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ABSTRACT. In this paper we study a nonlinear Dirichlet problem driven by the
(p, g)-Laplacian and with a reaction that has the combined effects of a negative
concave term and of an asymmetric perturbation which is superlinear on the
positive semiaxis and resonant in the negative one. We prove a multiplicity
theorem for such problems obtaining three nontrivial solutions, all with sign
information. Furthermore, under a local symmetry condition, we prove the
existence of a whole sequence of sign-changing solutions converging to zero in

cl(@).

1. INTRODUCTION

Let © € RY be a bounded domain with a C?-boundary 9. In this paper we
study the following nonlinear Dirichlet problem

—Apu— Agu = 9(x)|ul""2u+ f(z,u) inQ, w.1)

u|aQ:O7 1< 7<qg<np, '

where A, denotes the r-Laplacian for r € (1,00) given by
Ayu=div (|Vu[""?Vu) for u € We ().

Problem (1.1) is driven by the sum of two such operators with different exponents
called the (p, ¢)-Laplacian which is a nonhomogeneous operator. For such problems
we refer to the survey paper of Marano-Mosconi [13] and the references therein. In
the right-hand side of (1.1) we have the combined effects of two distinct nonlin-
ear terms. One term is the power function s — 9¥(z)|s|""2s with 1 < 7 < ¢ and
0> —co > 9(-) € L*(£2) which is a concave contribution (so (¢ — 1)-sublinear) to
the reaction. The perturbation f: Q2 x R — R is a Carathéodory function, that is,
x — f(x,s) is measurable for all s € R and s — f(x, s) is continuous for a.a.x € Q,
which exhibits asymmetric growth as s — +o00. To be more precise, f(z,-) is (p—1)-
linear in the negative semiaxis (as s — —o0) and can be resonant with respect to
the principal eigenvalue of (—A,, W, ?(Q)). In the positive semiaxis (as s — +00),
f(z,-) is (p— 1)-superlinear but without satisfying the Ambrosetti-Rabinowitz con-
dition (AR-condition for short). Hence, problem (1.1) is partly resonant and partly
a concave-convex problem. In addition to this lack of symmetric behavior, another
feature which distinguishes our work here from earlier ones on nonlinear elliptic
equations with concave terms, is the fact that the coefficient ¥: 2 — R of the
concave term is xz-dependent and negative. In the past, problems with a nega-
tive concave term were studied by Perera [22], de Paiva-Massa [3], Papageorgiou-
R&dulescu-Repovs [17] for semilinear equations and by Papageorgiou-Winkert [19]
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for nonlinear equations driven by the (p, 2)-Laplacian. From these works only the
paper of Papageorgiou-Radulescu-Repovs [17] considers perturbations with asym-
metric behavior as s — +o0o0. In the literature, papers dealing with equations with
concave terms assume that the coeflicient is a positive constant. This is the case in
the classical concave-convex problems, see Ambrosetti-Brezis-Cerami [2] for equa-
tions driven by the Laplacian and by Garcia Azorero-Peral Alonso-Manfredi [5] for
equations driven by the p-Laplacian. The difficulty that we encounter when we
deal with equations that have negative concave terms is that the nonlinear strong
maximum principle is not applicable, see Pucci-Serrin [23].

2. PRELIMINARIES

In this section we will recall the basic facts about the function spaces, the prop-
erties of the operator and some results of Morse theory.

To this end, let 2 C RY be a bounded domain with a C?-boundary 9. For
any r € [1, 00|, we denote by L"(Q) = L"(£;R) and L"(£; RY) the usual Lebesgue
spaces with the norm |- ||,. Moreover, the Sobolev space Wy () is equipped with
the equivalent norm || - || = ||V - || for 1 < r < 0.

The Banach space

ci(Q) = {ue ct(Q) - u|aQ =0}
is an ordered Banach space with positive cone
Co() 4 ={ueCy(Q) : u(z) >0 forall z € Q}.

This cone has a nonempty interior given by
— — 0
int (C5(Q)4) = {u € Cy(Q)4 s u(x) >0 for all z € Q, a—u(x) <O0forall z e 8(2} ,
n

where n(-) stands for the outward unit normal on 9§2.
For r € (1,00), we denote by A;(r) the first eigenvalue of (—A,, Wy (). We
know that Ay (r) > 0 and

5\1(7") — . ”vu”r

pat (2.1)
wewgr@\fo} [lull
Furthermore, A;(r) is isolated, simple and the infimum in (2.1) is achieved on
the corresponding one dimensional eigenspace, see Lé [10]. The elements of this
eigenspace have fixed sign. By 4;(r) we denote the positive, L™-normalized (that
is, [|[@1(r)[l; = 1) eigenfunction related to A;(r). The nonlinear regularity theory
and the nonlinear Hopf maximum principle imply that @, (r) € int (C§(€)4).
We also use the weighted eigenvalue problem
—Apu = (@) |ulP~u in §,
u=20 on 02,

with eigenvalue A > 0 and § € L>(2)+ \ {0}. We know that if §; () < &2(2) a.e.in
Q and & # &, then A (p, &) < Ai(p,&1), see Motreanu-Motreanu-Papageorgiou
[14, Proposition 9.47(d)].

