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ABSTRACT. This paper is devoted to the study of a double phase problem
with variable exponents and Dirichlet boundary condition. Based on an ab-
stract critical point theorem, we establish existence results under very general
assumptions on the nonlinear term, such as a subcritical growth and a super-
linear condition. In particular, we prove the existence of two bounded weak
solutions with opposite energy sign and we state some special cases in which
they turn out to be nonnegative.

1. INTRODUCTION

This paper deals with the following boundary value problem with a nonlinear
differential equation involving the double phase operator with variable exponents
and Dirichlet boundary condition

—div (|Vu|p(x)72Vu + u(x)|Vu|q(m)72Vu) = Af(z,u) inQ,
u=0 on 012,
where Q C RV, N > 2, is a bounded domain with Lipschitz boundary 99, p,q €

C(€2) such that
1<p(x) <N, px)<qz)<p(z) foralzeq,

(Py)

with p*(z) = J\J,V_plgz) forall z € Q, 0 < p(-) € L*>®(Q), A > 0 is a parameter and

f: Q2 xR — R is a Carathéodory function that satisfies subcritical growth and a
certain behavior at +o0o, see assumptions (H) in Section 2.

Problems of this type are widely studied in the literature because of their appli-
cation in several topics. The double phase operator, i.e.

div (\Vu\p(z)ﬂVu + u(a:)\Vu\q(I)*ZVu) , u€ Wol’fH(Q),
is related to the following two-phase integral functional

u— / (|Vu\p(”’) + u(x)|Vu|q<$)) dz, uweWytQ),
Q

where VVO1 H(Q) denotes a Musielak-Orlicz Sobolev space that will be introduced
in an appropriate way in Section 2. This functional changes ellipticity depending
on the set where the weight function p(-) is zero, shifting in two different phases of
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elliptic behavior. Zhikov [35] was the first who studied this functional for constant
exponents to describe the behavior of strongly anisotropic materials; indeed, in the
elasticity theory, u(-) contains the information on the geometry of composites made
of two different materials with power hardening exponents p(-) and ¢(-), see also
Zikhov [36]. Furthermore, the double phase operator has several applications also in
mathematical topics, as the Lavrentiev gap phenomenon and the duality theory. A
first mathematical treatment of such two-phase integrals has been done by Baroni-
Colombo-Mingione [3, 4, 5], Colombo-Mingione [12, 13] and Ragusa-Tachikawa [30],
see also the work of De Filippis-Mingione [16] for nonautonomous integrals.

Many authors have shown existence and multiplicity results for double phase
problems with constant exponents, see, for example, the papers of Biagi-Esposito-

Vecchi [6], Colasuonno-Squassina [1 1], Gasifiski-Winkert [20], Gasiiski-Papageorgiou
[19], Liu-Dai [24], Papageorgiou-Radulescu-Repovs [27], Perera-Squassina [29], Zeng-
Bai-Gasiiiski-Winkert [33] and the references therein. Whereas, in the variable

exponent case there are only few results, we refer to Aberqi-Bennouna-Benslimane-
Ragusa [1], Bahrouni-Rédulescu-Winkert [2], Cen-Kim-Kim-Zeng [9], Crespo-Blanco-
Gasiriski-Harjulehto-Winkert [14], Leonardi-Papageorgiou [23], Liu-Pucci [25], Kim-
Kim-Oh-Zeng [22], Vetro-Winkert [32] and Zeng-Radulescu-Winkert [34].

Motivated by the large interest on this differential operator in the current lite-
rature, our aim is to apply a two critical point theorem due to Bonanno-D’Agui
[8] to a more general class of problems. We observe that Theorem 2.1 of [3] gives
the existence of two nontrivial critical points, one of local minimum type and the
other of mountain pass type, without using standard techniques such as upper
and lower methods and regularity theory. Our work extends the recent papers of
Chinni-Sciammetta-Tornatore [10] if g = 1 and of Sciammetta-Tornatore-Winkert
[31] if the exponents p and ¢ are constants. Indeed, if infg 4 > 0, the double phase
operator reduces to the (p(-),q(-))-Laplacian and if 4 = 0 to the p(-)-Laplacian.
Moreover, instead of supposing the typical Ambrosetti-Rabinowitz condition on
the function f as required in [10], we only assume that the nonlinear term on the
right-hand side of (P)) is (¢g+ — 1)-superlinear at +oo (see (Hy)(iil)) and satisfies
another appropriate behavior at +0o. However, these conditions are weaker than
the Ambrosetti-Rabinowitz condition. Under these assumptions, we are going to
prove the existence of two weak solutions for problem (P,) that have opposite
energy sign and belong to L*°(2), namely they are bounded.

