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ABSTRACT. In this paper, we introduce and investigate a new kind of nonlinear double phase
implicit obstacle problems involving a nonlinear convection term (a reaction term depending
on the gradient), three highly nonlinear and nonlocal functions, and multivalued boundary
conditions. Under very general assumptions on the data, we develop a generalized framework
to explore the existence of weak solutions as well as the compactness of the solution set to
the nonlocal double phase implicit obstacle problem. The results established in this paper
improve, generalize and extend some results of the existing literature. Our method is based on
the theory of multivalued analysis, Tychonoff’s fixed point principle and variational methods.

1. INTRODUCTION

This paper is concerned with the investigation of an elliptic inclusion problem with a nonlinear
and nonhomogeneous partial differential operator (called double phase differential operator), a
nonlinear convection term (a reaction term depending on the gradient), an implicit obstacle
constraint, three multivalued terms where two of them are appearing on the boundary and the
other one is formulated in the domain, and three nonlocal operators in which two of them are
described in the domain and the other one is appearing on the boundary. More precisely, we
consider the following nonlocal double phase implicit obstacle problem:

—Dpru+ |[u|P2u + p(x)|ul??u € Uy (z,u) + N(u)(z) + f(z,u, Vu) in Q,

u=0 on I'y,

ou r

87% 2(z,u) onlo,

0 (1.1)
_87:1 € 80(23(]},1/6) on F37

0
_aTZ = G(u)(z) on Ty,

L(u) < J(u),

where Q C RY is a bounded domain with Lipschitz boundary I' such that I is divided into four
disjoint measurable parts 'y, I's, I's and T’y with 'y having positive measure, p:  — [0, +00)
and 1 < p < q. Here the nonlinear and nonlocal partial differential operator D, is given by

Dy = div (M (w)|VulP"2Vu + p(z)|Vu|?"?Vu) for all u € WHH(Q),
and

0

87“ = (M (u)|Vu|P"Vu + p(x)|VulI™2Va) - v,

with v being the unit normal vector on I', U : @ x R — 2% and Uy : 'y x R — 2R are two multi-
valued mappings, M: L (Q) — (0,400), N: LS(Q) — LS (Q) and G: L(Ty) — L%(Iy)
are three continuous functions, d.¢(x,u) is the convex subdifferential of s — ¢(x,s), and
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L,J: WHH(Q) — R are given functions defined on the Musielak-Orlicz Sobolev space W17 (),
see Section 2 for its precise definition.

Such class of problems include different interesting special cases which have not been studied
largely in the literature. Initially, the treatment of obstacle problems goes back to the ground-
breaking work by Stefan [46] in which the temperature distribution in a homogeneous medium
undergoing a phase change, typically a body of ice at zero degrees centigrade submerged in wa-
ter, was studied. We also mention the pioneering work of Lions [27] who studied the equilibrium
position of an elastic membrane which lies above a given obstacle and which turns out as the
unique minimizer of the Dirichlet energy functional.

It should be mentioned that if M(u) = 1, N(u) = 0 for all v € WH*(Q) and I'y = ), then
problem (1.1) reduces to the following double phase implicit obstacle inclusion problem:

Dyt + P2+ (@) [ult 20 € Uy (w,0) + f(2,0,Va)  in

u=0 on F17
Ju
87% GUQ(ZL’,U) on FQ, (12)
_ou € 0:9(x,u) onT
61/“ c ) 35
L(u) < J(u),
where D, is the well-known double phase differential operator
Dy = div (|Vul[P2Vu + p(z)|Vu|??Vu) for all u € WHH(Q), (1.3)
and
au p—2 q—2
= (IVulP~*Vu + u(z)|Vu|!*Vu) - v,
)
In fact, this problem has been considered and studied by Zeng-Radulescu-Winkert [50] and

they used the Kakutani-Ky Fan fixed point theorem in a multivalued version for examining the
existence of a solution to problem (1.2) under the condition

(f(x,8,8) — f(z,t,))(s —t) < ef|ls —t|P for a.a. x € Q, for all s,t € R and all £ € RY. (1.4)
Moreover, when p = 2, it is not hard to see that the function f: Q x RY — R defined by

N
fla,s,8) = G&+ K187 + w(x)

i=1
for all z € 2, for all s € R and for all £ € RY, does not satisfy inequality (1.4), where w € L?(),
k1 > 0and ¢ = (¢1,...,(ny) € RV is a given vector. However, in the present paper, on the
one hand, we remove the assumption (1.4) in order to extend the scope of applications to the
theoretical results concerning the existence of weak solutions to double phase implicit obstacle
problems; on the other hand, we develop a generalized framework to explore the existence of
weak solutions as well as the compactness of the solution set to the nonlocal double phase
implicit obstacle problem (1.1).