(2.2)
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Let A.: Wy (Q) — W17 (Q) = Wy"(Q)* with £ + L = 1 be the nonlinear
operator defined by

(Ar(u), h) = /Q IVu|""2Vu - Vhdz for all u,h € Wy (),

where (-,-) is the duality pairing between W, (€) and its dual space W, (2)*.
This operator is bounded, continuous, strictly monotone and of type (S.), that is,
U, —u in W(Q) and  limsup (A, (un), un —u) <0

n—oo
imply u, — u in VVO1 "(Q), see Motreanu-Motreanu-Papageorgiou [14, p. 40].
Let X be a Banach space, ¢ € C1(X) and ¢ € R. We introduce the following
two sets

K,={ueX :¢(u)=0} and ¢°={uecX : pu)<c}.

If (Y1,Y3) is a topological pair such that Yo C Y7 € X and k € Ny, then we
denote by H(Y1,Ys) the k-th singular homology group for the pair (Y7, Y3) with
integer coefficients. If u € K, is isolated, the k-th critical group of ¢ at u is defined
by

Cr(p,u) = Hi (¢°NU,°NU\{u}), ke Ny,

with ¢ = ¢(u) and U being an open neighborhood of u such that o*NK,NU = {u}.
The excision property of singular homology implies that the definition of Cy (¢, ) is
independent of the choice of the isolating neighborhood U, see Motreanu-Motreanu-
Papageorgiou [14]. The usage of critical groups allows us to distinguish between
critical points of the energy functional.

We say that ¢ € C'(X) satisfies the Cerami condition (C-condition for short) if
every sequence {uy,}nen € X such that {¢(up)}nen € R is bounded and (1 +
lunllx)¥ (un) — 0 in X*, has a strongly convergent subsequence. This is a
compactness-type condition on the functional ¢ which compensates the fact that
the ambient space X need not be locally compact.

For s € R we set sT = max{+s,0}. If u: Q@ — R is a measurable function, we
define u*(z) = u(z)* for all z € Q. If u € WyP(Q), then v € W, *(Q) and
u=ut—u" aswell as |u| = u™ +u". If u,v: Q — R are two measurable functions
such that u(z) < v(z) for all z € Q, then we define

[u,v] = {h e WyP(Q) : u(z) < h(z) <wv(z) for a.a.z € Q}
Moreover, we denote by intqi g [u,v] the interior of [u,v] N CZ(Q) in C} ().
Finally, the critical Sobolev exponent of p € (1,00), denoted by p*, is given by
. ®E iftp<N,
P74 itN<p

3. MULTIPLE SOLUTIONS

In this section we produce three nontrivial solutions of problem (1.1) where two
of them have constant sign and one has changing sign.
Now we introduce the hypotheses on the data of problem (1.1).

Hp: 9 € L*(Q2) and ¥(z) < —co < 0 for a.a.z € Q.
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Remark 3.1. It is an interesting open question if the results in this paper remain
valid under the weaker condition ¥(z) < 0 for a.a.z € Q.

Hi: f: QxR — Ris a Carathéodory function such that f(z,0) =0 for a.a.x €
Q and it satisfies the following assumptions:
(i) there exist 7 € (p,p*) and 0 < a(-) € L>(2) such that

|f(z,8) < alz) (1+]s]"1)
foraaxeﬂandforallseR
(i) if F(z,s) = [; f(x,t)dt, then

F
fim @)
s—+oo sp

uniformly for a.a.z €  and there exists
N
e <(T — p) max {p, 1} ,p*)

0 < By < liminf 1@ 5)s — pF(z,5)
s§—+400 SH

such that

uniformly for a.a.z €
(iii) there exist 8; € L>°(Q) and Sz > 0 such that

A (p) < Bi(z) fora.a.zeQ
with 81 # ;\1(p) and

Bi(x )<hm1nf f(z,s) < lim f(z,s) <5,

—>OO“ S sﬁoo“pizs_

uniformly for a.a.x € Q.
(iv) there exists 8 € (1,7) such that

lim /(@ 5)

s—0 |s]8—2s =0
uniformly for a.a.z € €,
hmlnf ( s) >n> ||

uniformly for a.a.z € Q and for every A > 0 there exists () € (1, 5)
such that i(\) — € (1,8) as A = 0 and

f(a.s)s < ¢ (A" + |s|") — els|”
for a.a.x € €Q, for all s € R with é,¢ > 0.

Remark 3.2. Hypotheses Hy(ii) and Hy(iil) imply the asymmetric behavior of the
perturbation f(x,-). Indeed, hypothesis Hy (ii) says that f(z,-) is (p—1)-superlinear
as s — 400 but need not satisfy the AR-condition, see, for example, Ghoussoub [0,
p.59]. Our condition is less restrictive and allows also nonlinearities with “slower”
growth as s — 400 which fail to satisfy the AR-condition. Here, we refer to
a unilateral version of the condition since it concerns only the positive semiaxis
[0,00). Hypothesis Hy(iii) says that f(x,-) is (p — 1)-linear as s — —oo and can
be resonant with respect to the principal eigenvalue of (—Ap, Wol’p(Q)). Note that
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in hypothesis Hy (i) we want a € L>(Q) in order to be able to apply the regularity
theory of Lieberman [12].

Example 3.3. The following function satisfies hypotheses Hy but fails to satisfy
the AR-condition:
v(x) (|s[P~2s — |s|77%s)  if s < —1,
flw,s) = qn(@) (Is72s = [s]*72s) if —1<s<1,
csP~Ln(s) ifl <s,

with v € L=(Q), v(z) > M(q), v # Mlg) and n € L=(Q), essinfon > [0,
c>0andp>p>rT.

