu) > [|[Vul[}, this implies

bo(r —p—q(6 — 1))
p071

11—y

VUl < (r— 1+ 4)AQ 7 8~ 7 | Vul ).
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From ¢f < r and p < ¢ we conclude that

1—

1
S ANQ TS\ T
1V, < <(T A T S 7 p — CA=T  with C > 0. (3.10)

bo(r —p—q(6 — 1))
Using (3.10) along with 6 < 7 < 5» we get from (3.8) that
T (u) > [[Vull, (A(C/\ﬁ)pg,r B B) |
Setting

pO—1+~

A T—p@
A= (Bcpe) 7

we see that Th(u) > 0 whenever X € (0, A1) contradicting the fact that T (u) = 0 for all u € Ny. This
proves the result. O

Let us now analyze the map . (t) in more detail. First, we can write

Pl(t) =t (au(t) - A/Q |u| ' dx) , t>0, (3.11)
where
ou(t) = [ao + bogl;  (tVu)] (P V[P + 9| Val|? ) — t’”_l'*"’/Q |ul" da.
From the definition in (3.11) it is clear that tu € N if and only if
ou(t) = A/Q lu[' = d. (3.12)
The next lemma shows that the sets A ;r and N, are nonempty, whenever \ is sufficiently small.

Lemma 3.3. Let hypotheses (H) be satisfied and let u € W™ (Q) \ {0}. Then there exist Ay > 0 and
unique 17 < 4, <ty such that

fue Ny, thueNy and o,(th.) = max ou(t)
whenever A € (0, As).
Proof. Let u € Wy (Q) \ {0}. The equation
0=0,(t) = [ao + oy ' (tVW)] [(p = 1+ NP2 Vullh + (¢ = 1+ )t 7| Vul|Z ]
+bo(0 — 1)@, 2 (tVu) (P | Val|B + ¢ | Vul|2 ) (P Vul|? + e Va2 ,)

—(r—1 +v)tr_2+7/ [u|" d
Q

is equivalent to
a0 + bodl; ' (tVW)] [(p — 1+ Vullh + (¢ — 1+ )t 7| Vul|d ]
+bo(0 — 1)@ (V) (P Vulf + 7 [ Valld ) (7 Vallh 4 0 [Vl ,) (3.13)

:(T—1—|—’7)/ lu|" da.
Q
Note that r > ¢f and 6 > 1 imply
p@—1)+p—r<min{p@ —1)+q¢—r,q(0 —1)+p—r}
<max{p@ —1)+q—r,q0 —1)+p—r} (3.14)
<qg@—-1)+qg—r=qgf—7r<Q0.




ON DOUBLE PHASE KIRCHHOFF PROBLEMS WITH SINGULAR NONLINEARITY 9

Denoting the left-hand side of (3.13) as
T (t) = [ao +bod,  (¢tV)] [(p = 1+ | Vaullh + (¢ = 1L+t 7| Vuld ]
+0o(8 — 1)¢5 2 (tVa) ("7 Vallh + 49|V ud ) (7 HIVallh + 647Vl ,)
and using (3.14) as well as 0 < v < 1 < p < g < r, we easily observe that
i) lim T,(t) = oc;
0 Jig 10—
(ii) tlggo T.(t) = 0;
(iii) Tv,(t) < 0 for all ¢t > 0.
From (i) and (ii) along with the intermediate value theorem there exists t¥ . > 0 such that (3.13) holds.

From (iii) we see that ¢ . is unique due to the injectivity of T3,. Moreover, if we consider o (t) > 0,

then in place of (3.13) we get
Tu(t) > (r—1 —l—'y)/ |u|" de
Q

and since Ty, is strictly decreasing, this holds for all ¢ < ¢% .. The same can be said for o/,(t) < 0 and

t > t% . Therefore, o, is injective in (0,t%, ) and in (t¥,.,o0). In addition,
Ju(tumax) = r?f“g( Ou (t)
with t% .. > 0 being the global maximum of ¢,,. Moreover, we have
li = li = —00.
Jim o,(t) =0 and Jim ou(t) 00

Using again poy(Vu) > [[Vu||b we observe that
bo - r— .
oy (t) > 2W(p = L2 VB — (= 14yt 2 /Q |ul" da,

which gives by applying Holder’s inequality and (3.3) that

1

r T—p0

oS 1 bo(p 1+v)5: i g (3.15)
IVullp \ p?=1(r — 14 7)Q' 77"

