COUPLED DOUBLE PHASE OBSTACLE SYSTEMS INVOLVING NONLOCAL
FUNCTIONS AND MULTIVALUED CONVECTION TERMS

YONGJIAN LIU, VAN THIEN NGUYEN, PATRICK WINKERT, AND SHENGDA ZENG

ABSTRACT. In this paper we study a new kind of coupled elliptic obstacle problems driven by double
phase operators and with multivalued right-hand sides depending on the gradients of the solutions.
Based on an abstract existence theorem for generalized mixed variational inequalities involving mul-
tivalued mappings due to Kenmochi [20], we prove the nonemptiness and compactness of the weak
solution set of the coupled elliptic obstacle system.

1. INTRODUCTION

Given a bounded domain Q C RN, N > 2, with smooth boundary 92, we are concerned with the
study of the following coupled double phase obstacle system

—div (a1 (u1) [ Vur [P > Vug + ,ul(x)|Vu1|q1_2Vu1) € fi(z,uy,u2, Vuy, Vug) in Q,
—div (ag(ug)\Vqu’z*zVuQ + ug(x)|VuQ|qz*2VuQ) € fa(x,u1,u2, Vuy, Vug) in Q,
up(x) < ®1(z) and ug(z) < Po(x) on ,

up =ug =0 on 01,

(1.1)

where, for i = 1,2, ®;:  — R are measurable obstacle functions, f;: @ x R x R x RN x RN — 2R
are multivalued convection functions, a;: LPi () — (0, +00) are nonlocal terms (see (Hy)-(Hy) for the
precise assumptions) and the exponents p;, ¢; as well as the weight functions p; satisfy the following
conditions:
(Hi): 1 <pi <N, p; <q <pfand0 < p,(-) € L*(Q) for i = 1,2, where p} is the critical exponent
of p; for i = 1,2 given by

Np;
Fi= ) 1.2
R (1.2)
The operators involved in problem (1.1) are called nonlocal double phase operators given by
div (a; (us) |V [P 72V + pi(2)| V|9 V,), u € Wyt (), (1.3)

with VVO1 7{(Q) being an appropriate Musielak-Orlicz Sobolev space for ¢ = 1,2. Note that if a; = 1
and p; = 0, the operators in (1.1) reduce to the p;-Laplacians for ¢ = 1,2. If a; = 1, (1.3) become the
usual double phase operators which are related to the energy functionals

¥ = [ (vu

Functionals of the form (1.4) appeared for the first time as examples in models in order to describe
strongly anisotropic materials in the context of homogenization and elasticity, see Zhikov [32], we
refer also to applications in the study of duality theory and of the Lavrentiev gap phenomenon, see
Zhikov [33, 34]. A first mathematical framework for such type of functionals in (1.4) has been done
by Baroni-Colombo-Mingione [2], see also the related works by the same authors in [3, 4] and of De
Filippis-Mingione [9] about nonautonomous integrals.

Pt ()| Vu

%) da. (1.4)
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In this paper, our main goal is to study the nonlocal obstacle system (1.1) involving multivalued
convection in the right-hand sides concerning the nonemptiness and compactness of the weak solution
set of (1.1). Note that if ®;(z) = +oo for a.a.z € Q, a;(u;) = 1 for all u; € Wy (Q), and f; are
single-valued operators for ¢ = 1,2, then problem (1.1) reduces to the one studied by Marino-Winkert
[26]. However, the main method applied in the present paper is completely different from the one
used in [26]. Indeed, we make use of an abstract existence theorem for generalized mixed variational
inequalities involving multivalued mappings due to Kenmochi [20], but in [26], the authors applied the
main surjectivity theorem for pseudomonotone operators to obtain the existence of a weak solution.

To the best of our knowledge, this is the first work dealing with nonlocal double phase systems
with multivalued right-hand sides. However, even without nonlocal terms (that is, a; = 1 for i = 1, 2)
and single-valued right-hand sides with convection, besides the work of Marino-Winkert [26] men-
tioned above, there exists only another paper recently published by Guarnotta-Livrea-Winkert [17] for
nonlinear Neumann double phase systems with variable exponents by developing a sub-supersolution
approach. In the case of a nonlocal problem with a single equations we refer to the current work of
Liu-Zeng-Gasiriski-Kim [25].