Let ¢: VVO1 P(Q) — R be the energy functional corresponding to problem (1.1)
defined by
(S SRR | a
pu) = —[Vullp + ~[[Vull§ — = [ d(@)[u]"dz— | F(z,u)dx
p q T Ja Q
for all u € Wol’p(Q). It is clear that ¢ € Cl(Wol’p(Q)). Moreover, we introduce the
positive and negative truncations of ¢, namely, the C*-functionals ¢ : V[/O1 P(Q) —
R given by
1 p 1 q 1 +N\T +
o+ (u) = =[|Vulll + =||Vul|l = = [ I(z) (u*)" dz— [ F (z,+u™) dz
p q T Ja Q
for all u € W, P ().
Our idea is to work with the truncated functionals ¢ : Wy (Q) — R.

Proposition 3.4. Let hypotheses Hy and Hy be satisfied. Then there exists o > 0
such that

wr(u) >m >0 forallu e WyP(Q) with ||u| = o.

Proof. From hypotheses H; (iv), we see that for given ¢ > 0 we can find ¢; = ¢;(g) >
0 such that

F(x,s) <

£ g C|s|5 +c1 (/\|s|ﬂ(>‘) + \s\r> (3.1)
for a.a.z € Q and for all s € R. Using (3.1) and hypotheses Hy, we get for
ue WyP(Q)

1 ANy .
pr(u) > (p ~ Aeallul PP el ) Jull?

for some cs, c3 > 0.
Let
Ex(t) = AeotPM 7P 4 egt™ P for t > 0.
Since i(A) < B < p < r we see that
Ex(t) = +oo ast— 0T and as t — +oo0.

Therefore, we find a number ¢y € (0,00) such that
& (to) = Inf &(1).
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Thus, &4 (to) = 0 and this implies

o [Aealp — a7
0 c3(r —p) .
Since &5 (tg) — 0 as A — 07 there exists Ag > 0 such that

1
Ex(to) < > for all A € (0, Ag).

Fix A € (0, A\g), then, for ||u| = to, we have
i (u) > 0.

Next, we show that ¢ : Wy*() — R satisfies the C-condition.

Proposition 3.5. Let hypotheses Hy and Hi be satisfied. Then the functional
@1 Wy (Q) — R satisfies the C-condition.

Proof. Let {ty}nen € Wy*(€2) be a sequence such that
|o+(un)] < es  for some cg > 0 and for all n € N, (3.2)
(1 + [[unll) ¢ (un) = 0 in W=#(Q). (3.3)
From (3.3) we get

(Ap(tin), B) + (Ag(un), ) — / I(a) () hda — / f (5,0t hda

17 (3.4)
< Sl for all h € WhP(Q) with e, — 07
Lt [lun
Choosing h = —u;; € Wy P(Q) in (3.4) gives ||u; ||? < &, for all n € N and so
u; — 0 in WyP(Q). (3.5)

Combining (3.2) and (3.5) yields
[t + 219l =2 [ 9@ @) do= [ pF @) do<es (39)

for some ¢4 > 0 and for all n € N. Next, we take h = u;” € WP (Q) in (3.4). We
obtain

— | vut|? - HVuTﬂ|j+/19(m) ()" d;c+/ fle,uf)utde<e, (37
Q Q

for all n € N. Adding (3.6) and (3.7) and using hypotheses Hy as well as 7 < g < p,
we get

[ )= () o< e 55)

for some c5 > 0 and for all n € N. .
Hypotheses H; (i) and H; (ii) imply that we can find Gy € (0, Bp) and ¢g > 0 such
that

Bost — cg < f(z,8)s — pF(x,s) (3.9)
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for a.a.xz € Q and for all s > 0. Using (3.9) in (3.8) leads to

§ c7 for some ¢; > 0 and for all n € N.

Hence
{u} nen © LH(€2) is bounded. (3.10)
First, assume that p # N. From hypothesis H; (ii) it is clear that we may assume
that p < r < p*. Then we can find ¢ € (0,1) such that
11—t t

=t (3.11)
r K p
Using the interpolation inequality (see Papageorgiou—Winkert [21, p. 116]), we have
Jutl, < et 2 o for anme
This combined with (3.10) results in
||uz||: 8Hu+|| foralln e N (3.12)

with some cg > 0. Testing (3.4) with h = u;i € W, *(2) we obtain

HVquHp<€n /f ufdr forallneN

due to hypotheses Hy. Using H; (i) this implies
Hu,ﬂ}p <o (14 HUZH;) for alln € N
with some ¢g > 0. Combining this with (3.12) yields
" < ero (14 [[uf|7)  foranne N (3.13)

for some c19 > 0.
Recall that p # N. If p > N, then by definition we have p* = oo and so
1 1-t

roop
see (3.11), which implies, because of H; (ii), that tr = r — p < p. Then we conclude
from (3.13) that

)

{ul},en € WP () is bounded. (3.14)
If p < N, then we have by definition p* N”p. So from (3.11) and H;(ii) it
follows
*(r — Np(r — Np(r —
o M) Np(r—p) p(r — ) —»

p*—p  Np—Np+pp ~ Np—Np+(r—pip

Hence, (3.14) holds again in this case.

Finally, let p = N. Then by the Sobolev embedding theorem we know that
WyP(Q) < L*(Q) is continuous for all 1 < s < co. Then, in the argument above,
we need to replace p* by s > r > u. We choose t € (0, 1) such that

1 1—-t ¢t
= -
T 1 s
which gives
= S =) (3.15)
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Note that % —7r—pass— +ooand r — pu < p, see Hy(ii). We choose s > r
large enough such that
s(r—p)
s — i
Then, using (3.15), we have tr < p and so {u} },en € Wy () is bounded. Com-
bining this with (3.5) we obtain that {u, }nen € Wy (Q) is bounded.
Then there exists a subsequence, not relabeled, such that

U, —u in WyP(Q) and w, —u in L"(Q). (3.16)

<p.