Since o, is increasing on (0,y,,), we obtain from pgy(Vu) > [[Vu|h, Holder’s inequality, (3.3) and
the representation of ¢ in (3.15) that
bo

pO—l

Ou (t%ax

) = ou(ty) > ()~ Vullp? ~ (tﬁ)”lﬂ/glwdx

b
0 Vu”;—pé’)

—(
p071

r—p bo 0—1+ 0
> (7‘_14_7> 1 (tg)? ”lquH?

th)y PSR

> (1)1 Va2 (

pO—1+~y
>( T ) V|22 bo(p—1+7)S»
T A\r =14y AV L O Sl ol

ZAQ/ lu[' =7 de,
Q
pO—1+y

PENr =149 ) \ p=l(r = 14 9) Q75 [

From the considerations above, we see that

IR )\/ =7 da
Q

where
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whenever A € (0, Ag).

Recall that o, is injective in (0,t%,,) and in (¥ .., 00). Hence, we find unique ¢},t% > 0 such that

() = /\/ﬂ 17 dz = oy (t8) with o, (£2) < 0 < o (£9).
In addition, we have t%u, thu € Ny, see (3.12). Using the representation in (3.11) we observe that
(1) = L) + 77 (1)
Since 7, (%) = ¢!, (ty) = 0 and o), (t4) < 0 < o), (t}), we get
0 <oy, (ty) = ()" (t)) and 0> 0, (t5) = (t5)74 (t3).
Hence, tiu € N; and thu € N, which completes the proof. O

Next we prove lower and upper bounds for the modular ¢4(V-) for the elements of N, ;‘ and Ny,
respectively.

Proposition 3.4. Let hypotheses (H) be satisfied and let A > 0. Then there exist constants Dy =
D1(X) > 0 and Dy > 0 such that

[Vullp + [[Vull§ . < D1 and  [[Vo[[p > D>
for every u € Ny and for every v € Ny .
Proof. Let u € Ny. From ¢/,(1) = 0 and ¥//(1) > 0 we get

(r = Dlao +bod3 (VW) (IVullp + [ Vulld .) = A(r —1) /Q Jul' = da
< lag + bogy; (Vu)]((p — DIIVull? + (g = D[ Vull?,)

+00(6— D *(Tu)(Vully + [ Vulg)? + 5 [ ul' " da.
Q

Using ¢y (Vu) > %(||Vu||§ +[[Vu||§ ,) in the inequality above along with Holder’s inequality and (3.3)
it follows
ao((r = p)Vully + (r = @I Vullg .)
+bod H(Vu)((r = p — (0 = V)| Vullh + (r = 40)[|VullZ,) (3.16)

1—v

<A(r—1 +v)/ Jul7 dz < A(r — 14 9)[Q' 7 ST [ Va7,
Q

Since r > g we have r —p —q(0 — 1) > r — q — q(0 — 1) > 0. Hence, we obtain from (3.16)
1y . 1—vy b B
A= 14|07 875 > SR p = a0 = D) [Vullp

which gives

IR R ot ik W
IVul < 4, := ( P (bo(r_p”_)q('e_l)) ) . (3.17)
Putting (3.17) in (3.16), we get
Ar= 14| ST AT > 0= )|Vl
which results in
6-1 RERMETSE AN
[Vult, < Ag = | 2T 1EVIO] TS 7 Ay (318)

bo(r — qf)
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From (3.17) and (3.18) we conclude that
IVullp + IVullge < A+ Ay =
Next let us we fix v € Ny . Then ¢),(1) = 0 and /(1) < 0 gives us
[ao + bogy (V) ((p = DIIVoll} + (g = 1)IIVollq) +lao + bodl " (Vo)l(IV0]lh + [ Vo]lg )
+bo(8 = 1)85, > (Vo) ([l + 1 VollZ ,)?
<W—1+7X4hﬁdx§&—1+7mﬂkﬁS’ﬂvwm

Therefore, we get

r—pb
IVoll2 > Dy = G S
Pl — 140 F 5

Thus, the proof is finished. U

4. EXISTENCE OF SOLUTIONS FOR PROBLEM (P)

In this section we use the results from Section 3 in order to prove Theorem 1.2. To this end, we first
define

Of = inf Jy(u).
ueNF

The next proposition shows that this minimum is achieved and it has negative energy.

Proposition 4.1. Let hypotheses (H) be satisfied and let X € (0, min{A1, A2}), with A1, Ay given in
Lemmas 3.2 and 3.3. Then @3\" < 0 and there exists uy € N;‘ such that Jy(uy) = @3\" < 0 with uy >0
a. e.in €.