Finally, we mention some recent results for elliptic systems with convection term for p-Laplace or
(p, ¢)-Laplace operator. We refer the works of Carl-Motreanu [5], Guarnotta-Marano [15], Guarnotta-
Marano-Moussaoui [18], Guarnotta-Marano-Moussaoui [18] and Faria-Miyagaki-Pereira [11], see also
Godoi-Miyagaki-Rodrigues [10] for Neumann systems without convection. For single equations involv-
ing the double phase operator with different type of right-hand sides we mention the following papers
by Colasuonno-Squassina [7], Farkas-Winkert [12], Gasinski-Winkert [13, 14], Kim-Kim-Oh-Zeng [21],
Liu-Dai [23], Liu-Migérski-Nguyen-Zeng [24], Perera-Squassina [28], Zeng-Bai-Gasiriski-Winkert [29],
Zeng-Radulescu-Winkert [30, 31], Cen-Khan-Motreanu-Zeng [0] see also the references therein.

The paper is organized as follows. In Section 2 we recall some main properties of Musielak-Orlicz
Sobolev spaces, the nonlocal double phase operator as well as the Dirichlet eigenvalue problem for the
r-Laplacian (1 < r < 00). In Section 3 we first state the hypotheses on the data of problem (1.1),
formulate the definition of a weak solution and prove our main result about the nonemptiness and
compactness of the weak solution set of system (1.1), see Theorem 3.4.

2. PRELIMINARIES

In this section we recall some facts about Musielak-Orlicz Sobolev spaces and the properties of the
double phase operator. To this end, let Q@ € RY, N > 2, be a bounded domain with smooth boundary
0. We denote by L"(Q2) and L"(€2;RY) the usual Lebesgue spaces endowed with the norm || - |,.q
for any 1 < r < oo. Suppose that condition (Hy) holds and let M(€2) be the space of all measurable
functions u: Q — R, then the Musielak-Orlicz space L*i(Q) is defined by

L*i(Q) = {u e M) : /Q(|u

Pt (@) |u

q”') dx < +oo}
equipped with the Luxemburg norm

el :inf{T >0 /Q(\g

for i = 1,2. The Musielak-Orlicz Sobolev space W17 () is defined by
WhHi(Q) = {u e L™ (Q) : |[Vu| € L7(Q)}

pi U

. qt) dm<1}

+ i) | 2

equipped with the norm
[l = [Vl + llulla,

where ||Vul|z;, = || [Vu|||#, and i = 1,2. Moreover, the completion of C§°(2) in W7(Q) is denoted
by V; = WO1 H(Q) and from Crespo-Blanco-Gasitiski-Harjulehto-Winkert [8, Proposition 2.12] we
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know that V; are reflexive Banach spaces for ¢ = 1,2. Due to Proposition 2.18 of Crespo-Blanco-
Gasinski-Harjulehto-Winkert [8] we can equip V; with the equivalent norm

v, = ||Vully, forallueV;andi=1,2.

Furthermore, we define

@ = {ue M@ : [ ol

and endow it with the seminorm
@
qi dJ?

tlgs 2 = ( [ it
Q
fori=1,2.

The following proposition can be found in Crespo-Blanco-Gasiniski-Harjulehto-Winkert [8, Proposi-
tion 2.13].

Tidr < +oo}

Proposition 2.1. Let hypotheses (H1) be satisfied and let

/’H Jul) dx—/ﬂ(\u

For i = 1,2 we have the following assertions.

(i) Ifu#0, then ||lully, = X if and only if py, (%) =

lullg, <1 (resp.> 1, =1) if and only if py,(u) < 1 (resp.> 1, =1).
3, < P (u) < lull, -
5 < pa () <l
if and only if py,(u) — 0.
(vi) |lullz, — +oo if and only if py, (u) — +o0.
(vii) |lullg; — 1 if and only if py, (u) — 1.

(viii) If u, — w in L7 (Q), then py, (un) — pu, (u).

Pt pi(@)fu

q") dz.

(i

(iil) If ||ully, < 1, then |lu
(iv) If [[ufl3; > 1, then [ju

i)
)
iv)
(v)
i)
)

Moreover, from Crespo-Blanco-Gasiniski-Harjulehto-Winkert [3, Proposition 2.16] we have the com-
pact embedding

Wy (Q) — L™ (Q) (2.1)
whenever 1 < r; < pf with p! being the critical Sobolev exponent given in (1.2) for i = 1, 2.
For¢=1,21et &: V; — V;* be defined by

(Eiui),vi)v; IZ/Q(\Vui

for all u;,v; € Vi, where (-, - )y, is the duality pairing between V; and its dual space V;* for ¢ = 1,2. The
operators &;: V; — V;* have the following properties, see Crespo-Blanco-Gasinski-Harjulehto-Winkert
[8, Proposition 3.4] for i = 1, 2.