If we use h = u,, —u € Wy'*() in (3.4), pass to the limit as n — oo and use
(3.16), we obtain

lim ((Ap(un), un —u) + (Ag(uy), uy —u)) = 0.

n—oo

By the monotonicity of A, we have
(Ag(u), un —u) < (Ag(un), un —u) .
Using this in the limit above we obtain

limsup (<Ap(un)7un - u> + <Aq(u)a Un — U>) S 0.

n—oo

Hence, from the convergence properties in (3.16) we conclude that
lim sup (A, (uy), un —u) < 0.
n—oo
The (S;)-property of A, implies that w, — u in Wol’p(Q). This shows that ¢
satisfies the C-condition. O
Proposition 3.5 leads to the following existence result for problem (1.1).

Proposition 3.6. Let hypotheses Hy and Hy. Then problem (1.1) has at least one
positive solution ug € C§(Q)4 \ {0}.

Proof. From Proposition 3.4 we know that

0 (0)=0<m< @, (u) foralluecWyP(Q) with |u = 6. (3.17)
Also, from Proposition 3.5 we know that
@1 WP (Q) — R satisfies the C-condition. (3.18)

Moreover, hypothesis H; (ii) implies that if u € int (C(% (§)+), then
py(tu) = —00 ast — +oo. (3.19)
Then, (3.17), (3.18) and (3.19) permit the usage of the mountain pass theorem.
Therefore, we can find ug € W, ?(Q) such that
up € Ky, and ¢4 (0) =0<m < @y (up).

Hence, ug # 0. From Ho-Kim-Winkert-Zhang [7, Theorem 3.1] we know that
ug € L>(92). Then the nonlinear regularity theory of Lieberman [12] implies that
uo € CA(Q) \ {0}. O
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Remark 3.7. FEventually, we will show that ug € int (C&(ﬁ).ﬁ, see Corollary
3.12. Howewver, at this point, due to the negative concave term, we cannot use the
nonlinear Hopf mazimum principle, see Pucci-Serrin [23, p.120], and infer that
up € int (C3(Q)4).

Next, we are looking for a negative solution of problem (1.1). So, we work with
the functional ¢_: W, ?(Q) — R. For the functional ¢_: W, *(Q) — R we have
the following proposition.

Proposition 3.8. Let hypotheses Hy and Hy be satisfied. Then the functional
o_: Wol’p(Q) — R satisfies the C-condition.
Proof. Let {un}neny € WyP(Q) be a sequence such that {¢_(un)}neny C R is
bounded and

1+ [lunl) ¢ (u) = 0 in W™LP(Q). (3.20)
From (3.20) we have

<Ap(un)’h>+<Aq(un)7h>+/ﬂ?9(l“) (“E)Tﬁlhdl’*/gf(zﬁuﬁ)hdl’
enllhl
T 1+ [Jug|

If we choose h = u;t € W,**(2) in (3.21) we obtain [|u;[|? < &, for all n € N which
implies

(3.21)
for all h € Wy (Q) with &, — 0%.

ut =0 in WyP(Q). (3.22)

Suppose that ||u; || — oo and let y, = —2—. Then [jy,|| = 1 for all n € N.

llum |
Therefore, we may suppose, for a subsequence if necessary, that
Yo =y mWP(Q) and y, —y in LP(Q) (3.23)

for some y € Wy() with y > 0. From (3.21) and (3.22) we obtain

1 19(1') T—1
Ay(—yn), ——— (Ag(=yn), h) — | ———=,, €L
(Al 1)+ T (gl B) = [y tha

B A il VA
o |lun|P~?

(3.24)
<&l ||h| forall h € Wy P(Q2) with &/, — 0F.

Choosing h =y, —y € Wol’p(Q) in (3.24), passing to the limit as n — oo and using
the convergence properties in (3.23) gives

Jim (A, (yn), yn —y) = 0.
From the (S, )-property of A,: W, P(Q) — W1 (Q) = W, P(Q2)* we conclude
that
Yn =y in WHP(Q) with [jy]| = 1 and y > 0. (3.25)
Note that from hypothesis H; (iii) we have

FOmun 07 a2 (@) (3.26)

[l [P
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with 3 € L=(Q) and B1(z) < B(z) < B for a. a. z € Q, see Aizicovici-Papageorgiou-
Staicu [1, proof of Proposition 16] and Motreanu-Motreanu-Papageorgiou [14, Proof
of Theorem 11.15, p. 317].

So, if we pass to the limit in (3.24) as n — oo and use (3.25) as well as (3.26)
we obtain

(Ap(—y),h) = —/ B(z)yP~thdz for all h € W, P(Q).
Q
This means that

—Apy =By Qg =0
From (3.25) we know that y # 0 and

M(p.B) < MpMp) =1, (3.27)
see (2.2). From (3.26) and (3.27) it follows that y must be sign-changing which
is a contradiction to (3.25), see also Motreanu-Motreanu-Papageorgiou [14, Propo-

sition 9.47(b)]. Thus, {u;} C WyP(Q) is bounded, hence {u,} € Wy7P(Q) is
bounded, see (3.22). From this as in the proof of Proposition 3.5 we conclude that
©_: Wy (Q) = R satisfies the C-condition. O

On account of hypothesis H; (iii) we see that
p_(ti1(p)) = —c0 ast— —oo. (3.28)

Then (3.28), Proposition 3.8 and the mountain pass theorem lead to the following
result.