Proof. Let u € Ny. Then we have

[0+ ot (V)] (19l [Vulge) + [ oo = <A [ ol =7 o (41)

and
[ao + bodl; ' (V)] [(p — DIVl + (¢ — D[ Vuld ]

0—2 p q \?2 1—v r (42)
+ bo(0 — 1)¢3;, “(Vu) (Hqup + ||Vul (M) + Ay A lu|* 7V dz > (r — 1) A |u|" dz.
Combining (4.1) multiplied with —v and (4.2) yields
(r—1+ 7)/Q [ul” dz < [ag + bod (V)] [(0 = 1+ )IIVullh + (¢ = 1+ ) [IVullf.] (43)
_ 2 '
+bo(0 = )3 *(Vu) ([ Vullj fa) -
Using (4.1) and (4.3) we obtain
[ b | A 1
T(w) = |ansn(V0) + P(V)| = 2 [l e [l de
0 I 1=7Ja rJa

= a0¢H(Vu)+b—0¢2{(Vu) — 1

—1
H/||7‘dx

< aoasmwwgw 0] + a0 + oot (V)] | (Ll - 1) Il

¢-1+y 1 ul|? 0-1) U ul|? ul)?,)?
# (L - ) 19l + 00 St 29 (19l + 9l

L oo+ bogl (V)] (9l +

f.0)
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1 -1 — 1 -1 —
— ag K + W) IVull? + (q + W) ||Vu||q’a}

p r(1=17) r(1—7)
H(Vu) S (V=14 —n) oy G (Ve Tty =) o
Tho | T r1—7) IVully + ) IVullf.q
(0—1) ¢ » ¢ \2
+7~(1 ) ¢ (V) ([Vullh + 1Vulll,)
= aOBl +bOBQ
with
1 p1+vr> <1 q1+’y7'>
Bi=|-+—7—+— | IIVulp+{ -+ ——— ) [IVull] .
' <p r(l=7) IVels q r(1—7) IVl
¢ (Vu) 85 '(Vu)(p—1+~—7) ¢0 H(Vu)(g— 1+~ —7)
By = P q
2 0 r(1—7) IVullp + r(1—7) [Vul[g,q
(97 1) 0—2 P q 2
r1=7) $3 (V) ([Vullh + IVulll,)”
From the assumptions (H) we have
Lop=lty—r_(=-nk-1+7) _,
P r(1—7) pr(l—7) ’
1 oa-l4y-r_ (¢=-na-1+7) _,
q r(1—7) qr(l —7) -

Therefore, B; < 0.
Let us consider Bs. Using
_ 2 _
¢35 (V) (IVullp + [ Vullga)” < g5 (V) (I Vullh + [1Vulg,l)
we get

¢5 (V)
o

(p—1+y—r)+q(0-1)
r(l—7)

(g—1+v-—r)+q-1)
r(1—7)

= ¢% ' (Vu) Kple + (p-1t Z(IT),;)_ 0~ 1>> Vb

N <q19 N W) ||Vu||gﬁa:| .

Now, since # > 1 and 0q < r, we obtain
L pol+y=r+ql®-1) r@=m)+pblp-1+y—r)+pfe( —1) —rp+rp

By <

+¢5 (V) IVull;

+ ¢4 (V) IVul[§a

o r(1—7) por(1—7)
_ @0 =r)p-1+y)+pl-Vg—r) _,
por(l —7) ’

because 0p < ¢ < r. Similarly we have
1 (@0—1+~v—7r) r(1—7)+q0(q0—1+~—7)—qlr+qor

qf r(1=7) q0r(1 =)
0 — —
_(@=-n-1+) _,
qor(1—7)
From the considerations above it follows that By < 0. Hence Jy(u) < 0 which implies that

@i_ < Jxa(u) < 0.
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Let us now prove the second part of the proposition. To this end, let {uy, }pen C N ;‘ be a minimizing
sequence, that is,

Ix(un) \@:{' <0 asn — oo.
By Lemma 3.1, we know that {u,}ney is bounded in Wy 7*(Q). Hence, by Proposition 2.2(ii) along

with the reflexivity of Wy * (), there exist a subsequence still denoted by {un nen and uy € Wy 7 ()
such that

U, —uy  in WyH(Q), wup, = uy in L5(Q) and w, —uy a.e.inQ (4.4)

for any s € [1,p*). Applying the weak lower semicontinuity of the norms and seminorms and Lebesgue’s
dominated convergence theorem, we infer that

Ia(ux) < liminf Jy (un) = 07 < 0=J)(0).