Note that the double phase operator defined in (1.3) is related to the energy functional

w /Q (IVwlP + pu(z)|Vw|?) dz. (1.5)

Functionals of type (1.5) have first been studied by Zhikov [53] in order to provide models
for strongly anisotropic materials. The main characteristic of the functional defined in (1.5)
is the change of ellipticity on the set where the weight function is zero, that is, on the set
{z € Q: pu(x) = 0}. To be more precise, the energy density of (1.5) exhibits ellipticity in the
gradient of order ¢ on the points  where u(x) is positive and of order p on the points x where
w(x) vanishes. Further results on regularity of minimizers of (1.5) can be found in the papers
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of Baroni-Colombo-Mingione [3, 4], Colombo-Mingione [9, 10], De Filippis-Mingione [12, 13, 14,
], Marcellini [31, 32] and Ragusa-Tachikawa [14]. We also mention the overview articles of
R&dulescu [43] about isotropic and anisotropic problems and of Mingione-Radulescu [33] about

recent developments for problems with nonstandard growth and nonuniform ellipticity.

The main objective of the paper is the development of a general framework for determining
the existence of a weak solution to the nonlinear nonlocal implicit obstacle problems (1.1) via
Tychonoff’s fixed point theorem for multivalued operators, the theory of nonsmooth analysis
and variational methods for pseudomonotone operators. As far as we know this is the first
work for nonlocal implicit obstacle problems in the double phase setting with mixed boundary
conditions.

It should be mentioned that the combination of an implicit obstacle effect with mixed bound-
ary conditions along with multivalued mappings occur in several engineering and economic
models, such as Nash equilibrium problems with shared constraints and transport route opti-
mization with feedback control. For more models related to nonsmooth mechanical problems
we refer to books of Panagiotopoulos [11, 40] and Naniewicz-Panagiotopoulos [39].

In the content of (implicit) obstacle effects involving Clarke’s generalized gradient or gen-
eral multivalued mappings but without nonlocal term there are several papers using different
methods. We refer to the works of Alleche-Ridulescu [1], Aussel-Sultana-Vetrivel [2], Bonanno-
Motreanu-Winkert [5], Carl-Le-Winkert [8], Iannizzotto-Papageorgiou [24], Migérski-Khan-Zeng
[35, 36], Zeng-Bai-Gasinski-Winkert [18, 19], Zeng-R&dulescu-Winkert [51, 52], see also the re-
cent monograph of Carl-Le [7] about multivalued variational inequalities and inclusions. In
the single-valued case with gradient dependent right-hand sides (so-called convection term) we
mention the papers of Faraci-Motreanu-Puglisi [16], Faraci-Puglisi [1 7], Figueiredo-Madeira [18],
Gasiniski-Papageorgiou [19], Gasinski-Winkert [20], Liu-Motreanu-Zeng [29], Marano-Winkert
[30], Papageorgiou-Radulescu-Repovs [12], see also the references therein.

The paper is organized as follows. Section 2 presents a detailed overview about Musielak-
Orlicz Lebesgue and Musielak-Orlicz Sobolev spaces, the p-Laplacian eigenvalue problem with
Steklov boundary condition and we state some results from nonsmooth analysis, the properties
of Clarke’s generalized gradient and Tychonoff’s fixed point theorem for multivalued operators
which will be used in next sections to establish the existence theorems to various nonlocal double
phase obstacle problems. In Section 3, in order to establish the solvability of the nonlocal double
phase implicit obstacle problem (1.1), we first introduce an auxiliary problem defined in (3.1),
a variational mapping S driven by problem (3.1), and two multivalued mappings U; and Us
which are exactly the Nemitskij operators of U; and Us, respectively. After that, we prove
the complete continuity of S and upper semicontinuity of ¢; and Us. Finally, via employing
Tychonoft’s fixed point theorem for multivalued operators along with the theory of nonsmooth
analysis, we establish the nonemptiness and compactness of the solution set of problem (1.1).
However, in Section 4, we move our attention to study several special and interesting cases of our
problem (1.1), and we deliver the corresponding existence results to these special cases. Also,
we make further discussion to some particular problems of (1.1), and obtain several generalized
existence theorems for various nonlocal double phase obstacle problems.