We also point out that the exponents p(-) and ¢(-) do not need to verify a condition
of the type

q() 1
L NADE (i R (1.1)
() N
as it was needed, for example, in Kim-Kim-Oh-Zeng [22] or in Colasuonno-Squassina
[11] and Liu-Dai [24] for the constant exponent case. Indeed, we only require as-

sumption (H) (see Section 2), since Crespo-Blanco-Gasinski-Harjulehto-Winkert in
[14, Proposition 2.19] recently proved that our function space VVO1 H(Q) can be
equipped with the equivalent norm ||V - ||y without supposing (1.1).

The paper is organized as follows. In Section 2 we recall the main properties of
the Musielak-Orlicz Sobolev spaces and the double phase operator, we present the
variational framework and we formulate our assumptions. In Section 3 we present
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our main result (Theorem 3.2) on the existence of two nontrivial bounded weak
solutions for problem (P ), we consider other hypotheses in order to get nonnegative
solutions (Corollary 3.3 and Theorem 3.4) and we also provide an example.

2. VARIATIONAL FRAMEWORK AND PRELIMINARIES

In this section we present the main preliminaries in order to study problem (Py)
and recall first the main results concerning variable exponent Lebesgue and Sobolev
spaces as well as properties of Musielak-Orlicz Sobolev space and the corresponding
double phase operator. These results can be mainly found in the books of Diening-
Harjulehto-Hésto-Ruzicka [17], Harjulehto-Hasto [21] and Musielak [26], see also the
papers of Colasuonno-Squassina [11], Crespo-Blanco-Gasiniski-Harjulehto- Winkert
[14] and Liu-Dai [24]. To this end, let & C RN, N > 2 be a bounded domain
with Lipschitz boundary 9Q. For 1 < r < oo we denote by L"(£2) the usual
Lebesgue spaces endowed with the norm || - || and for 1 < 7 < oo, WH"(Q) and
Wy (Q) indicate the Sobolev spaces endowed with the usual norms || - ||;,, and
II-ll1.r.0 = [|V+]|r, respectively. First, we introduce the Lebesgue and Sobolev spaces
with variable exponents and some properties that will be useful in the sequel. For
any r € C(), we put

ry :=maxr(x) and r_ :=minr(z),
€N €N
and we define
CL(Q)={reCc@) :r_>1}

For any r € C (Q), we define the modular by

Q
and the variable exponent Lebesgue space is given by
L"O(Q) = {u: Q — R measurable | pr(y(u) < oo},
equipped with the related Luxemburg norm
||u||r() = inf {’7‘ >0: Pr(-) (g) < 1}

We can also introduce, for any r € C(Q), the corresponding Sobolev space with
variable exponent, denoted by

WirO(Q) = {u e L"(Q) : [Vul € Lr<.>(9)},

endowed with the usual norm

lwll,rcy = lullrey + [Vl

where || Vull,.y = || [Vu| ||;(.). Furthermore, we denote by W (Q) the closure of
Cee(Q) in WH)(Q) for which we know that a Poincaré inequality holds and we
can equip the space with the equivalent norm |[[ul ,.y,0 = [|Vu|l,(). In particular,
these spaces are uniformly convex, separable and reflexive Banach spaces and we
refer to Diening-Harjulehto-Hasto-Ruzicka [17, Theorems 3.2.7, 3.4.7, 3.4.9, 8.1.6,
8.1.13 and Corollary 3.4.5]