Thus, uy # 0. From Lemma 3.3, we know that there exists a unique ¢}* > 0 such that t{*uy € N;

Claim: u,, — uy in W(}H(Q)
Let us suppose by contradiction that

lim inf {| Ve [ > || Vu]l}.

From this inequality along with v;, (t7*) = 0, (4.4), the weak lower semicontinuity of the norms and
seminorms and Lebesgue’s dominated convergence theorem, we infer that

liminf ¢, (£*) = lim inf { )P~ [Vun 2+ () [Vaall9.,] (a0 + ool (12 V)

n—oo
tux /|u |1 Ydx — u>\ r— 1/ ‘un| d13:|

> (1) Vs ) + ()7 |V ](ao+bo¢ {2 Vuy))
SN [ e - () / jusl"d
Q Q
= ,l)bl'u,)\ (tqu‘k) = 0'

Thus, we can find a number ng € N such that

Yy, (t7*) >0 for all n > ny.
Recalling the representation in (3.11), we get that +;, () <0 for ¢t € (0,1), and since 1;, (1) = 0, this
implies ¢7* > 1. Hence, t{*uy € Nj gives that

9;( < J)\(tlf)"LL)\) < J)\(’LL)\) < lim inf J)\(un) = @;\r
n—oo
which is a contradiction. Therefore, we find a subsequence such that
lim [V [ = [Vus 2.
If we suppose that

T [Vunl, > [Vusllda,
then we can argue as above reaching a contradiction. Therefore, for a subsequence, we have

i [[Vuy 4, = [Vual2,,

From these considerations we obtain that g, (Vu,) — 0% (Vuy) and since the integrand correspond-
ing to the modular function is uniformly convex, we get that oy (Y4254 ) — 0. From Proposition
2.1(v) we obtain that u, — u) in WOI’H (€2). The continuity of Jy implies that Jy(u,) — Jx(uy) and so
JA(U)\) = @I
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Finally, we have to show that u) € Ny . Since u,, € Ny for all n € N, it holds
Uy, (1) = [ao + bodf; (V)] ([Vunllh + [[VunlZ,)

4.5
—)\/ \un|17“’dx—/ |un|"dz =0 (45)
Q Q
and
i (1) = [ao + body; ' (Vun)] [(p = DIIVunll + (¢ = D[ Vun| ]
_ 2
+b0(0 — 165 (V) (Va2 + [ Vunl8) (16)

4 M/ |2 dz — (r — 1)/ " de > 0.
Q Q
Passing to the limit as n — oo in (4.5) and (4.6), we get
Y, (1)=0 and 4 (1)>0.

Recall that A € (0,min{A;,A2}). Then Lemma 3.2 says that N = () and so v, (1) > 0. This shows
that uy € N; Noting that we can work with |uy| instead of uy, we conclude that uy > 0 a.e.in Q. O

Lemma 4.2. Let hypotheses (H) be satisfied, u € ./\/')\i and let A > 0. Then there exist € > 0 and a
continuous function ¢: B:(0) — (0,00) such that

C(0)=1 and ¢(v)(u+v) €N forallv € B.(0),
where B.(0) := {v € W*(Q) : |jv]| < e}
Proof. We define the map F: Wy " (Q) x (0,00) — R given by
Flo,t) = 090, (1) for (v,8) € W) x (0,00).

Note that
OF y—=1,,/ Yo
E(r% t) = Fyt ¢u+v (t) +t d)u-l—v (t) (47)
Since u € N, we obtain
F
F(0,1)=%!/(1)=0 and %—t(o, 1) =4(1) > 0. (4.8)

Hence, we can apply the implicit function theorem to F at (0,1) (see, for example, Berger [6, p.115])
to claim that there exists € > 0 such that for any v € Wy " (Q) with ||v|| < e, the equation F(v,t) =0
has a continuous unique solution ¢ = {(v) > 0. From this and (4.8), we infer that

¢(0)=1 and F(v,{(v)) =0 forall v e Wy (Q),
whenever |[v|| < e. Therefore, ((v)(u+ v) € Ny for all ||v]| < e and from (4.7) we conclude that

O (0.0 = ()W (C(0))for all o] < =

Recall that ¢(0) = 1 and 2£(0,1) > 0. We observe that for § € (0,1) the mapping
Fus: Wo(Q) x [1 —6,1+6] =R defined as  F(v,€) := ", (¢)
is continuous. Hence, we can choose € > 0 small enough such that
C()(u+v) € N forall o] <e.