2. MATHEMATICAL BACKGROUND

In this section we give some necessary notations and preliminary materials which will be used
in the next sections from at several places.

Throughout this paper, we suppose that Q C RY is a bounded domain with Lipschitz bound-
ary I' := 09 such that I is separated by four disjoint measurable parts I'y, I's, I's and T'y with
I'; having positive Lebesgue measure. Let 1 < r < 400 and D C € be a nonempty set. In what
follows, we denote by L"(D) := L"(D;R) the usual Lebesgue space equipped with the norm
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Il - |lr.p defined by

1
ullrp = (/ |qux> for all w € L" (D).
D
Also, we introduce the set L"(D), := {u € L"(D) : u(z) > 0 for a.a.z € D}. By Wh"(Q) we
define the corresponding Sobolev space endowed with the norm || - |1, defined by
lullira = [[ullro + |Vul.q for all u € WH"(Q).

The conjugate of r > 1 is denoted by r' > 1, i.e., %Jr % = 1. Additionally, the critical exponents
of r > 1 in the domain and on the boundary, denoted by r* and r,, are defined by

Nr . N—l)r .
r*{NT if r <N, {(NT if r <N, (2.1)

and 7, =
400 ifr >N, 400 if r > N,

respectively. For the sake of convenience, in the entire paper, the symbols “ — ” and “—” stand
for the weak and the strong convergences, respectively, to various function spaces. Recalling that
the measure of I'; is positive, so it follows from Korn’s inequality that there exists a constant
A > 0 such that

[ull? o < AVull? ¢ (2.2)
for all u € W, where W is the subspace of W1P(Q) given by
Wi={ueW"P(Q) : u=0fora.azel}.

For any r > 2 fixed, from Simon [15, formula (2.2)], we are able to find a constant k(r) > 0
such that the inequality holds
(Il 22 = yI"?y) - (z — ) 2 k(r)lw —y[" (23)

for all z,y € RY. Furthermore, we consider the eigenvalue problem of the r-Laplacian (r > 1)
with Steklov boundary condition formulated by

—Ayu=—|u|""%u in £,
) ) (2.4)
lu|""%u - v = Mu|" " u on I
From Lé [20], we know that the eigenvalue problem (2.4) has a smallest eigenvalue /\157,4 >0

which is isolated and simple. Also, it is easy to prove that the following variational identity
holds
Vulll o + ||ul||”
S gy Vo tlule 05
wewnr (@)\{0} [

1,r

In the whole paper, we suppose that the following hypothesis holds.
H(1): 1<p<N,p<qg<pand 0< pu() € L>®(Q).
Under the above assumption, let us introduce the nonlinear function #: 2 x [0,00) — [0, 00)
described by the exponents p, g and weight-function p defined by

H(z,t) =t" + p(z)t? for all (x,t) € Q x [0, 0).

We are now in a position to recall the well-known Musielak-Orlicz Lebesgue space L™ () given
by

LM (Q) = {u: Q — R is measurable | py(u) < +oo},

where the modular function py: L7(Q) — [0, +00) is formulated by

pu(u) = /Q’H(x, |u]) de = /Q (JulP + p(z)|u|?) dz  for all u € L* ().
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It follows from Liu-Dai [28] that Musielak-Orlicz Lebesgue space L™ (f2) equipped with the
Luxemburg norm

lu||2 = inf {T >0 | pu (%) < 1} for all u € L*(Q)

becomes a reflexive Banach space, because it is uniformly convex. Moreover, we consider the
seminormed space L{, ()

Li(Q) = {u Q — R measurable | / z)|u|fde < +oo}
endowed with the seminorm

1
lgn = (/Q u(x)|u|qu) for all u € L%, (€2).

Because problem (1.1) has mixed boundary conditions, the basic function space in the present
paper is considered by

[[u

Vi={ue W'(Q) [ u=0onT1},
where WhH (€2) is the well-known Musielak-Orlicz Sobolev space defined by
WhH(Q) = {u e L*(Q) | |Vu| € LH(Q)}.
It is not difficult to prove that V' endowed with the norm || - ||y
llully == [|[Vull3 + [Jul|% forallueV

is a reflexive Banach space, where ||[Vully = || |Vul ||%-
Let us recall some embedding results for the spaces L7(Q2) and W1 (Q), see Gasiniski-
Winkert [21] or Liu-Dai [28].