Pim2\7y + wi(x)|Vu;

472Vqy;) - Vu; do (2.2)

Proposition 2.2. Let hypotheses (Hy) be satisfied. Then, the operators defined in (2.2) are bounded,
continuous, strictly monotone and of type (Sy) fori=1,2.
Now, let us consider the eigenvalue problem for the r-Laplacian with homogeneous Dirichlet bound-
ary condition and 1 < r < oo defined by
—Ayu = Mu|""2u in Q,
(2.3)
u=20 on 0N).

It is known that the first eigenvalue A; . of (2.3) is positive, simple, and isolated. Moreover, it can
be variationally characterized through

A= inf {/ [Vu|" dx : / |u|" dz = 1} , (2.4)
ueWwi.r(Q) Q Q
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see Lé [22]. Hence, we get from (2.4) the inequality
lullrg < (ALD) [Vullne  for all w e Wy (Q). (2.5)

3. MAIN RESULTS

In this section we state and prove our main result about the solvability of the system (1.1). First
we are going to formulate our precise assumptions on the nonlocal terms, the obstacle functions and
the right-hand sides of (1.1).

(Hp): a;: LPi (Q) — (0,400) are bounded and continuous such that c,, := inf,cy, a;(u) > 0 for
1 =1,2 and ®;: Q) — R are measurable functions for i =1, 2.
(Hz): For i = 1,2, the multivalued mappings f;: @ x R x R x RN x RN — 2R are such that
0¢ fl(a:, 0,0,0,0) for a.a.x € Q, and fulfill the following conditions:
(i) for all (s1,52,m1,72) € R x R x RN x RN and for a.a.z € Q, the sets f;(z, s1,52,71,72)
are nonempty, bounded, closed and convex in R;
(i) for all (sy, s2,71,m2) € RxR xRN xRN the multivalued functions = + fi(x, 51, 82,71, 72)
are measurable in 2, and R x R x RN x RN 3 (s1, s9,m1,m2) = f(x, 81, 52,Mm1,72) C R are
u.s.c. for a.a.x € §;
(iii) there exist constants

Q1 i, Q2,45 O3 4, Ol 5 O34, O 45 1,3 82,45 83,65 Basis Bs,is Be,is B,ir B, > 0

and functions §; € L7t (€)4+ such that

|53,7: |55,7:

i, 51, 82,1, m2)| < anils|?H + als2]? + asils: s9|P4 + o ilm
12| + 6;(x)

for a.a.z € Q and for all (s1,s2,m1,72) € R x R x RY x RN, where 1 < r; < p; and the
following compatibility conditions hold:

+ a4 |12] 7o + g ||

) Ba1 . Baa 1
I <r;—1 II < = I —= 4+ —= < —
(I) Bi1<m ) (IT) 52’1_7“’17 (I11) " + s
D2 Br1  Bsa 1
v <2 \ <=2 Vi) SRl 2L o
(IV) Bs1 < " (V) Be1 o (VI) o b
1
(VII)  B12 < L,a (VIIT)  Boo <1y —1, (IX) Psz + Pz < —,
T2 T T2 7“2
1
(X) PBs2< pf,l, (XI) PBe2 < ZL/2’ (XII) Prz + Paz < —.
) ) D1 D2 Ty

(Hy): There exist constants 7; > 0 and a function 0 < w(-) € L(Q) satisfying the following inequality
for a.a.x € Q and for all (s1,s2,71,72) € R x R x RY x RV

0151 + 025y < w1 (Jm[”" + [02]P?) 4+ 72 (|51 " + |52]72) + w(2)
for all 6; € f,(x, 81,52,771,772) fori=1,2.
Next, we give the definition of a weak solution of the system (1.1).
Definition 3.1. We say that a pair of functions (u1,us2) € K1 X Ka is a weak solution of problem
(1.1), if there exist functions & € L"(Q) with & (x) € fi(x,u1, ug,, Vuy, Vus) for a. a.z € Q such that
the following inequalities hold
/(ai(ui)|vui
Q
for all w; € K; where K; are defined by
K;:={u; €V; : uy(z) < ®;(z) for a.a.x € Q}