The proof for the case u € N,  works similar. O
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Proposition 4.3. Let hypotheses (H) be satisfied and let A € (0, min{A1, Ao}), with Ay, Ay given in
Lemmas 3.2 and 3.3. Then there exist £,0 > 0 such that

Ia(uy) < Jx(ux +th)  for all h € Wy (Q)
when t € Py :={t €[0,0] : th € B-(0)}, where uy is as defined in Proposition 4.1.
Proof. For h € WOI’H(Q) we define the function f,: [0,00) — R given by
Ju(t) =¥y, yn(1) for t €0,00).
Since uy € N;r, we get
fn(0) = v, (1) > 0.

Recalling the expression of ¢!/ in (3.1), uy Z 0 in Q and by using the same arguments as in Lemma 4.2,
we assert that there exists §g > 0 such that

W (1) = fa(t) >0 for all £ € [0,5).
From Lemma 4.2 for uy € Ny, we find € > 0 and a continuous map ¢: B.(0) — (0,00) such that
C(th)(uy +th) € Ny forallt € Ps, with ((th) > 1 ast—0".

This implies, in particular, the convexity of the function 1/)ZA 44, 10 a neighborhood of 1 by taking do

small enough. The continuity of the map uy ~ 1y, (1) and the fact that ¢, ,,;,(C(th)) = 0 allows us to
choose § € (0,00) such that 1, (1) > 0 and Yy, 141 (C(t)) < tuy4en(1) for t € Ps. Therefore taking
Proposition 4.1 into account, we get

Ia(un) = OF < Jn(C(t)(ur + th)) = Yuy+n(C(1)) < uy4en(1) = Jx(ux + th).

Now we are ready to prove the existence of the first weak solution to problem (P)).

Proposition 4.4. Let hypotheses (H) be satisfied and let X € (0, min{A1, Ao}), with A1, Ay given in
Lemmas 3.2 and 3.3. Then, uy is a weak solution of problem (Py) with Jy(uyx) < 0.

Proof. We have to show that uy > 0 a.e.in 2 and for every ¢ € W&’H(Q), uy T € L'(2) and

m(pa(Vur)) (L5 ,(w), ) :/\/Qu;"’tpdx—i—/gu;*lgodx. (4.9)

We divide the proof into three steps.

Step 1: uy >0 a.e.in Q.

From Proposition 4.1 we already know that uy > 0 a.e.in €. In order to prove the strict positivity,
we argue by contradiction. Suppose that there exists a set K C () with positive measure such that
uy = 0 in K. Applying Proposition 4.3 with h € W(}’H(Q) satisfying h > 0 and let ¢t € Py \ {0}, then
(ux +th)'=7 > u, 7 in Q\ K, and we get

0 < Ja(ux + th) — Jx(uy)

= M[¢3(V(ux + th))] — M[p#(Vuy)] —
1

_ 1—
1—~ Q[(u/\"'th)l Touy T de

lux + thllz = [[ull7]

A
(1=2)
Dividing by ¢ > 0 and passing to the limit as ¢ — 0T in the estimate above, we conclude that

< Ja(ux + ﬁ? — Jx(un) N

< MIou(Vn+ th)] = Mlow(Vu)] = = [ 017 da =~ (s +thl; = )

0

—0Q0,
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which is a contradiction. Thus, uy > 0 a.e.in 2.
Step 2: For any h € WOI’H(Q) with h > 0 let us verify
m(dn(Vun)) (L4 ,(u), h) > A/Qu;”h dz + /Q uy'hda. (4.10)

For this purpose, let us consider the nonnegative and measurable functions ¢, : Q — RT defined by
ur(z) + tph(z))1™7 — uy ()7
(o) = (200 k() (2)
n
where {t,}nen is a decreasing sequence such that lim, . ¢, = 0. Clearly, we have
lim G, (x) = (1 —7)ur(z) "h(z) fora.a.x €.
n—roo

Now, by using Fatou’s Lemma, we get

/\/ u, "hdz <
Q
Arguing similarly to Step 1 and applying again Proposition 4.3, we obtain
In(ux +tnh) — Jx(uy)

tn

_ M3 (V(ux + tph))] — Moy (Vuy)] A / ¢ da — 1/ (uy +tpoh)" —

tn 1— " rJo tn

Letting n — oo in the inequality above and using (4.11) it follows that

A/Qu;mdx Sm(¢H(VuA))<£g7q(u),h>—/ug_lhdx.

Hence, (4.11) is satisfied and we also infer that u, "h € L*(). Therefore, we have u, "¢ € L*(Q) for
Y E W&H(Q) since ¢ = ¢t — p~ with * = max{+yp, 0}.

hmlnf/ Cndex. (4.11)

7;}/ n—oo

0<

u"‘
A dz.