Proposition 2.1. Let H(1) be satisfied and denote by p*, p. the critical exponents to p as given
in (2.1) for s = p. Then, we have

(i) L*(Q) — L™ () and WHH(Q) — WLT(Q) are continuous for all r € [1,p];
(ii) WEH(Q) = L"(Q) is continuous for all r € [1,p*] and compact for all r € [1,p*);
(iii) WLH(Q) < L"(0Q) is continuous for all r € [1,p.] and compact for all r € [1,p.);
(iv) L*(Q) — L{(82) is continuous;
(v) L1(Q) — LH(Q) is continuous.

It should be mentioned that when the space W1 (Q) is replaced by V in Proposition 2.1,
then the embeddings (ii) and (iii) remain valid.
The following proposition is due to Liu-Dai [28, Proposition 2.1].

Proposition 2.2. Let H(1) be satisfied and let y € L™ (Q). Then the following hold:
(i) if y #0, then |lyllx = X if and only if py (%) =1;
(ii) ||yl <1 (resp. > 1 and =1) if and only if px(y) < 1 (resp. > 1 and =1);
(iil) if [[yllze < 1, then [yl < pr(y) < lyll5s
(iv) if [[ylla > 1, then [lyll5, < pr(y) < lyll5;
((V§ lylls — 0 if and only if pu(y) — 0;

lyllg — 400 if and only if px(y) = +oo.
Let w € V be fixed and M: V — (0,400). Next, we introduce the nonlinear operator
Hy: V — V* given by

(How(u),v) ::/ (M (w)|VulP~2Vu + p(x)|[Vu|??Vu) - Vodz
@ (2.6)

ulP~%u ) |ul? %) vde

+ [ (a2t ) ufu) v,
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for u,v € V with (-, -) being the duality pairing between V" and its dual space V*. The following
proposition states the main properties of H,,: V" — V*. We refer to Crespo-Blanco-Gasinski-
Harjulehto-Winkert [11].

Proposition 2.3. Let the hypotheses H(1) be satisfied. Then, for each w € V' the operator H,,
defined by (2.6) is bounded, continuous, monotone (hence mazimal monotone) and of type (Sy),
that is,
Up — u inV  and limsup My, t, —u) <0,
n—oo

mply up — u in V.

In the last part of this section we are going to recall some results from nonsmooth analysis
and multivalued analysis. In the following, let E be real Banach space with norm || - ||g. A
function p: E — R := RU {+00} is said to be proper, convex and lower semicontinuous, if the
following conditions are fulfilled:

e D(p):={u€FE : p(u)<+oo} # 0

e for any u,v € F and t € (0,1), it holds p(tu + (1 —t)v) < tp(u) + (1 —t)p(v);

e liminf, . ¢(u,) > ¢(u) where the sequence {u,}ney C F is such that u, — u in E
as n — oo for some u € E.

Let ¢ be a convex mapping. An element x* € E* is said to be a subgradient of ¢ at u € F if

(@70 —u) <o(v) —(u) (2.7)
holds for all v € E. The set of all elements z* € E* which satisfies (2.7) is called the convex
subdifferential of ¢ at u and is denoted by O.¢(u).

Moreover, a function j: E — R is said to be locally Lipschitz at = € E if there is a neighbor-
hood O(z) of z and a constant L, > 0 such that

i) =32 < Lally — z[lp for all y,z € O(x).
We denote by

J°(z;y) := limsup iz + ) — j(2)

)
z—x, AL0 A

the generalized directional derivative of j at the point z in the direction y and 9j: E — 27~
given by
0j(z):={E€E" : j°(x;y) > (&, y)p+xp forallye E} forallzeFE
is the generalized gradient of j at x in the sense of Clarke.
The next proposition summarizes the properties of generalized gradients and generalized

directional derivatives of a locally Lipschitz function. We refer to Migdrski-Ochal-Sofonea [37,
Proposition 3.23] for its proof.

Proposition 2.4. Let j: E — R be locally Lipschitz with Lipschitz constant L, > 0 at x € E.
Then we have the following:

(i) The function y — j°(x;y) is positively homogeneous, subadditive, and satisfies
15°(@;9)| < Lallyllz for ally € E.

(ii) The function (z,y) — j°(z;y) is upper semicontinuous.

(iii) For each x € E, Jj(x) is a nonempty, convex, and weak® compact subset of E* with
l€lls- < Lo for all€ € 0(x).

(iv) j°(z;y) = max {(§, y)p-xp | § € 0j(x)} for ally € E.

(v) The multivalued function E > x — 0j(x) C E* is upper semicontinuous from E into
the subsets of E* with weak® topology.