Pim2u; + pi(x)| Vi,

42y, - V(w; da:>/§l w; —u;) dx

fori=1,2.
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Remark 3.2. From the choices of r1,ro in (Hs)(iil) along with (2.1) we have the compact embedding
Vi x Vo, [ - flva + - lve) = (L7 () x L™ (Q), [ - e + ] - [l 02) -
Remark 3.3. The following functions satisfy hypothesis (Ha)
ar(ur) = el ay(uy) o= o, + Juallvi,  a1(wr) i= oy +In(1+ JJu|lvy)
[uz|7,
1+ Jluzllp,.0”
az(uz) := eIV (1 + [|uz|z.40.02)

for all uy € Vi and for all ug € Vo with cq,,cq, > 0.

az(ug) := Ca, + az(uz) := cay + |luz|lp, alluallvs,

The main result of this paper is stated by the next theorem.

Theorem 3.4. Let hypotheses (Hy)— (Hy) be satisfied. Then the weak solution set of problem (1.1) is
nonempty and compact in Vi X Vo provided one of the following assertions is satisfied:

(i) a1 and az are coercive in Vi and Va, respectively;
(ii) min {ca1 - — WQ)\i;17Ca2 -7 — Wg)\i;Z} > 0, where Ay p, is the first eigenvalue of the p;-
Laplace problem with homogeneous Dirichlet boundary condition for i =1,2.
Proof. From hypotheses (H3)(i), (ii) and the Yankov-von Neumann-Aumann selection theorem (see
Papageorgiou-Winkert [27, Theorem 2.7.25]) it follows that for each (uj,u2) € V4 x V4 we find mea-

surable selections &;: Q — R such that &;(z) € f;(x,u1, us, Vur, Vus) for a.a.x € Q. From hypotheses
(Hs) along with Holder’s inequality we obtain

! ]
6o = [ @l do
Q
S/ (a1,1|u1|ﬁ1’1 +042,1‘UQ|52'1 +C¥3’1|U1|ﬁ3’1|U2|ﬁ4’1 +044,1|VU1|/65’1
Q

tas 1| Vua| o1 + ag 1 |Vug [P71 [ Vug Pt + 61 (2)) " da (3.1)

Bi,17 Bz,1m B3,17 Ba,1my Bs,171
e P e R e
(W) 54,1""179

’ ’ N ’
+ I Vull5e7t o + 10117 o + (Ve )7 [Vua] 17 ) < 0o
’ ) Bg,17m1,Q2
(xmr'l) AT

for some Cy > 0. Similarly, we can show that [|&]])? , < oo via using again Holder’s inequality and
2

(H3). Therefore, we can introduce the Nemytskii operators F;: Vi x Vo C L™ (Q) x L™(Q) — 9L ()
of f; defined by

Fi(u,v) := {E e L (Q) : &(z) € fi(w,u,v, Vu, Vo) for a.a.z € Q},

which are well-defined and bounded for i =1, 2.

We are going to show now that F;: Vi x Vo C L™ (Q) x L™(Q) — 9L™H(9) are strongly-weakly
u.s.c. for i = 1,2. By symmetry, we only need to prove that F; is strongly-weakly. Indeed, if we can
prove that the set F; (W) is closed for each weakly closed set W C L™ () such that Fy (W) # 0,
then we obtain the desired conclusion via employing Theorem 1.1.1 of Kamenskii-Obukhovskii-Zecca

[19].

Assume that W C L™1(Q) is weakly closed such that F; (W) # 0 and let {(un,vn) nen C Fi (W)
be a sequence such that (u,,v,) = (u,v) in Vi x Vo with (u,v) € Vi x Vo. Then, we are able to find
a sequence {&n tnen C L71(Q) satisfying &, € Fi(tn,vn) N W. From (3.1) it follows that {&, }nen is
bounded in L™ (). Without any loss of generality, we may assume that

€ % € in L1(Q) for some £ € LN (Q) N W
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due to the weak closedness of W. Recall that R x RN x R x RY 3 (u,&,v,m) — fi(z,u,v,&,1) C R is
u.s.c.for a.a.x € Q. Hence, we can apply the Aubin-Cellina convergence theorem (see Aubin-Cellina
[1, Theorem 1, p.60]) to get that £ € Fi(u,v). Therefore, we have (u,v) € F; (W). Using Theorem
1.1.1 of Kamenskii-Obukhovskii-Zecca [19] proves that F; is strongly-weakly closed.

