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ABSTRACT. In this paper, we investigate the inverse problem of identification of a discontinuous
parameter and a discontinuous boundary datum to an elliptic inclusion problem involving a double
phase differential operator, a multivalued convection term (a multivalued reaction term depending
on the gradient), a multivalued boundary condition and an obstacle constraint. First, we apply a
surjectivity theorem for multivalued mappings which is formulated by the sum of a maximal monotone
multivalued operator and a multivalued pseudomonotone mapping to examine the existence of a
nontrivial solution to the double phase obstacle problem, which exactly relies on the first eigenvalue
of the Steklov eigenvalue problem for the p-Laplacian. Then, a nonlinear inverse problem driven by
the double phase obstacle equation is considered. Finally, by introducing the parameter-to-solution-
map, we establish a continuous result of Kuratowski type and prove the solvability of the inverse
problem.

1. INTRODUCTION

The aim of this paper is to study an inverse problem to an elliptic differential inclusion problem
involving a double phase differential operator, a multivalued convection term (dependence on the
gradient of the solution), a multivalued boundary condition and an obstacle constraint. To this end,
let Q be a bounded domain in RY (N > 2) with Lipschitz boundary T' := 9Q such that I is divided
into three mutually disjoint parts I'y, I's, and I's with I'; having positive Lebesgue measure. We study
the problem

—div (a(z)|VulP?Vu + p(2)|Vu|!>Vu) + g(z,u) + p()|u|!*u € f(z,u,Vu) inQ,

u=0 on I'q,
ou
(r“)iya = h(fl)) on Fg, (11)
u e U(x,u) onT
a]/a ) 3
u(z) < ®(x) in Q,
where 1 <p < N, p<gq, pu: Q — [0,00) is a bounded function,
0
87u = (a(z)|VuP?Vu + p(z)|Vul!>Vu) - v,

with v being the outward unit normal vector on I', f: @ x R xRN — 2R and U: I's x R — 2% are two
given multivalued functions, ®: Q — R is an obstacle function and a: Q@ — (0,400), h: T's — R are
two possibly discontinuous parameters.

The main contribution of the paper is twofold. The first intention of the paper is to establish the
nonemptiness, boundedness and closedness of the solution set to problem (1.1) (in the weak sense), in
which our main methods are based on a surjectivity theorem for multivalued mappings which is for-
mulated by the sum of a maximal monotone multivalued operator and a multivalued pseudomonotone
mapping, the theory of nonsmooth analysis and the properties of the Steklov eigenvalue problem for
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the p-Laplacian. The second contribution of the paper is to develop a general framework for studying
the inverse problem under consideration and to establish the solvability for such inverse problems. To
the best of our knowledge, this is the first work studying the identification of discontinuous parame-
ters for such general nonlinear elliptic equations. The problem under consideration combines several
interesting phenomena such as double phase operators, multivalued right-hand sides, mixed boundary
conditions and obstacle constraints.

First we point out that, motivated by several applications, the inverse problem of parameter iden-
tification in partial differential equations is an important field in mathematics and even though such
problems in form of equations and inequalities have been studied a lot, there are still several open
problems to be solved. Our work is motivated by the paper of Migdrski-Khan-Zeng [39] who studied
the inverse problem of mixed quasi-variational inequalities of the form

(T(a,u),v—u) +p) —eu) > (m,v—u) forall ve K(u),

where K: C — 2¢ is a set-valued map, T: B x V — V* is a nonlinear map, ¢: V — RU {+o0} is a
functional and m € V*, while V is a real reflexive Banach space, B is another Banach space and C'is a
nonempty, closed, convex subset of V. Their abstract result applies to p-Laplacian inequalities, see also
[38] for hemivariational inequalities. We also mention the works of Clason-Khan-Sama-Tammer [10]
for noncoercive variational problems, Gwinner [27] for variational inequalities of second kind, Gwinner-
Jadamba-Khan-Sama [28] for an optimization setting and Migérski-Ochal [10] for nonlinear parabolic
problems, see also the references therein. In addition we refer to the recent work of Papageorgiou-Vetro
[45] about existence and relaxation theorems for different types of problems which can be applied to
variational inequalities and control systems.

A second interesting phenomenon is the occurrence of the weighted double phase operator, namely,

div (a(2)|Vul[P2Vu + p(z)|Vu|?2Vu)  for u e WHH(Q). (1.2)

For a = 1, this operator corresponds to the energy functional given by
/ (IVulP + p(z)|Vul?) dz. (1.3)
Q

Functionals of the form (1.3) have been initially introduced by Zhikov [56] in 1986 in order to describe
models for strongly anisotropic materials and it also turned out its relevance in the study of duality
theory as well as in the context of the Lavrentiev phenomenon, see Zhikov [57]. Observe that the
energy density in (1.3) changes its ellipticity and growth properties according to the point in the
domain. In general, double phase differential operators and corresponding energy functionals interpret
various comprehensive natural phenomena, and model several problems in Mechanics, Physics and
Engineering Sciences. For example, in the elasticity theory, the modulating coefficient pu(-) dictates
the geometry of composites made of two different materials with distinct power hardening exponents
p and ¢, see Zhikov [58]. Functionals given in (1.3) have been intensively studied in the last years
concerning regularity of local minimizers. We mention the famous works of Baroni-Colombo-Mingione
[2, 3], Byun-Oh [7], Colombo-Mingione [12, 13], Marcellini [36, 37] and Ragusa-Tachikawa [19].

A third interesting phenomenon is not only the multivalued right-hand side which is motivated by
several physical applications (see, for example, Panagiotopoulos [12, 43], Carl-Le [3] and the refer-
ences therein) but also its dependence on the gradient of the solutions often called convection term.
The main difficulty in the study of gradient dependent right-hand sides is their nonvariational char-
acter, that is, the standard variational tools to corresponding energy functionals are not applica-
ble. In the past years several interesting works has been published with convection terms, we refer

to the papers of El Manouni-Marino-Winkert [16], Faraci-Motreanu-Puglisi [17], Faraci-Puglisi [18],
Figueiredo-Madeira [20], Gasifiski-Papageorgiou [23], Liu-Motreanu-Zeng [32], Liu-Papageorgiou [33],
Marano-Winkert [35], Papageorgiou-Radulescu-Repovs [44] and Zeng-Papageorgiou [55].

Finally, we mention some existence results on the recent topic of double phase operators published
within the last years. We refer to Bahrouni-Radulescu-Winkert [1], Benslimane-Aberqi-Bennouna
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[1], Biagi-Esposito-Vecchi [5], Colasuonno-Squassina [11], Fiscella [21], Farkas-Winkert [19], Gasinski-
Papageorgiou [22], Gasiriski-Winkert [24, 25, 26], Liu-Dai [31], Liu-Winkert [34], Papageorgiou-Vetro-
Vetro [16], Perera-Squassina [18], Stegliniski [51] and Zeng-Bai-Gasiniski-Winkert [52, 53, 54].