Step 3: uy satisfies (4.9).
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Let ¢ € WOH'L(Q) and let ¢ > 0. We take h = (uy +e¢)* as test function in (4.10) and use uy € Ny
as well as Q = {uy +ep > 0} U {uy +ep < 0}. This leads to

0 < m(dn(Vu)) (L2, (ux), (ur + ) ™) — A /Q uy (un + e) da — /ﬂ G (un + eg) de

:m(qSH(Vu,\))/Q(|Vu)\\p72Vu,\+a(3:)\VuA|q72Vu>\) V(ux + ) da

,)\/u;'Y(uAJrggo)dx—/u;_l(UA +ep)da
Q Q

— m(pu(Vuy)) / (IVuaP">Vuy + a(2)[Vur |9 *Vuy) - V(uy + ep) da
{ux+ep<0}
+A uy " (ux + €p) dx+/ uh ! (uy +ep)da
{ur+ep<0} {ur+ep<0}
(4.12)
=¢ {m(qﬁH(VU,\))/ (|Vu,\|p72Vu,\ + a(x)|VuA\q*2Vu,\) -Veodr — / [Auy” — u’;\_l] pdz
Q Q
—m(pn(Vuy)) / ([Vux[P72Vuy + a(2)|[Vua |12 Vuy ) - V(uy + cp) dz
{ux—+ep<0}
+)\/ u?’(u;ﬁ—eg&)dm—i—/ us " (uy +ep) da
{ur+ep<0} {ur+ew<0}
<e {m(qﬁH(VuA))/ (IVux P2 Vuy + a(2)|Vuy Y *Vuy) - Vo dz — / My —uy ' pda
Q Q
— m(qSH(Vu,\))/ (IVux P2 Vuy + a(2)|Vuy |12 Vuy) - chdx} .
{ux+ep<0}
Since [{z € Q : ux(z) +ep(z) <0} — 0 as e — 0 by Step 1, we know that
M (Viun)) / (IVuslP2Vur + a(@)|Vua|92Van) - Vipdz 50 ase 0. (4.13)
{ux+ep<0}

Now, dividing (4.12) by e and passing to the limit as ¢ — 0 by using (4.13), we get
m(pn(Vur)) (L5 (ur), ¢) > )\/ u;"ﬂpdx—k/ uh o de.
Q Q
The arbitrariness of ¢ € Wy " (Q) implies that equality must hold. Hence uy € W, 7 () is a weak
solution of problem (Py) with Jy(uy) = ©F < 0. O

Let us now prove the existence of a second weak solution of problem (P,). For this, we minimize the
energy functional Jy restricted to the set N, . We define

O, = inf Jy(u).
uENS

Proposition 4.5. Let hypotheses (H) be satisfied. Then there exists Az € (0, min{A;, Ao}], with Ay,
Ay given in Lemmas 5.2 and 3.3, such that ©5 >0 for all A € (0,A3). Moreover, for every A € (0,As),
there exists vy € Ny such that vy >0 a.e.in Q and ©) = Jx(va).

Proof. The first assertion will be proved by contradiction. Thus, let us suppose there exists vy € N,
such that Jx(vg) < 0, that is,

A 1
M[d)q.[(vvo)} < 7/ |’l}0|17’y dz + */ |’U()|Td.’t. (414)
I=vJa T Jo
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Using po# (Vu) > [[Vu||h we obtain the following estimate

Mo (Voo)] - émwm(wo»(uwong + [ Vuo2.,)

b 1 _
= aod(Vvo) + 2 ¢4, (Vvo) — 0 (a0 +bod3 ' (Vo)) (IVvollh + [ VoollZ )

0
11 11 o1 11
= G,O (p - q> ||V’Uo||p —|— G,O (q - q) ||v’U0|| + bO(b’H (VUO) (po - (]0) ||V’UO||£ (415)

1 bo(g —p) 0
21@])97_1”%0“2
. 1 bo(g —p)
=D po h D3 = — —2—*
3| Vo5 with Ds ol P >0
Since vy € N, C N we have
1 A 1
= P ¢ )= =7 dg — — " dg. 4.1
mon(V) (IVaoll+ [Velg) = =25 [ ol o= [ ufde. (@19

Now, using (4.14), (4.15), (4.16), r > ¢f along with Hélder’s inequality and (3.3), we obtain

Dy[[ V028 < M{b (V)] — —m(éa (Vo)) (| Veol2 »

§)\<1>/ |’U()|1 Tdx + ()/ |'U0|Td$
v
q0 +v — = 1-
< - 10 p Y= \D
<A (B )0 S Tl = ATl

with

q0 + v — 1> 1—y 1—vy
D = —_— Q ¥ P > 0.
! ( qf(1 —~) i

Combining the considerations above with Proposition 3.4 gives

R 0—1 Dy
0<D, 7 <|[Vulp < Do

D3

Letting A — 0 yields a contradiction. Therefore, we can find Az € (0,min{A;, A2}] such that ©, > 0
for all A € (0, A3).