Proposition 3.9. Let hypotheses Hy and Hy be satisfied. Then problem (1.1) has
a negative solution vog € —C§(Q2) \ {0}.

In what follows Sy (resp. S—) denote the set of positive (resp. negative) solutions
o (1.1). From Propositions 3.6 and 3.9 we have

048, CCHM\ {0} and 048 C (~CL@))\ {0}.

Next, we are going to prove that S; has a minimal element and S_ a maximal
one. So we have extremal constant sign solutions, that is, there is a smallest positive
solution u, and a largest negative solution v,. These solutions will be useful in
proving the existence of a sign-changing solution. Indeed, any nontrivial solution
of problem (1.1) in the order interval [v,,u,] distinct from v, and w, is necessarily
sign-changing.

On account of hypotheses H; (i) and H;(iv), for a given ¢ > 0, we can find
¢, = ¢é1(g) > 0 such that

f(@,s)s = [n—e]|s]” = éuls]”
for a.a.z € Q2 and for all s € R. This implies
Dx)ls|™ + f(z,8)s = [n— & = [[F]loc] |s|” — Eu]s]"
for a.a.z € Q and for all s € R. By hypothesis H; (iv) we have n > ||¥]|s. So,
choosing € € (0,7 — ||| ), we have

Hx)|s|” + f(x,8)s > éa|s|” — é1ls|” (3.29)
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for some ¢ > 0, for a.a.x € Q and for all s € R. Then, (3.29) suggests that we
consider the following Dirichlet (p, ¢)-equation

—Apu — Agu = éolu|"2u — & |ul""2u in Q, (3.30)
u|aQ:0,1<T<q<p<r<p*, '
Similarly to Proposition 4.1 of Papageorgiou-Winkert [20], we have the following

existence and uniqueness result.

Proposition 3.10. Problem (3.30) has a unique positive solution @ € int (C§(Q)+)
and since problem (3.30) is odd, v = —u € —int (C§(Q)4) is the unique negative
solution of (3.30).

Proof. First, we show the existence of a positive solution of problem (3.30). To this
end, let 1y : WyP(2) — R be the C'-functional defined by

1 1 ¢ ¢
V() = JIVullp + IVl + a7 = 2 ]

for all u € Wy P(Q). Since 7 < ¢ < p < r, it is clear that v, : W, ?(Q) — R
is coercive. Also, it is sequentially weakly lower semicontinuous. Therefore, there
exists @ € W, ?(Q) such that

b (@) = inf [z/J+(u) = WOM’(Q)} . (3.31)

Note that if u € int (C§(Q);4) and ¢ € (0,1) small enough, then v, (tu) < 0 since
T < g < p<rand so we have ¥, (7)) < 0 =14(0). Thus, @ # 0.
From (3.31) we have ¢/, (@) = 0, that is,

(A, (W), h) + (Aq (@), h) :62/ (a*)”hda:—él/ (@) hdx
Q Q

for all h € Wol’p(Q). Choosing h = —u~ € Wol’p(Q) in the equality above shows
that w > 0 with w # 0. Moreover, the nonlinear regularity theory of Lieberman
[12] and the nonlinear strong maximum principle, see Pucci-Serrin [23, pp. 111 and
120}, imply that @ € int (C}(Q)4).

Next, we show the uniqueness of this positive solution. For this purpose, we
introduce the functional j: L'(2) — R U {00} defined by

Vur if u>0, ur € WyP(Q),

il
p 1 q
+00 otherwise.

1
jlu) =q°

Let domj = {u € L*(Q) : j(u) < oo} be the effective domain of j: L1(Q) — RU
{o0}. Using the ideas of Diaz-Sad [1] along with the fact that the function s — s?
for 7 < 7 is increasing and convex, we know that j is convex. Let W € W, ()
be another positive solution of (3.30). As done before, we get w € int (C§(Q)4).
From I"Hospital’s rule we have

g € L*(Q) and

SRS

e L=(9). (3.32)

g

Let h =u —w" € C3(Q). From (3.32) we know that 2= < ¢ with ¢ > 0 and so
—w” > —cu’. Then, for |¢| small enough, we have

u +th=(1+t)u —tw > ((1+1t)—tc)u® > 0.
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Clearly, (W™ + th)* € W, P(€). Hence, u" + th € domj. Similarly, we can show
that w™ + th € domj.

Then the convexity of j implies that the directional derivative of j at ™ and at
-

wT, respectively, in the direction h exists. Moreover, using the nonlinear Green’s
identity, see Papageorgiou-Radulescu-Repovs [18, p. 35], we have
1 —A,u— A 1
j'@) (h) = —/ %hdx = —/ [ég — élﬂ“ﬂ hdz,
T Jo u T Jo

A A
i (@) (h) = —/Qwhdxz 1/Q 62 — &1 7] hda.

The convexity of j implies the monotonicity of j'. So, we have

0<2 | [ —w " (@ —w") de < 0.
T Ja
Thus u = w.
Since equation (3.30) is odd, ¥ = —u € —int (C§(€)+) is the unique negative
solution of (3.30). O

Proposition 3.11. Let hypotheses Hy and Hy be satisfied. Then it holds u < u for
allu € S and v <7 for all v € S_, where u,v are the unique nontrivial constant
sign solutions of (3.30) given in Proposition 3.10.