The paper is organized as follows. Section 2 recalls preliminary material including Musielak-Orlicz
Lebesgue and Musielak-Orlicz Sobolev spaces, the p-Laplacian eigenvalue problem with Steklov bound-
ary condition, pseudomonotone operators and a surjectivity theorem for multivalued mappings. Under
very general assumptions on the data, Section 3 proves the nonemptiness and compactness of the so-
lution set to problem (1.1). In Section 4, we present a new existence result to the inverse problem of

(1.1).

2. PRELIMINARIES

The section is devoted to recall some basic definitions and preliminaries which will be used in the
next sections to derive the main results of the paper. To this end, let Q@ C RY be a bounded domain
with Lipschitz boundary I' := 92 such that I" is decomposed into three mutually disjoint parts I'y, I's
and I's with I'; having positive Lebesgue measure. In what follows, we denote by M (£2) the space of all
measurable functions u:  — R. As usual, we identify two functions which differ on a Lebesgue-null
set. Let r € [1,00) and D be a nonempty subset of 2. We denote the usual Lebesgue spaces by
L"(D) := L"(D;R) and L"(D;R") equipped with the standard r-norm || - ||, p and L"(T') stands for
the boundary Lebesgue spaces with norm || - ||, r.

Let L"(D)4 = {u € L"(D) : u(x) > 0 for a.a.z € Q} . By Wh"(Q) we define the corresponding
Sobolev space endowed with the norm || - ||1,,q given by

lull1,r0 = lullro + [Vu|ro foralue whr(Q).

For any fixed s > 1, the conjugate of s is defined by s’ > 1 such that % + % = 1. Moreover, we use

the symbols s* and s, to represent the critical exponents to s in the domain and on the boundary,
respectively, given by

Ns . (N—-1)s .
f N == if N
s¥ =4 N=s 1 §< 4 and s, =4 N7 1 s (2.1)
400 if s > N, +00 if s > N.
Let us comment on the r-Laplacian eigenvalue problem with Steklov boundary condition given by
—Ayu=—|u|""%u in €,
- - (2.2)
lu|" " u - v = Mu|" " u onT,
for 1 < 7 < oco. From Lé [30] we know that (2.2) has a smallest eigenvalue A7, > 0 which is isolated
and simple. Besides, we know that )\fr > 0 can be characterized by
Vul|” o + |lull;
Mo~ [Vull7 o ! [ull7.0 (2.3)
T uewtr()\{0} ||“||r,r
The following assumptions are supposed in the entire paper:
1<p<N, p<qg<p® and 0<pu(-)eL>Q). (2.4)

Now we define the nonlinear function H: Q x [0,00) — [0, 00) given by
H(z,t) =tP + p(x)t? for all (z,t) € Q x [0,00).
Then, the Musielak-Orlicz Lebesgue space L*(Q) driven by the function # is given by
LH(Q) = {u € M(R) : pru(u) < +o0}

equipped with the Luxemburg norm

||| = inf {T >0: py (E) < 1}.
T
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Here, the modular function is given by

Wi [ e fude = [ (P + po)lul?) do

We know that L*(€) is uniformly convex and so a reflexive Banach space. Moreover, we introduce
the seminormed space L{, ()

L1(Q) = {u e M(Q) : /Qu(:z:)|u\qd:17 < +oo}

endowed with the seminorm

o= ([l ac)”

The Musielak-Orlicz Sobolev space W (Q) is given by

[ u

WiH(Q) = {u e L*(Q) : |Vu| € L”(Q)}
equipped with the norm
lullrze = [[Valla + [,

where | Vull3 = || |[Vu|||%. As before, it is known that W17 (Q) is a reflexive Banach space.
Next, we introduce a closed subspace V of W (Q) given by

Vi={ue WHH(Q) : w=0on Iy}

endowed with the norm |Ju|ly = |Jul|l1,% for all w € V. Of course, V is also a reflexive Banach space.
In the following we denote the norm of the dual space V* of V by || -

Let us recall some embedding results for the spaces L*(2) and W1#(Q), see Gasifiski-Winkert [20]
or Crespo-Blanco-Gasinski-Harjulehto-Winkert [14].

Proposition 2.1. Let (2.4) be satisfied and denote by p*, p. the critical exponents to p as given in
(2.1) for s =

(i) L™(Q

i) WhH(Q
1,H

— L”( ) and WHH(Q) — WLT(Q) are continuous for all v € [1,p|;

i) ) — L"(Q) is continuous for all v € [1,p*] and compact for all v € [1,p*);
(i) WHH(Q) < L™(T') is continuous for all r € [1,p.] and compact for all r € [1,p.);
(iv) L*(Q) = LL(Q) is continuous;

) L ()

(v) LUQ) — LH Q) is continuous.

)
(i (2
i (2
)

We point out that if we replace the space W17 (2) by V in Proposition 2.1, then the embeddings
(ii) and (iii) remain valid.
The following proposition is due to Liu-Dai [31, Proposition 2.1].

Proposition 2.2. Let (2.4) be satisfied and let y € L*()). Then the following hold:
(i) if y #0, then [[yllse = X if and only if pr (%) = 1;
(ii) ||yl <1 (resp. > 1 and =1) if and only if px(y) <1 (resp. > 1 and =1);
(i) of [lyllwe <1, then |lyll5, < pr(y) < Iyl
(iv) if [[yllae > 1, then [lyll5, < pr(y) < lyll5;
(V) lyll% — 0 if and only if pn(y) — 0;
(vi) ||lyllxg — +oo if and only if py(y) — +oo.

We suppose that
a € L*(Q) such that Helg a(z) > 0. (2.5)
T
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Next, we introduce the nonlinear operator F': V — V* given by

(F(u),v) ::/ (a(2)|VulP~2Vu + p(z)|Vu|? 2 Vu) - Voda
Q (2.6)

ulP2u )9 20) v dz

+ [ (P @) v,

for u,v € V with (,-) being the duality pairing between V and its dual space V*. The following
proposition states the main properties of F': V' — V*. We refer to Liu-Dai [31, Proposition 3.1] or
Crespo-Blanco-Gasiriski-Harjulehto-Winkert [14, Proposition 3.4] for its proof.

Proposition 2.3. Let the hypotheses (2.4) and (2.5) be satisfied. Then, the operator F defined by
(2.6) is bounded, continuous, monotone (hence mazimal monotone) and of type (S.), that is,
Up — u in'V  and limsup(Fu,,u, —u) <0,
n—oo

mply up, — u in V.