Let us now prove the second assertion of the proposition. To this end, let {v, }neny be a minimizing
sequence in N such that J\(v,) — ©5. Since Ny C N,, Lemma 3.1 implies that {v,}nen is a
bounded sequence in W, (Q). Therefore, by Proposition 2.2(ii) along with the reflexivity of Wy ),

there exist a subsequence still denoted by {v, }nen, and vy € W, () such that
vy = oy in WeH(Q), v, » vy inL(Q) and v, — vy a.e.in (4.17)
for any s € [1,p*). From v, € Ny, pp#(Vu) > ||[Vu|b and Holder’s inequality along with (3.3) we have

bo(p — 1)S bo(p—1) »
PR (= =) 7||V nllb

[[on[? <

< [ao +bod%, (Vo) [(p = DIIVOall + (¢ = DI Vonld o]

37(1)2 + /\’y/ o, |77 da
Q

+bo(0 — 1)8%, % (Vo) (Va2 + [Vul

<(r-1) /Q jol" da = (r = 1)[[on -
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This implies
b(] (p — 1)5
—_r \Ee
P (r = Dl )F
Hence, due to the strong convergence of v, — vy in L"(Q), see (4.17), we can conclude that vy # 0.
Since vy # 0, from Lemma 3.3 we know there exists a unique t5*> > 0 such that t3*vy € Ny .

Now, we are going to show, up to a subsequence, that lim, ,~, 0(Vv,) = 0o(Vv,). For this, we repeat
the same arguments as in the proof of Proposition 4.1 by establishing

0<

< Jvnllz "

liminf Vo, [ = [Voally and - liminf [V, = Vo[
Let us suppose that

timinf Vo, ) > Vs

Then, using the inequality above, (4.17) and the continuity and increasing property of the primitive of
the Kirchhoff term M, we obtain

Ja(t5rvy) < lim igf Ia(t5rv,) < ILm In(t5 vy).

Note that v, is the global maximum since 1;, (1) < 0. Therefore, we have Jy(t5*v,) < Jx(vy) and since
ta*vx € Ny, we conclude that

O, < h(t3rvy) < li_>m Ia(vn) = O}

Thus, we get a contradiction. The other case works similarly and so we know that there is a subsequence
(not relabeled) such lim, o 0(Vv,) = o(Vuy). Using the uniform convexity of the modular function
px and the continuity of the energy functional Jy, we get v, — vy due to Proposition 2.1(v) and
Jr(vn) = Jx(va) = © up to a subsequence.

In order to show vy € Ny, we use the fact that v, € Ny for every n € N and so by passing to the
limit in ¢; (1) < 0, we obtain

a0+ bod% (Vo)) [0~ DIVels + (g = DIToallt]
+b0(6 = D652 (Vor) (I9enll + Vol o) +29 [ on' 7 do = (= 1) [ Jonl"do <o
Q Q

Since vy # 0 and using Lemma 4.2 with A € (0, min{A;, A2, A3}), we infer that the equality cannot
occur, so we have a strict inequality which gives vy € N, . As before, since we can work with |vy]
instead of vy, we can assume that vy > 0 a.e.in . O

Now we show that vy obtained in Proposition 4.5 is indeed a weak solution of our problem (P}).

Proposition 4.6. Let hypotheses (H) be satisfied and let A € (0, min{A1, Aa, As}), with A1, As, A3
given in Lemmas 3.2 and 3.3 as well as Proposition 4.5. Then vy is a weak solution of problem (P)
with Jx(vy) > 0.