Next, we recall some properties about the relation between the norm and the
corresponding modular that will be needed in the sequel, see Fan-Zhao[l8].
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Proposition 2.1. Let r € C(Q), u € L")(Q) and X € R. Then the following
hold:
(i) Ifu#0, then |lull,(y =X <<= pry(X)=1;
(i) |Jullpey <1 (resp.>1, =1) <= pyy(u) <1 (resp.>1, =1);
i) I fulley <1 = Jull’s, < pry () < [ull25);
W) I luley > 1 = [ull’g) < peio() < ull?,
(V) HUHT(.) — 0 < pr(.)(u) — 0,’
(vi) [Jullpy = 400 = ppy(u) = Foo.
Now, we introduce the Musielak-Orlicz space, the Musielak-Orlicz Sobolev space
and the double phase operator, recalling some main and useful properties. We
assume the following hypotheses:

(H) p,q € C(Q) such that 1 < p(z) < N and p(z) < ¢(z) < p*(z) for all
x € Q, where p*(:) = ]\va_p;-().) is the critical Sobolev exponent to p(-), and
w € L>®(Q), with u(-) > 0.
Let H: Q x [0, 00[— [0, 00[ be the nonlinear function defined by
H(z,t) = tP@ 4 p(2)t?®  for all (z,t) € Q x [0, 00],

and let py () be the corresponding modular defined by

W=LMMW®=AOWmﬂMWWUM

Then, we denote by L™ (Q) the Musielak-Orlicz space, given by

L*(Q) = {u: Q — R measurable | py(u) < +oo},

endowed with the Luxemburg norm

ulle = lnf{T >0 : py (T) < 1}

Similar to Proposition 2.1, we have a certain relationship between the modular
p#(+) and the norm || - ||, see Crespo-Blanco-Gasinski-Harjulehto-Winkert [14,
Proposition 2.13] for a detailed proof.

Proposition 2.2. Let (H) be satisfied, u € L™ (2) and X\ € R. Then the following
hold:

(

(i) ullg <1 (resp.>1,=1) <= pul(u

(i) Ifluls <1 = lully <pulu) <

<

i) Ifu#0, then July =X <<= pxn (%)
;
<1V; Ifllullg >1 = Jullzy < pulu)
)
i)
)

pu(u) < 1 (resp.> 1,=1);
lull3
lull3
v) lullsg =0 <= pyu(u) = 0;
(Vi) [ulls = o0 <= pp(u) = +oo;
(vil) flully =1 <= pulu) = 1;
(viii) If up — w in LM(Q), then py(un) — pu(u).

We denote by W17 (Q
Wl 7‘[
equipped with the norm

the Musielak-Orlicz Sobolev space defined by

)
Q) {u e L"(Q) : |Vu| € LH(Q)}7

[l = [IVulla + fJull,



DIRICHLET DOUBLE PHASE PROBLEMS WITH VARIABLE EXPONENTS 5

with ||Vu|y = || [Vul % and by W, H(Q) we indicate the completion of C§°(f2) in
WLH(Q). In [14, Proposition 2. 12] the authors prove that L7(2), W1%(Q) and
WO1 H(Q) are uniformly convex, so reflexive Banach spaces. Moreover, the following
embedding results can be found in Crespo-Blanco-Gasiriski-Harjulehto-Winkert |
Proposition 2.16].

)

Proposition 2.3. Let (H) be satz’sﬁed. Then the following embeddings hold:

(i) L*(Q) — L"OQ), W Q) — VV1 T(')(Q) are continuous for allr € C(£2)
with 1 < r(x) < p(z) for all z € Q;

(i) W (Q) < L™O(Q) is compact for all r € C(Q) with 1 < r(x) < p*(x) for
all z € Q.

Moreover, from Proposition 2.18 in [14], we have that WO1 () is compactly
embedded in L* (), so we can equip the space WO1 H(Q) with the equivalent norm
lulli30 = [[Vulls.