Let Ik, and Ik, be the indicator functions of K; and Ks, respectively, and let ¢1: Vi — L™ (Q)
and t9: Vo — L™(Q) be the embedding operators of V4 to L™ (2) and of V5 to L™ (), respectively.
Invoking a standard procedure, it is not difficult to prove that (u,v) € K7 x K3 solves problem (1.1)
if and only if it is a solution to the following mixed variational inequality: find (u,v) € V; x V5 and

(u*,v*) € U(u,v) := (A1 (u) — (;F1(u,v), Az(v) — 15 F2(u,v))

such that
((u*,v"), (w, 2) — (u,v)) + Ik, (W) + I, (2) — I, (u) — Ik, (v) >0 for all (w,z) € K3 x Ky, (3.2)
where ((u*,v*), (w,z)) = (u*,w)y, + (v*, 2)v, stands for the duality paring between V; x V4 and

Vi* x V5f and A;: V; — V* are defined by

(A;i(wi),vi)y, == / (ai(wi) V[P 2V + pi(2)| Vi,
Q

4 72Vy;) - Vu; de

fori=1,2.

Next, we are going to apply Proposition 4.1 of Kenmochi [20] to prove the existence of a nontrivial
weak solution of problem (3.2). From the closedness and convexity of f; and the definition of the
Nemytskii operators F; for ¢« = 1,2, it is not hard to prove that for every (u,v) € Vi x Vs, the set
U(u,v) is nonempty, bounded, closed and convex in Vi* x V5. Let {(upn,vn)}tnen C Vi X Vo and
{(ur,v:) nen C Vi* x V5 be sequences such that

(Un,vn) —= (u,v) in V3 x Ve and limsup ((u},v}), (un — u, v, —v)) <0, (3.3)

n)»-n
n— oo

and (u?,v") € U(up,vy,). Then, we can find sequences {&, }nen C L™1(Q) and {0, }nen C L™2(Q) such
that

up = Ar(up) — &, and v = Asx(vy) — (37n.

Recalling that F; and F, are bounded, we infer that {&,}nen C L™ (Q) and {n, }nen C L"2(2) are
bounded as well. So, we may suppose that

& % ¢ in Lr;(Q) and 7, — 7 in LTQ(Q)
for some (£,n) € L™ () x L" (Q) due to/(2.1) and (H3). The latter combined with the compactness
of the embedding Vi x Va to L™ () x L™ () (see Remark 3.2) implies that
((t5&n, t3mm), (Up — uyv, —0)) =0 as n — oo.
Hence, by (3.3), we have
lim sup (A1 (uy), A2(v,)), (Un — u, v, — v)) < 0.

n—oQ

However, from the boundedness of a; and as, we have

lim sup / (a1 (un) | Vg [P 2V, + 1 (2)| V| 2Vuy,) - V(u, —u)dz <0, (3.4)
n— 00 [¢)
and
lim sup / (a2(v)|VUR [P2 72V, + pia(2)| V|27 2V0,,) - V(v, — v) dz < 0. (3.5)
n— 00 [¢)

Then, from (3.4), we have

0 > lim sup / (a1 (un)| Vg [P 2V, + 1 (2)| Vg |2 2V, - V(u, — u) dz
Q

n—o0
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> liminf/ (al(un) - Qi) |Vu|P*~2Vu - V(u, —u)dz
Q

n—o0 2

+ limsup/ (%|Vun|p172Vun + ul(x)|Vun\q1*2Vun) -V (up, —u)de
Q

n—oo

= limsup/ (%|Vun|pl_2Vun + ul(x)|Vun\Q1_2Vun) -V (up, —u)de.
Q

n—oo

From the (S;)-property of differential operator div (%3L|Vu,[P*=2Vu,, + p1(2)|Vu,|®~2Vu,) (see
Proposition 2.2) we conclude that w, — w in V;. Similarly, by using (3.5), we can show that v, — v
in V5. Employing the strongly-weakly upper semicontinuity of F; and Fs gives { € Fi(u,v) and
n € Fa(u,v). Whereas, we use the continuity of a; and ay to find that