We now recall some notions and results concerning nonsmooth analysis and multivalued analysis.
Throughout the paper the symbols 7 —— ” and ”—” stand for the weak and the strong convergence, re-
spectively, in various spaces. Moreover, let us recall the notions of pseudomonotonicity and generalized
pseudomonotonicity in the sense of Brézis for multivalued operators (see, e.g., Migérski-Ochal-Sofonea
[41, Definition 3.57]) which will be useful in the sequel.

Definition 2.4. Let X be a reflexive real Banach space. The operator A: X — 2X7 is called

(a) pseudomonotone (in the sense of Brézis) if the following conditions hold:

(i) the set A(u) is nonempty, bounded, closed and convez for all u € X ;

(ii) A is upper semicontinuous from each finite-dimensional subspace of X to the weak topology

on X*;
iii) of {un} C X with u,, — w in X and u), € A(u,) are such tha
X with v in X and u’, € A h that
lim sup(u),, un, — w)x+xx <0,
n—oo

then to each element v € X, there exists u*(v) € A(u) with
(u*(v),u — V) xrxx < Uminf(u), w, —v)x*xx-
n—oo
(b) generalized pseudomonotone (in the sense of Brézis) if the following holds: Let {u,} C X and
{ur}y € X* with v’ € A(uy). Ifun, — win X and ul, — u* in X* and

lim sup(uy,, up — u) x+xx <0,
n—oo

then the element u* lies in A(u) and
<Ufw un>X* xX <U*7 u>X* xX

It is not difficult to see that every pseudomonotone operator is generalized pseudomonotone, see,
e.g., Carl-Le-Motreanu [9, Proposition 2.122]. Also, under an additional assumption of boundedness,
we obtain the converse statement, see, e.g., Carl-Le-Motreanu [9, Proposition 2.123].

Proposition 2.5. Let X be a reflexive real Banach space and assume that A: X — 25 satisfies the
following conditions:
(i) for each u € X we have that A(u) is a nonempty, closed and convex subset of X*.
(i) A: X — 2% is bounded.
(iii) A is generalized pseudomonotone, i.e., if u, - win X and uy, =5 w* i X* with
ul € A(uy,) and

lim sup (w5, — ) x-xx < 0,
n—oo
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then u* € A(u) and
<u:wun>X*><X - <U*>U>X*><X .
Then the operator A: X — 2% is pseudomonotone.

Let us now recall the definition of Kuratowski limits, see, for example, Papageorgiou-Winkert [17,
Definition 6.7.4].

Definition 2.6. Let (X, 7) be a Hausdorff topological space and let {A,}nen C 2% be a sequence of
sets. We define the T-Kuratowski lower limit of the sets A,, by

7-liminf A, ::{xeX cx=7- lim xz,, x, € A, for all nzl},

n— oo n—oo

and the T-Kuratowski upper limit of the sets A,

7-limsup A, ::{xeX cx=7-lim x,,, Tn, EAnk,n1<n2<...<nk<...}.
n—oo k—o0

If

A =r7-liminf A, = 7-limsup 4,,
n—oo n— oo

then A is called T-Kuratowski limit of the sets A,,.

Finally, we recall the following surjectivity theorem for multivalued mappings which is formulated
by the sum of a maximal monotone multivalued operator and a bounded multivalued pseudomonotone
mapping, see Le [29, Theorem 2.2].

Theorem 2.7. Let X be a real reflexive Banach space, let G: D(G) € X — 2X" be a mazimal
monotone operator, let F: D(F) = X — 2X" be a bounded multivalued pseudomonotone operator, let
L e X* and let BR(0) :={u € X : ||u]lx < R}. Assume that there exist up € X and R > |lup|x such
that D(G) N Br(0) # 0 and

(€+n—Lu—uo)x-xx >0 (2.7)
for allw € D(G) with ||ul|x = R, for all § € G(u) and for all n € F(u). Then the inclusion
F(u) +G(u)> L
has a solution in D(G).
Obviously, if

(€+m,u—ug)xxx

1m
llael| x —+00 llul| x
ueD(G)

= +00, (2.8)

is satisfied, then the estimate in (2.7) holds automatically for some R large enough.

3. DOUBLE PHASE ELLIPTIC OBSTACLE INCLUSION PROBLEM

In this section, we are interested in the study of the existence of a solution to the double phase
elliptic obstacle inclusion problem (1.1) and in deriving some relevant properties of the solution set to
problem (1.1). More precisely, we are going to apply a surjectivity theorem for multivalued mappings,
which is formulated by the sum of a maximal monotone multivalued operator and a multivalued
pseudomonotone operator, to examine the solvability of problem (1.1).

First, we formulate the hypotheses on the data of problem (1.1).

H(f): The multivalued convection mapping f: Q x R x RY — 2% has nonempty, bounded, closed
and convex values and
(i) the multivalued mapping = + f(x, s, &) is measurable in Q for all (s,£) € R x RY;
(ii) the multivalued mapping (s,&) — f(z, s, &) is upper semicontinuous for a.a.z € ;
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(iii) there exist ay € L71(Q) and af,bs > 0 such that

p(r—1

) _
Il < arlg] ™ +bslsl" + ap(x),

for all n € f(x,s,£), for all s € R, for all £ € RY and for a.a.z € €, where 1 < r < p*
with the critical exponent p* in the domain Q given in (2.1) for s = p;
(iv) there exist B € L'(Q); and constants cy, dy > 0 such that

ns < cpl€l” + dyls” + By (),

for all n € f(x,s,¢), for all s € R, for all ¢ € RN and for a.a.x € Q.
H(g): The function ¢g: Q x R — R is such that
(i) for all s € R, the function = — g(x, s) is measurable;
(ii) for a.a.z € Q, the function s — g(z, s) is continuous;
(iii) there exist a;, > 0 and b, € L' (£2) such that
9(x,8)s = agls|* — by(x),
for all s € R and for a.a.z € ), where p < ¢ < p*;
(iv) for any u,v € LP" (£2), the function = — g(z,u(x))v(x) belongs to L' ().
H(®): The function ®: Q — [0, 00) is measurable, that is, ® € M (Q).
H(U): U: T3 x R — 2% satisfies the following conditions:
(i) U(z,s) is a nonempty, bounded, closed and convex set in R for a.a.z € I's and for all
seR;
(ii) = — U(z,s) is measurable on I's for all s € R;
(iii) s — U(x,s) is u.s.c;
(iv) there exist ay € LY (I's)4 and ay > 0 such that
U, )| < o) + aglsl~?

for a.a.z € T's and for all s € R, where 1 < § < p, with the critical exponent p, on the
boundary I' given in (2.1);
(v) there exist By € L'(I'3)+ and by > 0 such that

&s <by|s|? + Bu(x)
for all &€ € U(x, s), for all s € R and for a.a.z € T's.
H(0): a € L>®(Q) is such that inf,cqa(z) > cy >0 and h e L' (Ty).
H(1): The inequality holds
en—cr—bu (A5,) 7 >0,

where )\fyp is the first eigenvalue of the p-Laplacian with Steklov boundary condition, see (2.2)
and (2.3).