We end this section to recall the Tychonoff’s fixed point theorem for multivalued operators,
its proof can be found in Granas-Dugundji [22, Theorem 8.6].
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Theorem 2.5. Let D be a bounded, closed and convex subset of a reflexive Banach space E,
and A: D — 2P be a multivalued map such that

(i) A has bounded, closed and convex values,
(ii) A is weakly-weakly u.s.c.

Then A has a fixed point in D.

3. EXISTENCE AND COMPACTNESS

This section is devoted to explore the nonemptiness and compactness of the solution set to
problem (1.1). As mentioned before, our method is based on the theory of multivalued analysis,
Tychonoff’s fixed point principle and variational methods.

In order to state the existence and compactness results for problem (1.1), we first impose the
following assumptions on the data of problem (1.1).

We assume that the nonlocal functions M: LP (Q) — (0,400), N: L (Q) — LS(2) and
G: L% (Ty) — L% (Ty) satisfy the following conditions:

H(M): M: LP (Q) — (0,400) is such that M is weakly continuous in V', namely, for any
sequence {u, }ney C V C LP (Q) and u € V such that u,, —— win V as n — oo, we
have

M(u) = lim M(u,),
n—oo
and there exists a constant ¢p; > 0 such that
M(u) > cpy forallueV,
where p* is the critical exponent p* of p in the domain €2 given in (2.1) with r = p.

H(N): The function N: LS (Q) — LS () is continuous such that there exist constants ay, by >

0 and 0 < K1 < p — 1 satisfying
[N (w)]l¢;.0 < an + bN||w||gllQ for all w € L% (Q),
where 1 < (; < p*.
H(G): The function G: L(I'y) — L%(Ty) is continuous such that there exist constants
ag,bg > 0 and 0 < kg < p — 1 satisfying
HG(U’)HQ,H <ag+ bgHwH'g;m for all w € L% (Ty),
where 1 < (3 < p, and p, is the critical exponent of p on the boundary I' given in (2.1)
with r = p.
For the convection term f, we suppose the following conditions.
H(f): f: QxR x RY — R is a Carathéodory function such that
(i) there exist two constants as,b; > 0 and a function ay € LP (Q), satisfying

[f (2,5, < arl€l"~" +byls|"™" + oy (@)

for a.a.z € €, for all s € R and for all £ € RY;
(ii) there exists a constant ey > 0 such that

|f(:E, 5’61) - f(l‘, 5762)‘ < 6f|£1 - §2|p71
for a.a.z € €, for all s € R and for all £;,& € RY.
The multivalued mappings U;: Q x R — 28 and Usy: T'; x R — 2R are assumed to satisfy the
following conditions:
H(U1): The multivalued function Uy : © x R — 2R is such that
(i) Ui(z,s) is a nonempty, bounded, closed and convex set in R for a.a.z € Q and all
seR;
(ii) « — Ui(x,s) is measurable in {2 for all s € R;
(iii) s — Ui(z,s) is us.c.for a.a.z € Q;
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iv) there exist a function ay, € LP (Q), and a constant ay, > 0 such that
1 + 1
nl < av, (x) + av, [s|P~*

for all n € Uy(z,s), for a.a.z € Q and for all s € R.

H(Us,): The multivalued function Us: I'y x R — 2® is such that
(i) Uy(z,s) is a nonempty, bounded, closed and convex set in R for a.a.x € I's and all
s € R;
(ii) = — Uz(x,s) is measurable on I'; for all s € R;
(i) s — Us(x,s) is u.s.c.for a.a.x € T'y;
(iv) there exist a function ay, € L? (I'y)4 and a constant ag, > 0 such that

€] < av, (@) + ap,|sP~
for all £ € Us(x, s), for a.a.x € 'y and for all s € R.

On the boundary I's, the function ¢: I's x R — R fulfills the following assumptions:

H(¢): The function ¢: I's x R — R is such that
(i)  — ¢(z,r) is measurable on I's for all r € R;
(ii) 7~ ¢(z,7) is convex and l.s.c.for a.a.x € I's;
(iii) for each function u € LP*(T'3) the function = +— ¢(z,u(x)) belongs to L*(T'3).

With respect to the nonlocal functions L: V' — R and J: V — (0,400), we suppose the
following:

H(L): L: V — R is positively homogeneous and subadditive such that

L(u) <limsup L(uy,),
n—oo

whenever {u, }neny C V is such that w, s win V for some u € V.

H(J): J: V — (0,+00) is weakly continuous, that is, for any sequence {u, }neny C V such that
Un — wu for some u € V, we have

J(uy) = J(u).