Proof. Let u € St and consider the Carathéodory function /4 : Q x R — R defined
by

(3.33)

I (z,s) = Ca (S+)T71 - (S+)T71 if s <w(z),
+\y égu(x)T—l _ éﬂl(m)r_l if u(z) < s.

We set Ly (z,s) = [ I+ (2,t)dt and consider the C''-functional o : Wy () — R
defined by

1 1
oy (u) = —[[Vu[] + = Vullg 7/L+(z,u) dx
p q Q

for all u € W, ().

From the truncation in (3.33) it is clear that o, : W, *(2) — R is coercive.
Moreover, it is also sequentially weakly lower semicontinuous. So, we can find
@ € WyP(Q) such that

o4 (@) = inf [a+(u) ue ngP(Q)] . (3.34)

Since 7 < ¢ < p < r, we see that o4 (4) < 0 =04 (0). Hence, @ # 0.
From (3.34) we have ¢/, (4) = 0. This gives

(A, (), h) + (Aq () , b = /Q L, (2, @) hdz (3.35)

for all h € WyP(Q). In (3.35) we first choose h = —a~ € W, ?(Q) and obtain
@>0and @ # 0. Then we choose h = (—u)t € Wy*(€). This yields by applying
(3.33) along with (3.29) and the fact that v € Sy

(4 (@), @ —w)") + (A, (@) (2= w)*")
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— / [églfil — élurfl] (u— u)+ dz
Q

< /Q [O(@)u™ ! + f(z,u)] (@ —u)* dz
= (4p (W), (@ =w)") + {4y (w), (@ - )" ).

Hence, 4 < u. So we have proved that
€ [0,u], a#0. (3.36)

From (3.36), (3.33) and (3.35) it follows that @ is a positive solution of (3.30). Then
=1 € int (C§(Q)4) and so uw < u for all u € 8.

Similarly, we show that v < v for all v € S_. O

We have the following corollary.
Corollary 3.12. Let hypotheses Hy and Hy be satisfied. Then

0+#8: Cint (Cy()4) and 0#S- C —int (CH(Q)4) -
Now we are ready to produce extremal constant sign solutions.

Proposition 3.13. Let hypotheses Hy and Hy be satisfied. Then there exist solu-
tions u, € Sy and v, € S_ such that

U <u forallueSy and v<v, forallveS_.

Proof. From Papageorgiou-Radulescu-Repovs [16, Proposition 7] we know that S
is downward directed. So, using Lemma 3.10 of Hu-Papageorgiou [3], we can find
a decreasing sequence {up }nen such that

inf u, = inf S;.
neN

Since u, € St we have

(A, (wn) ) B) + (4, (un),h>:/Qﬂ(x)u;*hdw/ﬂf(x,un)hdx (3.37)

for all b € Wy*(Q2). Evidently, the sequence {uy}nen € Wy*(2) is bounded. So,
we may assume that

Uy — u, i Wy P(Q) and w, — u. in L7(Q). (3.38)

Choosing h = u,, — u in (3.37), passing to the limit as n — oo and using the
convergence properties in (3.38), we obtain

lim sup (A, (uy), un —u) <O0.
n—oo

Then, by the (S )-property of A,, we get

Uy — U, in Wy P(9). (3.39)
Passing to the limit in (3.37) and using (3.39) we have
(Ap (us), h) + (44 /19 uy 1hdx+/fxu* Yhdx

for all h € Wol’p(Q). From Proposition 3.11 we know that @ < u.. Hence, u, € S+
and u, < u for all u € Sy.

Similarly, we produce v, € S_ such that v < v, for all v € S_. Note that S_ is
upward directed. [
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Using the extremal constant sign solutions obtained in Proposition 3.13, we are
going to prove the existence of a sign changing solution. As explained earlier, we
focus on the order interval [v.,u.] and look for solutions in [v.,us] \ {0, w., vs}.
Such a solution turns out to be sign changing.

Implementing the approach just described, let u, € Sy and v, € S_ be the
extremal constant sign solutions from Proposition 3.13 and consider the truncation
functions ki, ko: 2 X R — R defined by

D) |ve ()| 20s(z)  if 5 < vi(2),
ki(z,s) = < 9(x)|s|72s if v, (2) < s <), (3.40)
I(x)uy ()™t if u.(z) < s,

and
flz,ve(x)) if s < wv.(z),
ko(z,s) =< f(z,s) if ve(z) <s < u(z), (3.41)
flzyue(x)) if ue(z) < s.
It is clear that both are Carathéodory functions. We set
k(x,s) = ki(z,s) + k2(x, s). (3.42)

Furthermore, we introduce the positive and negative truncations of k(z, -), namely
the Carathéodory functions

ki(z,s) =k (v, £5%) + ko (v, £5F) . (3.43)
We set

Ki(z,s) = / (1) dit, Koz, s) = / oo (2, 1) i,
0 0

K(z,s) = Kq(z,s) + Ka(z, s), Ky(z,s) :/ ky(z,t)dt
0
and consider the C'-functionals ¢, (4 : WO1 P(Q) — R defined by

1 1
C(u) = 5HVUHZ + 6||Vu||g - / K(z,u)dz for all u € WP () (3.44)
Q
1 1 -
C+(u) = ;)HVUHZ + 6||Vu||g — | Ki(z,u)dzr for all u e WyP(Q),
Q
Applying (3.40), (3.41), (3.42) and (3.43) we check easily that
K¢ C [vs,u]NCy(Q), K¢, C[0,u,]NCy(Q) and Ko C [vs,0]N (=C5(Q)) .