Remark 3.1. It should be mentioned that if hypotheses H(f)(iv) and H(U)(v) are replaced by the
following conditions

H(f)(iv): there exist 35 € L*(Q)+ and constants c¢, df > 0 such that
ns < cpl€]® +dyls|” + B ()

for alln € f(x,s,€), for all s € R, for all ¢ € RN and for a.a.x € Q, where 1 < o1 < p;
H(U)(v): there exist By € L'(T's)+ and by > 0 such that

&s < byls|?? + Bu(x)

for all £ € Uz, s), for all s € R and for a. a.x € I's, where 1 < g3 < p,
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then hypothesis H(1) can be removed. Indeed, it follows from Young’s inequality with € > 0 that
ns < cpl€]? 4 dyls[” + Br(y) < elélP + eale) + dyls|” + Br(y)
§s < byls|® + fu(x) < els|” + ca(e) + Pu(z)
for all n € f(y,s,€), for all & € U(w,s), for all s € R, for all £ € RN, for a.a.y € Q and for

a.a.x € I's with some c1(g),ca(e) > 0. If we choose € € (O, H(/\Cf[\)fl)’ then the inequality in H(1)
1,p

holds automatically.
Let K be a subset of V' given by
K:={veV  :v<din Q}. (3.1)

Under H(®) we see that the set K is a nonempty, closed and convex subset of V. In fact, from H(®)
(that is, ®(z) > 0 for a.a.z € ), we know that 0 € K, i.e., K # (). Furthermore, it is clear that K
is convex. For the closedness, let {u, }neny € K be a sequence such that w, — u in V for some u € V.
The continuity of V' into LP(2) implies that w,, — u in LP(Q2). Passing to a subsequence if necessary,
we may suppose that u,(z) — u(x) for a.a.x € Q. Therefore,

®(z) > lim u,(z) =u(z) fora.a.x €.
n— oo

Hence, u € K and so K is closed.
Next, we state the definition of a weak solution to problem (1.1).

Definition 3.2. A function v € K is said to be a weak solution of problem (1.1), if there exist
functions n € L™ (Q) and ¢ € L% (Ts) with n(z) € f(z,u(x), Vu(z)) for a. a.x € Q, £(z) € Uz, u(z))
for a.a.x € T's and the equality

/Q (a(z)|VulP*Vu + p(z)|Vu|?*Vu) - V(v — u) dz
+ /Qg(x, u)(v —u)dz + /Q () w7 2u(v — u) dz
> /Qn(x)(v —u)dx + /1“2 h(z)(v —u)dl + . &(x)(v—u)dl

is satisfied for allv € K, where the set K is defined by (3.1).

The following theorem which is the main result in this section shows that for each pair (a,h) €
L>°(€) 4 x LP'(T'y) satisfying H(0), the solution set to problem (1.1), denoted by S(a, h), is nonempty,
bounded, and weakly closed.

Theorem 3.3. Let the hypotheses (2.4), H(f), H(g), H(®), H(U), H(0) and H(1) be satisfied. Then,
the solution set of problem (1.1) is nonempty, bounded and weakly closed (hence, weakly compact).

Proof. We divide the proof into three parts.

I Existence:

First, we consider the following nonlinear functions F: V. — V*, G: V C L(Q) — L (Q) and
L: LP(Q) — L¥' () defined by

(Fu,v) := / (a(2)|VulP~*Vu + p(z)|Vu|!*Vu) - Vo da
Q
+ / (JulP~u + p(z)|u]?*u) v da,
Q
(Gu, w) 1o (@) L5 () = /Qg(z,u)wdz

<LyaZ>LP’(Q)><LP(Q) 1:/Q|y|p72y2d$
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for all u,v € V, for all w € L°(Q) and for all y, z € LP(Q).

Let u € V be fixed. By the Yankov-von Neumann-Aumann selection theorem (see e.g. Papageor-
giou-Winkert [17, Theorem 2.7.25]) and assumptions H(f)(i) and (ii), we know that the multivalued
function = — f(z,u(x), Vu(z)) admits a measurable selection. Let 77: 2 — R be a measurable selection
of x — f(x,u(x), Vu(z)), that is, n(z) € f(x,u(x), Vu(z)) for a.a.x € Q. From H(f)(iii) and the
inequality

(Jre] + |72)® <257 (Jry|* 4 |ro|®)  for all ry, 7o € R with s > 1,

it follows that there exist constants M7, My > 0 satisfying

[ as < [ (ar9uf? +bdul ™ +ay)” ao
< Ml/Q (\Vu|p + Jul” + af(x)rl> dz
= M (IVullh o + lulliq + llagll o)
< M3 (Jlully, + ully + gl )

where we have used the fact that the embeddings of V into W7 (2) and of V into L" () are continuous.
Hence, n € L" (©). This permits us to consider the Nemytskij operator Ny: V C L"(2) — 2L ()
associated to the multivalued mapping f defined by

Ny(u) == {77 € LT/(Q) : n(z) € f(z,u(x), Vu(x)) for a.a.z € Q}

(3.2)

for all u € V. Similarly, because of hypotheses H(U)(i), (ii) and (iii), for each u € L%(T'3) fixed, we are
able to find a measurable function £: T's — R satisfying £(z) € U(x, u(z)) for a.a.z € T's and

€155, = [ le@)” ar
S/ (OCU(LE) +aU|u\5*1)6, dr
I's
<M. 5 4 ulf) dr
< 3/r3 (OéU(w) + |ul )

8’ [
= M (llow ., + lullir, )

for some Mz > 0. Therefore, in what follows, we denote by Ny : L°(T'3) — ZLE/(FS*) the Nemytskij
operator corresponding to the multivalued mapping U defined by

Ny(u) == {n € L‘S/(I‘g) s n(x) € U(z,u(x)) for a.a.x € Fg}

for all u € LO(T'3).

Let t: V= L™(Q),w: V= L°(Q) and 8: V — LP() be the embedding operators of V to L"(2), V
to L*(Q) and V to LP(Q), respectively, with its adjoint operators t*: L™ () — V*, w*: Ls' (Q) — V*
and 8*: Lp,(Q) — V*, respectively. Also, we denote by v: V' — L(I's) the trace operator of V into
L(T3) with its adjoint operator 4*: L9 (I's) — V*. Consider the indicator function of the set K
formulated as

IK(U) =

0 ifueK,
+oo fuég K.