Proof. The proof works similar to the one of Proposition 4.4. Let h € W&H(Q) with o > 0. As we
already know, vy € Ny and vy > 0 a.e.in Q. Then from Lemma 4.2 and Proposition 4.5 there exist
e > 0 and a continuous map ¢: B:(0) — (0,00) such that ((th) — 1 as ¢ — 0T and

C(th)(u+th) e Ny and Oy = Jx(va) < Jxa(C(th)(vy +th)) for all t such that th € B.(0). (4.18)

Now, we claim that vy > 0 a.e.in ). We proceed by contradiction. Suppose there exists a set KcQ
of positive measure such that vy = 0 in K. Since ¢(th) — 1 as t — 07, by continuity of the map ,, in
the neighborhood of 1 and ,, (1) being the global maximum, we can choose § > 0 small enough such
that t € [0,8] and 1)y, (1) > ¥y, (((th)). Then, using (4.18), one has

Ia(¢(th)(vx + th)) — Jx(va)

0<
- t
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- In(C(th)(vx +th)) — Jn(C(th)vy)

- t
_ M[on(V(S(th) (v +th)))] — M2 (V(C(th)v))]
t
RGOS B (Cthyor) =
1—7Jq t
3 }/ (C(th)(ox +th))" — (C(th)va)"
T Ja t
« MIn(TGA + )] - MIGn(T G _ MEERN'™7 [ )17,
t 1—7 24 t
_1/ (CAR) (o +th)" = (C(t)oA)" o
r Jo t ’

which is a contradiction and hence vy > 0 a.e.in 2. The rest of the proof can be done by following the
same arguments as in the proof of Proposition 4.4, using 4, (1) > ,, (((¢th)) along with vy > 0 and

(4.18). O
Proof of Theorem 1.2. Choosing A\, € (0,min{Aq, As, A3}), the assertions of the theorem follow now
from Propositions 4.4 and 4.6. O

5. A SECOND KIRCHHOFF DOUBLE PHASE PROBLEM

Inspired by (1.6) studied in [17], in this section we deal with a Kirchhoff problem of double phase
type with p and ¢ elliptic terms separated. Namely, we consider
—m ([|[Vul) Apu —m ([[Vul| ) div (a(2)|Vu|T?Vu) = Au™" +u"! in €,
u >0 in Q, (Py)
u=~0 on 0,

satisfying the same structural assumption of (P)). Problem (ﬁ,\) has still a variational setting, where
the corresponding energy functional J): VVO1 H (©2) — R associated to problem (P,) is given by

~ 1 1 A _ 1
Ta(w) = M (IVull) + =M (1Vulg,) = 72— [l do =1 [ julras

bo [ IVul2?  [|[Vu| 2, A 1 .
= apdn(Vu) + 2 | ”p + | ”q’ - / |u|1_"’ dz — 7/ |u|" da.
0 p q 1-7vJg rJa

Of course the critical points of Jy coincides with the weak solutions of (ﬁ,\), verifying the following
complete definition.

Definition 5.1. A functionu € Wol’H(Q) is said to be a weak solution of problem (Py) ifu™"p € L*(),
u>0 a.e.inQ and

m (|VulB) /Q [VulP">Vu - Veodz +m (|Vul|?,) /Qa(ac)|Vu|q_2Vu -Vedz

:A/u‘”apdx—i—/u’“_lapdx
Q Q

is satisfied for all o € Wy (Q).
Then, arguing similarly to Theorem 1.2, we are able to provide the following result.

Theorem 5.2. Let hypotheses (H) be satisfied. Then there ewists X > 0 such that for all X € (OJ]
problem (Py) has at least two weak solutions wy, zx € Wy ™' (Q) such that Jy(wy) < 0 < Jx(zy).
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The proof of Theorem 5.2 works exactly as the one for Theorem 1.2, up to slight changes of constants.
For this, we omit the detailed proof and we just introduce the fibering function ,,: [0,00) — R defined
for u € W3 t(Q) \ {0} by

Yu(t) = Jx(tu) for all ¢t > 0,
that is

~ bo (tP0||Vul|p? 99| Vul|2C, 1= 4
Pu(t) = agpn (tVu) + — [Vl + Vel -2 /\u|1_7dx——/ lu|" dz.
9 1 — 7 Jo T Q

p q

In this case, we still have ¢, € C*°((0,00)) satistying for ¢t > 0
UL(8) = ao (P Vullp + 7 [Vull? ) + bo (#7071 Vull? + 907 |Vl 2F,)

—/\tfv/ |u\177dx—t“1/ |u|” da
Q Q

Vi (t) = ao [(p = D72 Vullp + (¢ — D72 Vul? ]
+bo [(p0 — D72 Va5 + (g0 — 1)t~ ||Vl ]

+ Ayt / lu|' ™7 dz — (r — 1)tr_2/ |u|" da.
Q Q
From this, we can still set the Nehari manifold Ay and the related submanifolds as done in Section 3.

Then, we construct the two solutions wy and z) of (ﬁ,\) as minimizers of

éX: inf Jy(u), é:{': inf J)(u)
ueEN, ueN;

while

completing the proof of Theorem 5.2.
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