Moreover, we state the following compatibility conditions.
H(2): The inequalities

0 < k(p)em — efj\%

=

0 < min{car — apA7,1} — (ay, 4 bf) cp(Q)P — ap,c,(T2)P

hold, where k(p) and A > 0 are given in (2.3) and (2.2), and cp(©2) > 0 and ¢,(T'2) >0
are the smallest constants satisfying the following inequalities (because of the continuity
of the embeddings of V' to LP(Q) and of V to LP(T'3))

[ullpo < cp(Qlluflv and ullpr, < cp(To)llufly for allu e V.

Remark 3.1. The compatibility inequalities in H(2) are usually called to be smallness con-
ditions, which have been applied in many literatures, for example, [23, 34] (nonsmooth contact
mechanics problems) and [50, 35] (nonlinear partial differential equations). Essentially speaking,
the compatibility inequalities in H(2) will play a critical role to guarantee that the variational
selection S is self-map on a bounded closed set (see (3.19), below), and to reveal that the problem
(1.1) has coercive framework. The following functions fulfill assumptions H(M ):
o M(u) = cy +r1(||ullr,0) for all u € V, where r1: [0,400) — [0,400) is a continuous
function, cpy > 0 and 1 < 1 < p*;
o M(u) = an + ra(||u|lry,r) for all w € V, where ro: [0,4+00) — [0,400) is a continuous
function, cpr >0 and 1 < mg < px.
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It is not difficult to see that the following functions N: L (Q) — LS(Q) and G: L (T'y) —
L% (Ty) satisfy the conditions H(N ) and H(G), respectively:

p—1
P

N(u)(x) := (/Q w1 (z)|u(z)] dx) +wa(z) for allx € Q and all u € L% (),
and

G(w)(z) = g w3 (z)|w(x)|* "t de + wa(z) for all x €Ty and w € L (Ty),

where wy € L1 (Q) 4, wy € LP(Q) and w3, wy € L (Ty).
Letp=2 and f: Q x RY — R be defined by

N
fl@,5,6) = G& — ks + w(x)
=1

for all x € Q, for all s € R and for all € € RN, where w € L?(Q), k1 >0 and ¢ = ((1,...,(n) €
RY is a given vector. Then, f satisfies hypotheses H(f).
Let oq € L (Q) and ay € LP (Ty). Then, the multivalued functions defined by
Up(x,8) = [-1,1]aq(x) + sP~L for all x € Q and all s € R,
Us(z,s) = [0,2]sP~1 + as(z) for all z € Ty and all s € R,

satisfy hypotheses H(Uy) and H(Us), respectively.
Let ws € LPI(F3)+. Then, the function defined by

oz, s) :=ws(x)|s| for allx €T3 and s € R,

satisfies hypotheses H(¢).
It is obvious that the functions L(u) = ||lu|ly and J(u) = e'tlullra for all u € V' fulfill
hypotheses H(L) and H(J), respectively.

Let us consider the multivalued mapping K: V — 2V defined by
Ku)={veV | Lw)<Ju} forallueV.

Under the hypotheses H(L) and H(J), we have the following important auxiliary result which
delivers several significant properties for the multivalued mapping K: V — 2V. More precisely,
this lemma reveals an essential characteristic that K is Mosco continuous (see Mosco [38], i.e.,
K is sequentially weakly-weakly closed and sequentially weakly-strongly l.s.c.). The detailed
proof of this lemma can be found in Lemma 3.3 of Zeng-Radulescu-Winkert [50].

Lemma 3.2. Let J: V — (0,400) and L: V — R be two functions such that H(L) and H(J)
are satisfied. Then, the following statements hold:

(i) for each uw € V, K(u) is closed and convex in V such that 0 € K (u);
(ii) the graph Gr(K) of K is sequentially closed in V,, x V,,, that is, K is sequentially closed
from V' with the weak topology into the subsets of V' with the weak topology;
(iil) if {un}nen CV is a sequence such that

Up —> u inV
for some u € V, then for each v € K(u) there exists a sequence {v, }neny C V' such that
vp € K(up) and v, —v  inV.