Under the definitions above, we could use a standard procedure for variation calculus to obtain that
u € K is a weak solution of problem (1.1) if and only if it solves the following nonlinear inclusion
problem:

Fu+w*Gu— B"Lu — *Ny(u) —v*Ny(u) + OIx(u) >h in V¥,
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where 9.1k is the convex subdifferential operator of Ix.
Observe that the functions F, G and L are bounded. The latter combined with (3.2), (3.3) and
hypotheses H(f) and H(U) implies that for each u € V the set

H(u) = Fu+w*Gu — "Lu — "Ny (u) — v* Ny (u)

is nonempty, bounded, closed and convex. We show that H is a pseudomonotone operator. Let
{tun}nen CV, {C}nen C V* be sequences and let (u,() € V x V* be such that

(o € H(u,) foreachneN, ¢, — ¢ and limsup(C,,u, —u) <O0. (3.4)

n—oo
Then, for every n € N, there are n,, € Ny(u,) and &, € Ny(u,) such that
Cn = Fup +w*Guy, — 8% Luy,, — 'y — y*E,  for all n € N.
Taking (3.2) and (3.3) into account, we can see that the sequences {7, }nen C L™ () and {&, }nen C

LY (T'3) are both bounded. Without any loss of generality, we may assume that there exist functions
(n,€) € L™ () x LY (I's) such that

N —> 1 in LT/(Q) and &, - ¢ in Lé,(Fg).

Recall that V is embedded compactly into L<(£2), L" () and LP(Q2), respectively, and v: V — L°(T'3)
is compact. Using this we have

nler;@(w*Gun, Up —u) = nlLrg@(Gun,w(un —u)) < @)x (@) = 0;
nli_>rI;O<6*Lu”’ Uy — u) = nh_{go<Lum Bluy — u)>LP’(Q)><LP(Q) =0, (3.5)
. * . 3.5
Jim (2, wn — w) = Hm (g, (un = w)) ) @) = 05
lim (y*&n, up —u) = lim (&, v(un — u)>L5/(F3)><L5(F3) =0.
4

0 > lim sup(Gy, un — u)

n—oo
> lim sup(Fty, uy, — u) + lim inf(w* Guy,, uy, — u) — lim sup(8* Luy,, u — uy,)
n—o0o n—00 n—o00

+ liminf (" np,, w — uy,) + Uminf(y*€,, u — uy)

> lim sup(Fuy,, u, — u).
n— oo

From Proposition 2.3 we know that F' is of type (S ). Therefore,
Uy, —>u in V.
Passing to a subsequence if necessary, we may assume that

up(x) = u(z) and Vuy(z) - Vu(z) fora.a.x € Q. (3.6)
Applying Mazur’s Theorem there exists a sequence {x, }nen of convex combinations to {7, }nen sat-
isfying

Xn —n in L7 (Q).
Therefore, we can suppose that x,(z) — n(z) for a.a.z € Q. Due to the convexity of f we see that
Xn(2) € f(x,un(x), Vup(z)) for a.a.z € .

Recall that f is u.s.c. and has nonempty, bounded, closed and convex values (see hypotheses H(f)(i)
and (ii)). So, we can use Proposition 4.1.9 of Denkowski-Migérski-Papageorgiou [15] to infer that the
graph of (s,&) — f(x,s,£) is closed for a.a.x € Q. Taking the convergence properties in (3.6) and
Xn(z) = n(x) for a.a.z € Q into account, we obtain

n(z) € f(z,u(z), Vu(z)) fora.a.xz €.
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This shows that n € N¢(u). Applying the same arguments as we did before, we conclude that & €
Ny (u). Recall that F', G and L are continuous. So we can use the the convergence (3.4) in order to
get

Cpn = Fup +w*Guy — Ly — U — 7 — Fu+w*Gu— *Lu—'n—~*¢=¢ in V"
This implies that ¢ € H(u). Hence, we have

A1 (G )

= lim (Fu, + w*Guy, — B*Luy, — "0 — 7 &ny )
n—oo
= nl;r&(Fun + w*Guy, — B* Lug, uy) — nlgn;o<nn, Lun>Lr/(Q)XLr(Q) - nlggo<§na 7un>L6’(F3)xL6(F3)

= (Fu+w*Gu— B "Lu— "n — ", u) = (¢, u).

This shows that H is a generalized pseudomonotone operator. Employing Proposition 2.5, we conclude
that H is pseudomonotone.
Next, we show the coercivity of H . To this end, we introduce a subspace W of W1?(Q) defined by

Wi={ueW"(Q) :u=00nTy}. (3.7)
Because T'; has positive measure, it is not difficult to prove that W endowed with the norm
llullw = ||Vullpo forallue W

is a reflexive and separable Banach space. Moreover, since the embedding of V' into W is continuous,
there exists a constant Cyy > 0 such that

lullw < Cvwllu|ly for allu e V.

Let w € V and ¢ € H(u) be arbitrary. Then, we can find functions n € Ny(u) and & € Ny (u) such
that ( = Fu+ w*Gu — *Lu — t*n — v*£ and

(¢ u) = (Fu,u) + (w"Gu — B*Lu, u) — <77>U>LT"(Q)><L7'(Q) — (& “>L6’(F3)xL6(F3)

> en|[Vullp o + IVullg . + lullg,. — /Q e[ Vul” + dslul’ + By (z) dz

- / b lul? + Bu (2) dF+/ aglul® — by (x) de (3.8)

I's Q
> (ea = e) [IVully o + IVullg,, + agllu

— dyllullp.o = 18slln.0 = bullully r, = 18ullirs-

co T llullg,. = lIbgllie

We set
ag

i (%) bu +dp+1)

Keeping in mind that ¢ > p, it follows from Young’s Inequality and the eigenvalue problem of the
p-Laplacian with Steklov boundary condition (see (2.2) and (2.3)) that the following inequalities hold

-1
bullull e, <o (3,) " (IVullh o+ llul? ) (3.9)
and

lull? o = / P dz < e / ulf da + e(e) = elfullS o + c(e) (3.10)
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with some ¢(¢) > 0. Using (3.9) and (3.10) in (3.8), we get
Gy = (ex—er—bu (,) ) IVull g + [Vu
= lIbgllr.2 = [1BsllL.e = 1Bullirs — cle)
> Mo (IIVull g + IVullg, + g + ulld,,) + 2l — b,
= 1B¢llv.e = 1Bullt,rs — c(e)
= Nogs () + Lllulls o = 1

a
G+ lNullS o + lully o + ullg,,

1.0
(3.11)

1o = 1Brlle — [1Bullir, — c(e)

N a
> Mo min {[lully,, [[ulli,} + g o = 1,

Lo — [1BsllLe = [1Bullirs — c(e),
where My > 0 is defined by
Mg := min {CA —Cf — bU ()\ip)_l 5 1} .