Due to the extremality of u, and v, we conclude that

K¢ C [o,u] NCy(Q), K¢, ={0,u.} and K¢ = {0,v.}. (3.45)

Proposition 3.14. Let hypotheses Hy and Hy be satisfied. Then u, € Sy and
vy € S_ are local minimizers of C: Wolp(Q) — R.

Proof. Because of (3.40), (3.41) and (3.43) it is clear that ¢y : Wy P(Q) — R is
coercive and it is also sequentially weakly lower semicontinuous. Hence, we find

@i, € WyP(Q) such that

Gy () = inf [ (u) + w e WP (@)] < 0=¢4(0), (3.46)
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since 7 < ¢ < p, for t € (0,1) small enough, we have by using H; (iv) and choosing
g€ (0,7 [[V)

Vul|P Vu,lld 1
Cy (tuy) < tp” Hp + ¢4 | Hq +tT = (/ 1Woo — (n —&)]ul dx) < 0.
p q T Q

Due to (3.46) we know that @, € K¢, and so @, = ux, see (3.45). Let o > 0 and

—ct —

B~ {u € C@) ¢ flu—wlley ) < g}.
1

Since ¢ |C$ @), = &+ \Cl gy, Wwe obtain for u € B,"

C(u) = ((us) = () C+(u*)
G (u)

C(u)
/ (K (2,u) — K (2, u)] dz (3.47)
/ K (2, —u )dx+/QfK2 (2, —u") do.

We write as abbreviation

{—u” <u}={zeQ: —u (z) <v.(z)},

{ve <—u"}:={zeQ: v(r) <—u ()}
Then, for the first integral on the right-hand side in (3.47) we have

/Q Ky (2, —u”) da
_ (-2 = 060) 0 =001

{—u=<v.}
+ / —=) (u™)" dx
{v.<-u=} T

{va<—u—} T
From H;(iv), for given € > 0, we can find ¢11 = ¢11(€) > 0 such that

+en (AlsPO) 4 Js]") (3.49)

| \%

(3.48)

>
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for a.a.z € Q and for all s € R. Using (3.49) the second integral on the right-hand
side in (3.47) can be estimated by

/—K2 (x, —u_) dz
Q
— [ P+ S (e - )] do
{—u=<v.}
- F(z,—u") dz .
/{U*< . ( ) (3.50)

> /{ o e ) )] de

[ el )
{vi<—u~}

Combining (3.47), (3.48), (3.50) and applying hypotheses Hy we obtain

C(u) = ((ux)
> — [F(z,vs) + f(z,00)(—u~ —v.)] dz
{ u” <v.}
19(:5 - -
of (e el o ey ) e
> — [F(z,vs) + f(z,0)(—u~ —v.)] do
{—u~<v.}

i /{v*<u} (ico (ui)T —& (”“7”@) (U)p> dz.

_ 1
Recall that u, € C3(Q2)+ \ {0} and u € Bgo. Hence, we have
Hu_HOO—>0 as o — 0T,

Thus, [{-u~ < v}y = 0as o = 0" and [{v. < —u"}|y > 0 for o > 0 small
enough and it is also decreasing in p. Then, for A small and for o > 0 small
enough, from (3.51) it follows that u, is a local C&(Q)-minimizer of ¢ and from
Papageorgiou-Radulescu [15] we deduce that u, is a local W, *(Q)-minimizer of .

Similarly, working with {_ instead of (., we can show the result for v, € S_. O

Now we are ready to generate a sign-changing solution for problem (1.1).

Proposition 3.15. Let hypotheses Hy and Hy be satisfied. Then problem (1.1) has
a sign-changing solution yo € [vs,u.] N CF(Q).

Proof. We assume that K is finite, otherwise on account of (3.45), (3.40) and
(3.41), we would have infinity smooth sign-changing solutions. Moreover, we assume
that ((v«) < ((ux). The analysis is similar if the opposite inequality holds. From
Proposition 3.14 we know that u, is a local minimizer of (. Recall that the func-
tional  is coercive. So, it satisfies the C-condition, see, for example, Papageorgiou-
R&dulescu-Repovs [18, p. 369]. So, using Theorem 5.7.6 of Papageorgiou-Radulescu-
Repovs [18], we can find p € (0,1) small enough such that

((ve) < Cux) <inf [C(w) ¢ flu— |l =p] =:m, and [lv. —ul| > p.
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Therefore, we can use the mountain pass theorem and find yo € W, () such that
Yo € K¢ C [vs,u] N Cy(9), (3.52)
see (3.45), and
C(vs) < Clus) <my < C(yo)- (3.53)

From (3.53) we see that yo & {v., us}. Moreover, Theorem 6.5.8 of Papageorgiou-
Rédulescu-Repovs [18] implies that

C1 (¢ y0) # 0. (3.54)

On the other hand the presence of the concave term and the C!-continuity of
critical groups imply that

Cik(¢,0) =0 for all k € N, (3.55)

see Leonardi-Papageorgiou [1 1, Proposition 6] and Papageorgiou-Radulescu-Repovs

[18, Proposition 6.3.4]. Comparing (3.54) and (3.55), we infer that yo # 0. Taking

(3.52) into account, we conclude that gy is a smooth sign-changing solution of
problem (1.1). O