We are now in a position to give the definition of weak solutions to problem (1.1) as follows.
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Definition 3.3. We say that a function uw € V is a weak solution of problem (1.1) if u € K (u)
and there exist functions n € LV (Q), € € LF (Ty) such that n(z) € Uy (x,u(z)) for a.a.x € Q,
&(x) € Us(z,u(z)) for a.a.x € Ty and the inequality

M(U)/Q [VulP?Vu - V(v — u)dz + /Qu(x)Wulq_QVu V(v —u)dz

+/ﬂm”%+u@wm*ww—w¢w% N () (@)(v - u) da
Q Q

+ ¢(x,v)dl — o(x,u)dl + G(uw)(z)(v —u)dl
I's Is Ty

2/77(x)(v—u)dx+ E(x)v—u)dl + [ f(z,u,Vu)(v—u)dx
Q r, Q

holds for all v € K(u).

For the convenience of the reader, in the sequel, we use the following notion
X=LF(Q), Y=LP,), X*=LF(Q) and Y*=L"(Iy).
For any (w,n,&) € V x X* x Y* fixed, let us consider the following auxiliary problem:

—Dsqyu + [ul""?u+ p(@)u] " = n(z) + N(w)(z) + f(z,w,Vu)  inQ,

u=0 on I'y,
;):D = () on T,
—% € 0.9(x,u) on I's, (3-1)
o~ Glu)(@) on T,
L(u) < J(w),

where the differential operator D, is defined by
Dyr(wyu := div (M (w)|VulP~2Vu + p(x)|Vu|??Vu) for all u € WHH(Q),

and E}au’/(z) stands for

;Tu = (M (w)|Vul[P>Vu + p(z)|Vu|T*Vu) - v.

From Definition 3.3 we can see that u € V' is a weak solution of problem (3.1) if u € K(w)
and the following inequality is satisfied

M(w)/Q|Vu\p72Vu~V(v—u)dx—i—/ﬁu(m)|Vu|q*2Vu~V(v—u)dx
ulP~%u 2)|ul? %) (v — ) dz w)(z) (v —u)dx
+ [P @ = do + [ Nw)a)w -
+ o(x,v)dl’ — é(x,u)dl + G(w)(z)(v —u)dl’

I's I's T4

Z/Qn(x)(v—u)dm—k f(x)(v—u)dI‘+/Qf(m,w,Vu)(v—u)dx

T2

for all v € K(w).
The following lemma shows that problem (3.1) is uniquely solvable.
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Proposition 3.4. Let p > 2. Assume that H(1), H(¢), H(f), H(L) and H(J) hold. If M(w) >
e for each w € V, N(w) € LS(Q) with 1 < ¢ < p*, G(w) € L%(Ty) with 1 < ¢ < p., and
the inequality 0 < k(p)ear — efS\% holds, then problem (3.1) admits a unique solution.

Proof. First we introduce the following nonlinear mappings G,: V — V*, ¢: V — R and
Fu: V CLP(Q) = LP (Q) C V* defined by

(Guw(u),v) := M(w)/ﬂ|Vu|p_2Vu~Vde+Au(x)|Vu\q_2Vu~Vvdx
—&—/Q(\UV’_ u+ p(x)|u|9” u)vdx—i—/QN(w)(a?)vdm

+ [ Gw)(@)wdr - /

nx)vde — [ &(x)vdl
Iy Q I

for all u,v € V,
p(u) == [ ¢(x,u)dl
s

for all uw € V, and

<“quvv>LP/(Q)><LP(Q) = /Qf(x,w,Vu)v dx

for all w € V and v € LP(Q2). Using the notations above, it is not difficult to prove that
inequality (3.2) can be equivalently rewritten by the following nonlinear variational inequality
with constraint

(Guwu,v —u) + o) — p(u) > (" Fpu,v — u)

for all v € K(w), where i: V — LP(Q) is the embedding operator of V into LP(Q2) and
(- LPI(Q) — V* is the dual operator of i. Arguing as in the proof of Theorem 3.4 of Zeng-Bai-
Gasinski [47], we can show that problem (3.1) has at least one solution.

Next, we are going to prove the uniqueness of problem (3.1). Let uj,us € V be two weak
solutions of problem (3.1). So, for every i = 1,2, it holds u; € K(w) and

M (w) /Q |V P2V, - V(v — u;) da + /Q ()| V|92V - V(v — u;) doe
+ /Q(|Ui|p_2ui + (@) || ) (0 — wg) da + /Q N(w)(z)(v - u;) da

+ [ e v)dr — [ ¢ uw)dr+ / G(w)(@)(v — u;)dT
T3 T3 Ty

2‘/§2n(x)(v—ui)dx+ E(m)(v—ui)dl"—i-/ﬂf(x,w,Vui)(U—ui)dx

T2

for all v € K(w). Putting v = uy and v = u; into the above inequalities with ¢ = 1 and i = 2,
respectively, we use the resulting inequalities to get