Since cp — ¢f — by ()\ip)_l > 0, we deduce that H is coercive.
It is well-known that Ik is a proper, convex and l.s.c. function. Note that (see e.g., Proposition 1.10
of Brézis [0])

Ix(u) > akl||lully for all u € V with some ax < 0.
So, we have
(kyu) > I (u) — Ix(0) > akgllully for all k € 9.1k (u) and for all u € K,

where we have used the fact that 0 € K. Combining the inequality above and (3.11) gives

<C + K- h,U,>
N a
> Mo min {[[ul[§,, [ull§} + FFllullg o = bl = [18sll.0
—Bullrs —c(e) = lak(llully = Mallhlly v, llullv

for all ¢ € H(u) and for all K € O.Ix(u) with some My > 0. Therefore, we infer that (2.8) is
satisfied with ug = 0, G = 0.1 and F = H. Thus, all conditions of Theorem 2.7 are verified. Using
this theorem, we conclude that problem (1.1) has at least one weak solution v € K. Recalling that
f(2,0,0) # {0}, u turns out to be a nontrivial weak solution of problem (1.1).

IT Boundedness:

Suppose that the solution set S(a, h) is unbounded. Then, without loss of generality, there exists a
sequence {uy, }nen C S(a, h) such that

||unlly — 400 as n — oco.

Employing the same arguments as in the proof of the first part, we get the estimate
. a
0 > Mo min ([[un [V, lfunlt) + S lunlll 0 = I0gll0 = 117

—1Bull.rs = Ms|[hllp rs lunllvy — Ms
for all n € N and for some My > 0. Letting n — oo in the inequality above, we get a contradiction.
Therefore, the solution set S(a, k) is bounded in V.
III Closedness:
Let {un}nen C S(a, h) be a sequence such that

e (3.12)

Up —> u inV
for some u € K. Then, there exist functions 1, € Ny(u,) and &, € Ny (u,) such that
(Fup +w*Guy, — 8% Lug, v — uy,)

(3.13)
>/Q17n(v—un)dx+/r2 h(z)(v —u,)dl + Faé“n(v—un)dI‘
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for all v € K. Due to the boundedness of the operators Ny and Ny we may suppose that there are
functions 7 € L™ () and & € L% (I's) satisfying
M -2 n in L () and &, % ¢ in L‘S/(I‘g).
Taking v = w in (3.13) and passing to the upper limit as n — oo in the resulting inequality, we get

lim sup (Ftiy, uy — w)
n—oo

< lim (1 + [un P~ ?uy + g(z, uy)) (uw—up) dz + lim h(z)(u — up)dl’

n—0o0 Q n— oo FZ

+ lim / &n(u—uy)dl
I's

n—oo

<0.

Applying Proposition 2.3 we obtain that u,, — w in V. Using the upper semicontinuity of f and U,
one has n € N¢(u) and & € Ny (u). Passing to the upper limit as n — oo in equality (3.13), we derive
that u € S(a, h) and so, S(a, h) is weakly closed. This completes the proof. O

4. AN INVERSE PROBLEM FOR DOUBLE PHASE ELLIPTIC OBSTACLE INCLUSION SYSTEMS

The section is concerned with the study of an inverse problem to identify a discontinuous parameter
in the domain and a discontinuous boundary datum for the double phase elliptic obstacle problem
given in (1.1).

For any g € L(Q) fixed, in what follows, we denote by TV(g) the total variation of the function g
given by

TV(g) :=  sup {/ g(z) divp(x)dx : |p(x)] <1forall z € Q} .
peC(RY) L/
By BV(Q), we denote the function space of all integrable functions with bounded variation, namely,
BV(Q) :={g € L'(Q) : TV(g) < +o0}.
It is well-known that BV(Q2) endowed with the norm
Lo+ TV(g) forall g e BV(Q)

”g”BV(Q) =g

is a Banach space.

In the sequel, let H be a nonempty, closed and convex subset of )i (T'3). Given positive constants c
and dp, we denote by A the set of all admissible parameters for the double phase differential operator
given in (1.2) defined by

A:={aeBV(Q) : 0<cp <alz) <dp fora.a.xeQ}.

Obviously, we see that the admissible set A is a closed and convex subset of both BV(Q2) and L*>°(2).

Given two regularization parameters £ > 0 and 7 > 0 and the known observed or measured datum
z € LP(S;RY), we consider the inverse problem formulated in the following regularized optimal control
framework:

Problem 4.1. Find a* € A and h* € H such that
inf C(a,h) = C(a*, h"), (4.1)

a€A and he H

where the cost functional C: A x H — R is given by
Clah)i=, min, V=2l o) + RTV(@) + 7 [l o (12)

and S(a, h) stands for the solution set of the double phase elliptic obstacle problem (1.1) with respect
to a € L®(Q) and h € L¥' (Ty).
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The main result in this section is the following existence result for the regularized optimal control
problem given in Problem 4.1.

Theorem 4.2. Assume that all conditions of Theorem 3.3 are satisfied. Then the solution set of
Problem 4.1 is nonempty and weakly compact.

Proof. The proof of this theorem is divided into four steps.
Step 1: The functional C' defined in (4.2) is well-defined.
We only need to verify that for (a,h) € A x H fixed, the optimal problem
i Vu — 2| Lo
Wi [V = 2l @)
is solvable. Suppose that {uy,}nen C S(a,h) is a minimizing sequence of the problem inf, cs(q,n) ||V —
2| L (irn), that is,
uegg’h) Vu = 2| Lo @myy = lm |[[Vun = 2[| e my)-

From Theorem 3.3 we know that {u, }nen is bounded in V. Passing to a subsequence if necessary,
we can assume that u, — u* in V for some u* € V. This fact along with the weak closedness
of S(a, h) ensures that u* € S(a,h). On the other hand, the weak lower semicontinuity of the norm
| - | Lr(;r~) implies that

ue‘islg,h) IVu = 2| Lo @myy = liminf [[Vuy, — 2[| Lo @irv)
> [Vu® = z|[ Lo (om)
> inf  ||Vu — 2| prry)-
= ueg%a’h) [Vu— 2| (SGRN)
This means that for each (a,h) € A x H there exists u* € S(a, h) such that

inf — 2| pr RNy = ¥ — 2|l Lr RN -
ueg%a’h) [Vu — 2|, (RN) [Vu 2|l (RN)

Hence, C' is well-defined.
For any (a,h) € A x H and u € S(a, h) fixed, it follows from (3.12) that

L a
0 > Mo min {{|ul[{, [lull{, } + fllUHE,g — lbglle = B¢l
—Bullirs — Msl[hllp r, llullv — M

for some Mg > 0. Therefore, we conclude that S maps bounded sets of A x H C BV(Q) x L?' (') into
bounded sets of K.