Now, for any r € C(Q) for which the continuous embedding Wy " (Q) — L") (Q)
hold (see Proposition 2.3), we denote by &, the best constant for which one has

ullr(y < Erllullio- (2.1)

Finally, we introduce the assumptions on the perturbation in problem (P,) and
suppose the following hypotheses:

(Hy) Let f: @ x R — R and F(x,1t) fo x,8)ds be such that the following
hold:
(i) f is a Carathéodory function, that is, z — f(z,t) is measurable for all
t € R and t — f(z,t) is continuous for almost all (a.a.) z € ;

(ii) there exist £ € C; () with £, < (p_)* and k1 > 0 such that
0] < m (14010
for a.a.z €  and for all t € R;
(i)
F(x,t)

1m
t—+oo |t|q+

uniformly for a.a.x €

(iv) there exists ¢ € C(Q) with

(- € <(€+ —p—);va&r)

and (p > 0 such that

fa, t)t — g F(x,t)
<
0 <o < lim inf [1[<(@)

uniformly for a.a.x € Q.

Remark 2.4. It should be noted that the condition on ¢ in (Hy)(iv) is well defined
since from (Hy)(ii) we have {4 < (p—)* and so it holds
N N N —p_ N N —p_

by —p)— =L, — —(p_ <l
(L4 )p, o (p-) o tpn T

:g_;’_.
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The differential operator in (P)) is the so-called double phase operator with
variable exponents given by

—div (|Vu|p(z)_2Vu + M(J;)|Vu|q(r)_2Vu) for u € W3 (Q).
It is well known that u € Wy " (Q) is called a weak solution of problem (Py) if

/ (|Vu|p($)*2Vu + u(w)|Vu|q($)*2Vu) -Vodx = )\/ f(z,u)vde, (2.2)
Q Q

for all v € W (Q). In order to establish results on the existence of two nontrivial
weak solution for (Py), we define the functionals ®, W, I : W, () > R by

@(u):/Q (W—&—ﬂ(x)W) de, \Il(u)z/QF(x,u(x))d%

p(z) q(x)
and
I(u) = ®(u) — AU (u),

where I is the so-called energy functional. We know that ® and ¥ are Gateaux
differentiable with its derivatives

(@ (), v) = /Q (IVu7® =290 + ()| T2V - Vo da,

(U (u),v) = /Qf(z,u)vdx,
(I\(u),v) = /Q (|Vu|p(m)72Vu + u(z)|Vu|q(x)72Vu) -Vodr — )\/Qf(o:,u)v dz,

for all u,v € Wol’H(Q), where (-, -) is the duality pairing between WOH{(Q) and its
dual space Wol’H (Q)*. Hence, from (2.2) it follows that u is a weak solution of (P))
if and only if u is a critical point of Iy, i.e., (I}(u),v) = 0 for all v € Wy (Q). In
the next proposition we summarize the properties of the operator ®’: VVO1 H(Q) —
Wol’H(Q)*, see [14, Theorem 3.3] which is a generalization of [24, Proposition 3.1]
in the variable exponent case.

Proposition 2.5. Let hypotheses (H) be satisfied. Then, the operator ®' is bounded,
continuous, strictly monotone and of type (Sy), that is,

if un—u i WP(Q)  and  limsup (B (uy,), un — u) <0,
n—oo

then w, — u in Wy ' (Q).

The main tool of our investigation is a two critical point theorem established
by Bonanno-D’Agui in [8, Theorem 2.1 and Remark 2.2], which is a nontrivial
consequence of a local minimum theorem due to Bonanno [7, Theorem 2.3] in com-
bination with the Ambrosetti-Rabinowitz Theorem. Here we recall the definition of
the Cerami condition that will be needed. In the following, for X being a Banach
space, we denote by X™* its topological dual space.

Definition 2.6. Given L € C'(X), we say that L satisfies the Cerami-condition,
(C)-condition for short, if every sequence {u,}nen € X such that

(C1) {L(un)}n>1 € R is bounded,

(Ca) (14 ||unllx) L (un) = 0 in X* as n — oo,
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admits a strongly convergent subsequence in X .

For the reader’s convenience, we restate Theorem 2.1 [8] taking into account
Remark 2.2 [3].

Theorem 2.7. Let X be a real Banach space and let ®,¥: X — R be two contin-
wously Gateauz differentiable functionals such that

inf & = &(0) = ¥(0) = 0.