uh = Ay (up) — 116 -5 ut = Ay(u) —j€ in VJF
v = Ao(vn) — thnn —= v* = Ax(v) —u3n  in Vi
This means that the following equality holds
Tim (w503, (0.2) — (s, v)) = (%), (1,2) — (u,0))

with (u*,v*) € U(u,v) for all (w,z) € V] x Va.
Now we are going to show that U is coercive. To this end, we distinguish between the cases (i) and
(ii).
e Suppose first (i) is satisfied, that is, a; and ay are coercive. Then, for any (u,v) € V; x Vo and
(& n) € (F1(u,v), Fo(u,v)) with [lufly, > 1, [[v]lv, > 1 and

min{(al(v) — T — )\17711717@) s (GQ(U) — T — )\iéﬂ'@)} Z 1
we have by using (Hy), (2.5) for r = p; and r = py as well as Proposition 2.1(iv)
((Ar(u) = 1€, A2 (v) = 3m), (u,v))
> ar(u)|[Vully; o + VUl 4.0 + a2Vl o + IVl /Qm (IVul”r 4 [Vo[?) dx

11,91, p2,q2,2

- / o (JulP* + |v|P?) dz — / w(z)dz
Q Q
> (al(u) — 1 — )\iél’ﬂ'g) ||VU||§LQ + ||VUHZILQ1,Q + ((LQ(’U) — 1 — )\1741727('2) ||V’U||§§’Q
+ IVl g0 — wllie
> (a1 (u) — m — App, m2) lullfh + (a2(v) — 71 — Ap,,m2) [0l — wlie
> fullyy + VI = llwlle-

This shows the coercivity in case (i).
e Let us now assume that the inequality

: -1 —1
min {ca1 — T — 7r2)\1’p1,ca2 — T — 772)\1’172} >0

is satisfied. Then, for any (u,v) € Vi x Vo and (&,n) € (F(u,v),G(u,v)) with |Jully; > 1 and
[lv]lv, > 1 we have, similar to case (i), by applying (Hs), (Hz), (2.5) and Proposition 2.1(iv)

((Ar(u) = 1€, A2 (v) = 3m), (u, v))
> (ca1 — - Ai;lﬂg) ||u||}"}1 + (ca2 —m — Ai;27r2) [lv] @z — |lwll.
> Mo (Jlullt +110l73) = llwle.

where My > 0 is defined by

el -1 -1
MO = Imin {Ca — 1 — )\LPI']TQ,CZ, — 1 — )\1’;0271'2, 1} .
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So we have proved the coercivity also in this case, that is,

((A1(u) — 118, As(v) — 13m), (u, v))
l[ullv, + [lv]lv,
Therefore, all conditions of Proposition 4.1 of Kenmochi [20] are fulfilled which implies that problem
(1.1) has at least one nontrivial weak solution, because of 0 ¢ f;(x,0,0,0,0) for a.a.z € Qand i =1,2.
Finally, we are going to prove that the solution set of problem (1.1) is compact. Assume that
{(tn,vn)}nen is a sequence of solutions of problem (1.1). Hence, we can find &, € Fi(un,v,) and
M € Fa(un,v,) such that

(Ax(un) = 1160, A2(vn) — t310), (W — Un, 2 — vy)) >0 (3.6)

for all (w,z) € K; x Ky. By the coercivity of & and the boundedness of A; for i = 1,2, we easily
obtain that {(t,, vy)nen C Vi x Vo and {(€n, 1) Ynen C L™1(Q) x L™2(Q) are bounded. So, there are
functions (u,v) € K7 x Ky and (€,1) € L™ () x L"2(Q) such that

(Un,vn) % (wyv) in Vi x Vo and (&nmn) —= (€,m) in L71(Q) x L"2(Q).

= Foo as [lullv; + [lvflv, = o0

Inserting (u,v) € K; x Ko into (3.6) and taking the lower upper limit as n — oo for the resulting
inequality yields
lim sup (A1 (un) — t1&n, A2(vn) — t505), (U — u, v, — v)) < 0.
n—oo

Arguing as before, we can show that u,, — w in V} and v,, — v in V5. However, the closedness of F;
and F, reveals that £ € Fi(u,v) and n € Fa(u,v). Passing to the limit as n — oo in (3.6), we deduce
that (u,v) € Vi x V4 is a weak solution of problem (1.1). Consequently, the solution set of problem
(1.1) is compact in V; x Va. O
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