Step 2: If {(an, hn)tneny C A X H is a sequence such that {a,},en is bounded in BV(Q), a,, — a
in L'(Q) and h,, —~ hin H for some (a,h) € L'(Q) x H, then a € A and one has

0 # w-limsup S(an, h,) C S(a, h). (4.3)
n—oo
Let {(an, hn)}nen C A x H be a sequence such that a,, — a in L'(Q) and h,, — h in H for some
(a,h) € L*(Q) x H. By the properties of A (that is, A is nonempty, closed and convex in BV(£2) and
L'(Q)), one has (a,h) € A x H. Moreover, the boundedness of {a,}n,en C BV(Q) N L>®(Q) and the
map S implies that Up>1S(an, hy) is bounded in K. Also, the reflexivity of V' guarantees that the set
w-limsup,,_, o S(an, hy) is nonempty.
For any u € w—limsup,,_, . S(an, hy,), passing to a subsequence if necessary, there exists a sequence
{tun}nen C K such that

w

u, € S(ap, hyp) and uw, — u inV.
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Hence, for every n € N, we are able to find functions n,, € N¢(u,) and &, € Ny (u,) such that

/Q (an(x)\Vun|p72Vun + ()| Vun |92 Vuy,) - V(v — u,) dz
+ /Q ()| |7 U (v — uy) do + /Q g(z,un) (v —uy,) dz (4.4)

> / () (v — uy) der/ hn(2)(v —uy,)dl + En(x)(v —up)dl
Q Ts I's
for all v € K. Taking v = u in (4.4) gives

/Q (an(2)|Vun|P 2V, + p(z)|Vue|*Vau,) - V(v — u,) dz
) [t |7 2y (u — uy) do Z, Up ) (U — Up) da
+ [ a2 ) ot [ gl w)d (45)

2/an(oc)(u—un)doc—i—/r2 ho(x)(u — uy,) dT + FBfn(gc)(u—un)dl".

Hypotheses H(f)(iii) and H(U)(iv) imply that the sequences {n,}nen and {&,}nen are bounded in
L™ (Q) and L% (I's), respectively. Since the embeddings of V to LS(Q) and L7 () are compact, we
obtain

lim [ p(2)|un|? ?up (un — u)daz = 0,
n—oQ Q

lim [ g(x,un)(u—u,)de =0,
n—oQ Q

lim | 9.(z)(u—u,)dz =0, (4.6)
Q

n—roo

lim hn(z)(u — uy,)dl =0,

n—oo Fg

lim En(x)(u —uy,)dl =0,

n—roo 1—\3

where we have also used the compactness of V < LP(T'y) and V — L‘S(Fg).

From Simon [50, formula (2.2)] we have the well-known inequalities
Mg —nl* < (|12 = nl" ™) - (€ —m), ifs>2 (4.7)
2=s
Milg =nl* < (172 = Inl**n) - (€ =m) ()&" + Inl") =, if1<s<2, (4.8)

for all £, n € RY with some constants M,, M, > 0 independent of £, n € RN.
Next, we consider the following cases: 1 <p <2 and p > 2. If p > 2, then we use (4.7) in order to
get

/ an(z) (|Vun [P*Vu, — [VulP2Vu) - V(u, — u) dz > ea My ||u, — ulfy,
Q

where the function space W is given in (3.7). Consider the sets
Q,={xeQ: Vu, #0}U{z € Q: Vu # 0},
Y, ={xe€eQ: Vu=Vu, =0}.

We observe that Q =Q, UX,, and Q,, N3, = 0.

By the absolute continuity of the Lebesgue integral, one has

/ an(z) (|Vun [P *Vu, — |VulP2Vu) - V(u, —u)dz = 0.

n
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Hence, we have
/ an(z) ([Vun [P~?Vu, — |VulP2Vu) - V(u, — u)dz
Q
= / an(z) (|Vun [P 2Vu, — |VulP2Vu) - V(u, — u)dz
2%

+/ an(z) (|Vun P2 Vu, — |VulP2Vu) - V(u, — u)dz
by

= / an(z) (|Vun P2V, — |VulP~2Vu) - V(u, —u) dz.
Qp
When 1 < p < 2, we can apply (4.8) and get

/ an(z) (|Vun P2 Vu, — |VulP"2Vu) - V(u, — u)dz
Q

P »)
— / an(x) (‘Vunlp—2vun _ |Vu|p—2vu) . V( Un (|vun‘ + |Vun‘ ) — dx
(Tl + 1 Vual) 7 (19)

> M / n(2) [Vt = Vul? ([Vunl? + [Vun?) 57 da
> oM, / Vit — Val? ([Vunl? + [Vun|?) 57 de.
Due to 1 < p < 2, one has 2 5> 1. Using this and Holder’s Inequality yields

/ |V, — Vul? dx:/ IV, — Vul* % da
Q Q

P
2

N / ('V“n = Vul® (|Vun|” + IVU|”)L;2) (IVunl? + [Vul?) = da
Q

2—p

2

< (/ IV — Vul? (|Vun|? + [VulP) 5 dz) « (/ (IVun|? + [Vul?) dx)
Q Q
This means that
/ [V, — Vu| (IVunl? + |Vu, |p) dx

p

> (/ IV, — Vul” dx)p (/ (V[P + Vg |?) da:) ’
Q Q

Combining the inequality above and (4.9), we obtain

/ an(z) (|Vun [P *Vu, — |[VulP>Vu) - V(u, — u)dz
Q

2-p

> e M, (/ IV, — Vaul? da;) ’ (/ (Vun]? + [Vul?) dx) ’ (4.10)
Q Q
> Mzea M, (/ |V, — Vul? dx) ’ ,
Q

2_
where M7 > 0 is such that (||lu, |5, + Hu||§V)7TP > My owing to the boundedness of {uy}neny in V
and the continuity of embedding from V to W.

Next, we apply Holder’s Inequality to get

/Q ((an(z) — a(2))|VulP>Vu) - V(u, — u) dz
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> / an(@) — a(@) ||V~ |V (uy — )] dz
Q

- _/Q [an(@) = a(@)| "7 |V~ an(@) - a(@)|? |V (un — u)| de

-—(/ |an<x>—a<x>||w|pdx)p”l ([ lonta) = a1V 0, ~ w)ae)

v

1
13

> = 2e)? lun =l [ fonle) — ato)|[Vurrac)

Since a, — a in L*(2), without loss of generality, we may assume that a,(z) — a(z) for a.a.z € Q.
Passing to the limit as n — oo in the last estimate and using Lebesgue’s Dominated Convergence
Theorem as well as the boundedness of {u,, },en in W yields

lim ((an(z) — a(2))|VulP">Vu) - V(u, — u) dz

n—oo Jq
p—1

> lim l—QcAun — ullw </ lan (z) — a(z)||Vul? dz) B
n—oo Q

=0.