Assume that ® is coercive and there exist r € R and @ € X, with 0 < ®(a) < r,

such that ()
sup u
u€d—1(]—o0,r]) \I/(ﬂ)
2.
. < 3@ (23)

w(a)? sup
ue®~1(]—co,r])

tisfies the (C)-condition and it is unbounded from below. Then, for each A €

and, for each \ € ]{)(7}) ’“\p(u)[, the functional Iy, = ® — AU sa-

sup
uE<I>*1(]7oo,7‘])

points ux 1, ux2 such that In(ux1) < 0 < Ix(uyz2).

1 iggg,ﬁ l, the functional Iy admits at least two nontrivial critical

3. MAIN RESULT

In this section, we present our main result on the existence of two nontrivial
solutions for the Dirichlet double phase problem with variational exponents given
in (Py). For this purpose, let

R := sup dist(z, 99).
zEeQ
Then there exists xg € (2 such that the ball with center xy and radius R > 0 belongs
to 2, that is,

B(xo7 R) - Q.
We indicate with wgr the the Lebesgue measure of B(xg, R) in R given by
N
T2
.= |B(zo,R)| = ———RY,
WR |B(xo, R)| 1“(1—1—%)

and we put
B min {RP-,R%} p_
— max {1, [ulloc} wr (2N — 1)29+F1-NT

Furthermore, for any 7,7 € R™, we define

I (i o s {wn™ n® } .

T
/ F(z,n)dz
B(mo,%)
max {nP-,n+}

B(n) =4 : (3.2)
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where ¢, = max {E?,Eﬁ*} and ¢, G, K1, ¢ are given in (2.1) and (H/)(ii), respec-
tively. From now on, we put
1,H
X=Wy™(Q) and [ -[x=1"-limo=IV "l

First, we present the following Lemma that we will use in the proof of the main
result.

Lemma 3.1. Let the assumptions (H) and (Hy) be satisfied. Then, the functional
I, satisfies the (C)-condition for all A > 0.

Proof. Let {uy}nen € Wo () be a sequence such that (C;) and (Cy) from Defi-
nition 2.6 hold. We provide the proof in three steps.
Claim 1. {u, }nen is bounded in LS (Q).
First, it is easy to show that using (Hy)(i), (ii) and (iv) we get that
flz,t)t — g F(z,t) > c1]t|" —¢o  for a.a.z € Q and for all t € R, (3.3)

with some constants c¢1,co > 0. Moreover, from (C;) we have that there exists a
constant M > 0 such that for all n € N one has |I)(u,)| < M, so

|V, [P(®) |V, |96%) )

——t ) ————— | dx — X | F(z,u,)dz
AG o)
which, multiplying by ¢4, leads to

pr(Vuy,) — )\/ g+ F(x,up)dx < cs, (3.4)
Q

for some c3 > 0 and for all n € N. Besides, from (C5), there exists {&, }neny with
€n — 07 such that

<M,

enllvllx
I (un),v)| <

Choosing v = u,,, one has

/ (IVa ) 4 () [ 9)) = X / Fa ) da
Q Q

which implies

for all n € N and for all v € X. (3.5)

< Ep,

—pu(Vuy,) + )\/Qf(x,un)un dz < e, (3.6)

for all n € N. Adding (3.4) and (3.6) we obtain

/ (f(xaun)un - q+F($,Un)) dz < ¢y
Q

for all n € N with some constant ¢4 > 0. Using this along with (3.3) we derive

/ (Cllun‘<7 - 02) dz < ¢4,
Q
which gives

||Un||2: <cs forallmeN

with some c5 > 0. Hence, {u, }nen is bounded in L5~ () and so Claim 1 is proved.
Claim 2. {uy}ney is bounded in X.
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From (Hy)(ii) and (iv), we have that
(- <Ly <(p-)"
Hence, there exists s € (0,1) such that

1 S 1-s

— =+ — (3.7)

e (=) -
and using the interpolation inequality, see Papageorgiou-Winkert [28, Proposition
2.3.17 p.116], one has

un e, < ||un||fp_)*||un||éjs for all n € N.