Summarizing we can state the following multiplicity theorem for problem (1.1).
Theorem 3.16. Let hypotheses Hy and Hy be satisfied. Then problem (1.1) has at
least three nontrivial smooth solutions

up € int (CH(Q)1), wo € —int (C(Q)4)
and

Yo € [vo,uo] N C()  being sign-changing.
4. INFINITELY MANY NODAL SOLUTIONS

In this section, under a local symmetry condition on f(z,-), we prove the exis-
tence of a whole sequence of nodal solutions converging to 0 in Cg(Q).
The new conditions on the perturbation f: 2 x R — R are the following ones:

Hy: f: Q@ xR — R is a Carathéodory function such that f(z,-) is odd for
a.a.xz € Qin [—y,~] with v > 0 and it satisfies the following assumptions:
(i) there exist r € (p,p*) and 0 < a(-) € L>(f2) such that

[f(z, )] < alz) (1+]s)
for a.a.z € Q and for all s € R;
(i) if F(z,s) = [, f(z,t)dt, then
lim 7F(x, 5) =
s—+00 sp

uniformly for a.a.z € 2 and there exists
N
12 € <(T 7p) max{p, 1} 7p*)

0 < Bp < liminf [(z,s)s — pF(x,s)

s—+oo Sk

such that

uniformly for a.a.z €
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(iii) there exist 8; € L>°(Q) and Sz > 0 such that
A(p) < Bi(z) fora.a.zeQ
with 81 # ;\1(p) and

By (x) < liminf flz, )

s——0o [s|P725 T oo |S|P2s

uniformly for a.a.x € Q.
(iv) there exists 8 € (1,7) such that

lim f(@,5)

s—0 |s]8—2s =0
uniformly for a.a.z € Q,
. f(=,s)
— >
lim inf s 217 [19]]oo

uniformly for a.a.z € Q and for every A > 0 there exists i(\) € (1, )
such that i(\) — i € (1,8) as A = 07 and

f(a,s)s < ¢ (A" + |s|") = els|

for a.a.x € , for all s € R with ¢,¢ > 0.
Recall that the functional (: VVO1 P(Q) — R is given by

1 1
C(u) = ];HVqu + 5||Vu||g - /QK(x,u) dz  for all u € Wy (Q),

see (3.44), where the difference is that, due to the local oddness of f(z,-), we
truncate in (3.40), (3.41) above at int (C§(©)+) > 7 < min{vy,u,} instead of u,
and below at — int (C§(Q)4) 3 (—7) > max{—v,v,} instead of v,.

Let V C Wy P(Q) N L=(Q) be a finite dimensional subspace.

Proposition 4.1. Let hypotheses Hy and Hy be satisfied. Then there exists py > 0
such that

sup [C(u) : u eV, Jull = pv] < 0.

Proof. On account of hypothesis Hy(iv), for a given € > 0, there exists 6 = §(e) > 0
such that

Flas)> — (1<) lsl (41)

for a.a.z € Q and for all |s| < 4.
Since V is finite dimensional, all norms are equivalent. Therefore, we can find
py > 0 such that

uw €V and ||ul| < py imply |u(z)] < 0 for a.a.x € Q. (4.2)

Applying (4.1) and (4.2), we have for ||u]| < py

1 1 1
ungup—l—fqu—f/ — & —||¥|oo) |u|” de,
C(u) pH | qll == Q(77 [9]o0) lul
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see the truncations in (3.40) and (3.41). Recalling that n > ||9||c, we choose
g € (0,n—||9]|s0). Then, using once more the fact that on V all norms are equivalent,
we obtain

1 1 A
C(u) < ];IIWII” + 5HVU||“ = élu]

for some ¢; > 0.
Since T < ¢ < p, choosing py € (0,1) even smaller if necessary, we have

sup [C(u) : uw €V, [[ul| = py] <O0.
O

Now we are ready for the new multiplicity theorem for problem (1.1) under Hs.

Theorem 4.2. Let hypotheses Hy and Ho be satisfied. Then problem (1.1) has a
whole sequence of distinct nodal solutions {un }nen such that u, — 0 in CZ(Q).

Proof. Evidently, the functional ¢: W, ?(Q) — R is even, ((0) = 0 and it is bounded
below and satisfies the C-condition being coercive due to (3.40) as well as (3.41).
Then it satisfies the PS-condition as well, see Papageorgiou-Radulescu-Repovs [18,
Proposition 5.1.14]. On account of Proposition 4.1 we can apply Theorem 1 of
Kajikiya [0] and obtain a sequence {uy }nen € Wy () such that

u, € K¢ forallneN and w, —»0 in W, ”(Q).

Note that u,, € L>(2) (see, for example Ho-Kim-Winkert-Zhang [7, Theorem 3.1]).
Then, from the nonlinear regularity theory due to Lieberman [12, p. 320] there exist
€ (0,1) and M > 0 such that

un € Co (@) and luplgre g < M.

Using the compactness of Cy**(Q) into CA(Q) gives
u, €C4(Q) forallne€N and wu, —0 in C}(Q).

Since int oy g [ve, us] # 0 (recall that v, € —int (C3(Q)4) s us € int (C3(Q)4)), it
follows that {un}n>n, C [+, us] for some ng € N. These are nodal solutions of

(1.1). O

Remark 4.3. It will be interesting to extend the results of this paper to anisotropic
equations. We believe that this is feasible. However, concerning possible extensions
to double phase problems with unbalanced growth, we doubt that this is possible due
to the lack of a global reqularity theory for such problems.
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