(4.11)

_

Therefore, we have

/ (an(x)|Vun\p*2Vun + u(m)\Vun|q*2Vun) -V(up —u)da
Q
= / an(z) (|Vun P2 Vu, — |[VulP">Vu) - V(u, — u) dz

Q

+ /Q ((an(z) — a(2))|VulP~>Vu) - V(u, — u)dz + /Q (a(2)|Vul[P~?Vu) - V(u, — u) dz

-l-/ (1(z)|Vun|*Vu,) - V(u, — u) da.
Q
Passing to the upper limit as n — oo in (4.5) and using (4.6), (4.10), (4.11) as well as

lim [ (a(z)|VulP?Vu+ p(2)|Vu|?*Vu) - V(u, —u)dz =0,

n—oo Q
/ (1(z) (Vun|"*Vu, — [Vu|!*Vu)) - V(u, —u)dz > 0,
Q

we obtain for p > 2

lim sup cp M, ||u, — ul|f, <0
n—0o0
and for 1 <p <2
lim sup M, ||u — |3 < 0.
n—oo

We conclude that u,, — u in W.
Moreover, the boundedness of {7, }nen and {&, bnen, as well as the reflexivity of L™ () and L9 (T'3)

permit us to find functions n € LT/(Q) and & € L5/(F3) such that, by passing to a subsequence if
necessary,

T —% n inL7(Q) and & —% ¢ in LY (T3).

Arguing as in the proof of Theorem 3.3, we obtain n € Ny(u) and { € Ny(u). Without loss of
generality, we may assume that Vu,(z) — Vu(z) for a.a.xz € Q. Applying Lebesgue’s Dominated
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Convergence Theorem, we have

lim | (an(2)|Vu,[P"?Vu, + p(2)|Vu, |7 *Vu,) - V(v — u,) dz

n—oo O

— / lim (an(2)|Vue|P"?Vu, + p(z)|Vue|**Vu,) - V(v — u,) dz
Q

n—oo
= / (a(2)|Vul[P~>Vu + p(z)|Vu|T*Vu) - V(v — u) da.
Q
Letting n — oo in equality (4.4) and using the convergence properties above we obtain

/Q (a(2)|VulP>Vu + p(z)|[Vu|?T*Vu) - V(v — u) dz

+/Qu(x)|u\q_2u(v—u)dx+/g(fyu)(“_u)dx

Q
Z/Qn(ar:)(v—u)dac—i—/r2 h(z)(v —u)dl 4+ Fag(m)(v—u)dl"

for all v € K. Therefore, we can observe that u € K is a solution of problem (1.1) corresponding to
(a,h) € A x H, that is, u € S(a, h). Hence w-limsup,,_, .o S(an, hn) C S(a, h) and so we have proved
(4.3).

Step 3: If {(an,hn)}nen C A x H is such that {a,}nen is bounded in BV(Q), a, — a in L*()
and h, — hin L¥ (') for some (a,h) € L'(Q) x H, then the inequality

C(a,h) < liminf C(ay, hy,) (4.12)
n— oo

holds.
Let {(an,hn)}tneny € A x H be such that a, — a in L'(Q) and h, — h in L¥'(I'y) for some
(a,h) € L' () x H. From Step 2 one has a € A. Let {u, }nen C K be a sequence such that

U, € S(an, h,) and Si(nf . )||Vu — 2| rry) = [Vun — 2|l r(iry) (4.13)
uweS(an hn

for each n € N.

Recalling that U,,>1S8(an, hy,) is bounded, passing to a subsequence if necessary, we have w,, =5
in V for some u* € K, that is, u* € w—limsup,,_, ., S(an, hy). Applying again Step 2, we conclude that
u* € S(a,h). Therefore, from the lower semicontinuity of the function L'(Q) > a — TV(a) € R and

the weak lower semicontinuity of W 3 u — ||Vu — 2||»(;rv) € R and LV (T') 3 h— ||h]ly 1, €R, it
follows that

liminf C(ay, hy)

n—roo

= lilrggf [||Vun — Z”LP(Q;RN) + HTV(an) + 7'||hnH:D/7F2]

> liminf ||V, — 2| 1rmryy + liminf £ TV(a,) + liminf 7| Ay, || r,
n—00 n—00 n—00

2 [IVu* = zl| o omn) + £ TV(a) + 7|2l 1,

> inf — P(Q: TV hl|p
= weSla) IV = 2l| Lo @) + £ TV (@) + 7| Ally

= C(a,h).

Hence (4.12) follows.

Step 4: The solution set of Problem 4.1 is nonempty and weakly compact.

By the definition of C, we see that C is bounded from below. Let {(an,hn)}neny C A X H be a
minimizing sequence of 4.1, namely,

C(a,h) = lim C(ap,hy)- (4.14)

inf
a€AN and he H n—o00
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This indicates that the sequences {a, }neny C A and {hynen C LP' (T'y) are bounded in BV(Q) and
5 (T'2), respectively. Passing to a subsequence if necessary we have
an —a* in L'(Q) and h, % h* in L? (Ty) (4.15)

for some (a*, h*) € A x L¥'(T'y), where we have used the closedness of A in L'(£2) and the compactness
of the embedding BV(2) to L'(Q).

Let us consider a sequence {uy, }nen C K satisfying (4.13). Employing the convergence (4.15) and
the boundedness of S, it implies that {uy, }nen is bounded in V. So, we are able to select a subsequence

of {un }nen, not relabeled, such that w, 5 w* in V for some u* € K. From Step 2 it is clear that
u* € S(a*, h*). Therefore, we have

lim inf C(ay, hy,)
n— oo
= ligr_ligf [Hvun - ZHLP(Q;JRN) +K TV(an) +7 th”p’,Fz]

> liminf ||Vu, — 2| 1r e~y + & liminf TV (a,) 4+ 7 iminf ||y || 1,

> |Vu* = 2| r@rny + £ TV (a®) + 7[R ||y r, (4.16)
> uesi(gg,h*) [Vu = 2| rirny + £ TV(a™) + 7[R 1,
_ C(a*, ")

a€A and he H
The latter combined with (4.14) implies that (a*,h*) € A x H is a solution of Problem 4.1.

Finally, we prove the weak compactness of the solution set to Problem 4.1. To this end, let
{(@n, hn)}nen be a sequence of solutions to Problem 4.1. It is obvious that {a, tnen C A is bounded
in BV(Q) and {hy, }nen is bounded in L¥'(T'y). Using the same arguments, we may assume that (4.15)
holds with some (a*, h*) € A x L? (Ty). Similarly, there exists a sequence {u, }nen such that (4.13) is
fulfilled and u,, —— wu* in V for some u* € S(a*,h*). As done before, we can prove the validity of
(4.16). This means that (a*,h*) € A x H is a solution of Problem 4.1. Therefore, the solution set of
Problem 4.1 is weakly compact. This completes the proof. O

> iof  C(a,h).

Remark 4.3. The results of this section remain valid if the functional (4.2) is replaced by the following
reqularized cost functional

Clah) = min, [IVu= I3 qam, + 5 TV(@) + 7 A2,
where 1 < wy < p and 1 < wy < p'. The latter for w1 = ws = 2 is the most popular and commonly
used the output least-squares objective functional utilized in the numerical approaches.
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