From Claim 1, it follows that

l[unlley < csllunllf,_)- (3.8)

for some c¢g > 0 and for all n € N. Again, from (3.5) with v = u,,, we get

pr(Vuy) — )\/Qf(gc,un)un dz < e,. (3.9)

We may assume |lu,|[x > 1 for all n € N, otherwise we are done. Then, using
Proposition 2.2(iv), (3.9), (Hy)(ii) and (3.8), we derive that

||un||§{ < pu(Vuy,) < en + )\/Qf(a?,un)un dz

< )\’{1 (Hunul + pf()(un)) +en
< or (1 cfunllfr). ) +2n
with ¢; > 0. Hence, taking the embedding X — L(®-)"(Q) into account, we have
_ sl
lunl < s (14 unllT) +en,
for all n € N and for some ¢g > 0. From (3.7) and (Hy)(iv), it follows that
(p-)" (b4 —¢-) _ Np_ (¢4 —¢-)
(p-)* — (- Np_ — NC- +(-p-
Np_ (b — )

< =P
Np_ = NC +p-(by —p-) 2~

and this shows our second claim.
Claim 3. u,, — u in X up to a subsequence.
Since {un }neny C X is bounded (Claim 2) and X is a reflexive space, there exists

a subsequence, not relabeled, that converges weakly in X and strongly in L+ (£2),
that is,

$€+ =

Up —u inX and u, —u in L (Q).
Using this to (3.5) with v = u,, — u and passing to the limit as n — oo, we obtain
(D' (up),un, —u) -0 asn — oo.
Since @' satisfies the (S, )-property, see Proposition 2.5, the proof is complete. [

Now, we state our main result.



10 E. AMOROSO, G. BONANNO, G. D’AGUI, AND P. WINKERT

Theorem 3.2. Assume that (H) and (Hy) hold. Furthermore, suppose that there
ezist two positive constants r,n satisfying
max {nP~,n?} < Ir, (3.10)
such that
(Hy) F(z,t) >0 for a.a.x € Q and for all t € [0,n];

(Hz) a(r) < B(n),
as defined in (3.1) and (3.2). Then, for each A € A, where

1 1
A:]ﬂ(n)ul

problem (Py) admits at least two nontrivial bounded weak solutions uy 1, ux2 €
Wol’H(Q) with opposite energy sign.
Proof. Our aim is to apply Theorem 2.7. Let (X, | - ||x),®, ¥ be as in Section 2
and note that they already fulfill the required assumptions needed in Theorem 2.7.
In particular, from Proposition 2.2(vi) and (H/)(iii) follows that ® is coercive and
I is unbounded from below, respectively.

Now, fix A € A, which is nonempty because of (Hs), and consider & € X defined

if x € Q\ B(zo, R),

~ 2
i(e) = JR=le—ao)  ifa e Bloo,R)\ B (w0, §),
n ifxEB(xo,g).

Clearly, & € X. We show that 0 < ®(a) < r. Indeed, using (3.10), it follows

() = /Bm,R)\B(xmé?‘) (p (i;?)p(m) : Z((::; Gg)q(z)) :

1
(z)
a+ p(z) a(z)
= 17— /B(mo,R)\B(wo,’;) <(Zf> * 1) (%> ) a

24+ max {1, [|ulloo}

<
~ p_ min{RP-, R+}

max {n’~,n*"}-2- (wR —wg)

1
= gmax{n”*,n‘”} <.

Now, we prove (2.3). From assumption (H;), we obtain

(i) :/B(mg)F(x,n)dx + /BWR)\B(%,J;)F <x,2];7(R— |x—$0|)) da

> /B(wo,&;) F(z,n)da.

Hence,

F(z,n)dx
) /B@:o,s) !
(@) — max{nP-,ne}

(3.11)
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On the other hand, fix u € X such that ®(u) < r. Then, one has
@47 > ¢4 @(u) > py(Vu) > min {[lulc, u]l¥ },
which implies that

1 1
o1 (| o0,)) € {ue X+ fullx < max{(a:m)™, (a47)7 }}.
Furthermore, we have

sup U (u
u€P~1(]—o0,7])

< s / (lul + @) dz
Q

ued—1(]—o0,r])

- sup ki (lull + pey(u)
u€<1>_1(]—00a7”])

l_ )4
< s (Jull+max {ullig, i )
u€® =1 (]—o00,r])

- 0t 0 ¢
< sw (@l +max e, et fmax {ull S el })
wEd—1(]—00,1])
5 1 1 Ly -
< K1 (cl max {(qy“)“ ,(qyr) ™+ } + ¢ max {(qy") P~ (gyr)® }) .
Then, taking (H) and (3.11) into account, we get

sup U (u)
weP—1(]—o0,r])

r

wr (@ max {(gm)7 (gen) ™ Y+ emax { (g7 (g
o { })

r

F(x,n)dx
/B(zo,’;) ! U(a)

max {nP-,ni+} T ®(a)’
namely hypothesis (2.3) is satisfied. Hence, along with Lemma 3.1, Theorem 2.7
ensures the existence of two nontrivial weak solutions uy 1, ux2 € WO1 H (Q) such

that Ix(ux1) < 0 < In(uy2). Finally, from Crespo-Blanco-Winkert [15, Theorem
3.1] it follows that ux 1, ux2 belong to L>°(€2). This finishes the proof. O

<40

Corollary 3.3. Suppose that all assumptions of Theorem 3.2 are satisfied. More-
over, assume that f(x,0) >0 and f(x,t) = f(x,0) for a.a.z € Q and for all t < 0.
Then, problem (Py) admits at least two nontrivial and nonnegative bounded weak
solutions uy 1, ux2 € WOI’H(Q) with opposite energy sign.

Proof. Since all the assumptions are satisfied, we can apply Theorem 3.2. We only
need to prove that the solutions uy 1, uy2 are nonnegative. Since uy ; is a weak
solution of (P,), from (2.2) one has (I} (ux1),v) = 0 for every v € X. Choosing
v=—uy,; = —max{—uy1,0} € Wy H(Q), see [11, Proposition 2.17(iii)], we have

/Q (|Vu,\71|p(x)*2Vu,\,1 + u(:c)\Vu,\J\q(z)*QVu,\’l) -V (—u;J) dx
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— )\/Qf(x,w\,l) (_“;,1) dz,

which leads to
—pn(Vuy ) 2 0.

But the previous inequality implies that
min { ux 115 1%} < on(Vei,) <0,

which gives [|u} ;||x = 0. Then, u) ; = 0 and uy; > 0. With the same argument
we obtain uy 2 > 0 and the proof is complete. (Il

Now we consider the special case when the nonlinear term is nonnegative.

Theorem 3.4. Assume that (H) and (Hy) hold. Furthermore, suppose that f is
nonnegative and
inf F(x,t)

limsup 252 = 400, (Hs)
t—0t tP-

Then, for each A €]0, \*[, with
1
A* =sup —,
r>0 a(r)
where a(r) is given in (3.1), problem (Py) admits at least two nontrivial and non-
negative bounded weak solutions uy 1, ux2 € W&’H(Q) with opposite energy sign.

Proof. We observe that (Hs) implies that

F(x,n)dx
lim sup B(n) = limsup § 5(z0. %)
n—0+ n—0+ max {771)’ ) 77‘”} (312)
inf F(x,n)
> dwr limsup € i
n—0t 771)7

Then, fixing A €]0, \*[, there exists r > 0 such that
1 T

1

< a(r) B 1 1 B b - ’
K1 | €1 max {(Q+T)”‘ s (gqr) ™+ } + cemax § (q47)7 , (q47) ™
Moreover, from (3.12), there is 7 > 0 small enough such that
inf F
266 (. m) 1

) UJ% T]p_ > X,
implying that a(r) < S(n). Applying Theorem 3.2 and arguing as in the proof of
Corollary 3.3, we achieve our goal. (]

Finally, we provide an example of a function that satisfies our assumptions.
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Example 3.5. Consider f: Q@ x R — R defined by

[t if [t <1,

72 log [t + 1) if [t > 1,

where a, B € C(Q) such that qy < B(z) < (p-)* for all x € Q and
By B _
p_ N

Then, f satisfies assumptions (Hy) with ((z) = B(z) for all x € Q and l(z) =

B(z) + o for all x € Q, with o > 0 small enough such that

f(xvt) =

1.

b < (p-)"
0y B
=+ =,
i N =

Moreover, we can apply Theorem 5.4 at fi(x,t) = |f(x,t)| for every (z,t) € Q2 xR,
requiring also that a(x) < p_ for all x € Q.
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