M(w)/ (|Vu1|p_2Vu1 - \VuQ|p_2Vu2) -V(up —ug)de
Q

+ [ w@) (V|92 Vug — [Vue| " *Vug) - V(ug — ug) dz
+ (\ul\p_gul - |u2|p_2uQ) (w1 — ug) dw

+ [ p) (Jua]? 2w — fuz]?ug) (ug — ug) da

S~ S
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< /Q(f(ac,w, Vup) — f(z,w, Vug))(u; — uz) dz.
The latter combined with (2.3), hypothesis H(f)(ii) and Holder’s inequality implies that
k() (enllVur = Vualll g + llun = w2llf g )
< /Qef|Vu1 — VUQ\P_1|U1 — ug|dz

< efl|Vur = Vus [0 ur — uzlp0
< ef A7 | Vuy — Vus|? .
This means that
(k(p)cM — efx%) IVur = Vus|[? ¢ + k(p)llur — uz]l?g < 0.
Employing the inequality efj\% < eprk(p), we infer that uy = us.
Consequently, for every (w,n,€) € V x X* x Y* fixed, problem (3.1) is uniquely solvable. O

Lemma 3.4 allows us to introduce the solution mapping S: V x X* x Y* — V of problem
(3.1) formulated by

S(w,n,&) = Uye forall (w,n,§) eV x X" xY™,

where w,, ¢ is the unique solution of problem (3.1) associated with (w,n,§) € V- x X* x Y*.
The following lemma says that S: V x X* x Y* — V is a completely continuous operator.

Lemma 3.5. Let p > 2. Assume that H(1), H(2), H(M), H(N), H(G), H(¢), H(f), H(L) and
H(J) are fulfilled. Then, the solution map S: V x X* x Y* =V of problem (3.1) is completely
continuous.

Proof. Assume that {(wp, M, &) tneny CV x X* x Y* and (w,n,£) € V x X* x Y* satisfy
(W, My &n) == (w,m,§) IV x X*x Y™
Let wy, := S(wn,Nn, &) for each n € N. So, for each n € N, we have u,, € K(w,) and

M (wy) / |vun|p72vun V(v —up)dz + / ,u(l‘)|Vun|q72Vun V(v —u,)dr
Q Q

+ /Q(|un|p72un + (@) |wn] T2 un) (v — uy ) da + /Q N(wp)(z)(v — uy,) dz

(3.3)
+ [ ¢(x,v)dl — o(z,u,)dl + / G(wy)(x)(v — uy)dl
s s Ty
> / M(x)(v—uy,)de+ [ &p(x)(v—uy,)dl + / flz, wp, Vu,) (v — uy) dz
Q Ty Q
for all v € K(w,,). Using hypothesis H(f)(i) gives
/ [z, wn, Vuy)uy, (z) dz
Q
n p-1 b n p-l n d
< [ @1V 4 by lun@)P 7+ ag(a) o (0)] do )

-1 -1
< ap||Vunllpo lunllp.o + bfllwnlly o lunllp.e + llaglly ollunllyo

o1 .
< apA? [Vunllp o + bfllwnllp o [unllp.o + llagly.allunllp,o-

From Brézis [0, Proposition 1.10] and Hélder’s inequality, we can find two constants a.,, 8, > 0
such that

o(v) > —ayllv|lvy — B, for allv e V, (3.5)
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and

/ (@)1t Az < [lly 2t
Q

. En(@)un AT < ||€nllpr s [unllp,rs s
: (3.6)

/Q N(w)(@)uy da

< IN @) lggallunllcre < (an + by llwnlEg) lunlc o

G(wy)(z)uy, dx

< G wnlleg rallunllce.rs < (a6 +ballwallZr, ) llunlcars:
Iy

Letting v = 0 in (3.3) and using the estimates (3.4), (3.5) and (3.6), it yields
o1 .
apAv|[Vunlly o+ brllwnlly o lunllp.o + laslly ollunllp.o + 1y ollunlp.o +/F ¢(x,0)dl
3
+ gl llunllprs + (an + b lwnllEt o ) llunllcr0 + (a6 + bollwall r, ) lunlicer,

> — /Q N (wy)(x)up, dz + s ¢(z,0)dl" — s G(wy)(x)uy, dI' 4+ /Q N () Uy, d

4 [ @undr + [ fown, Vun)undo
T's Q

> [ M@ITunl? + @[Tl + 1 + panl? o+ [ o) dr
Q T's
> eu|[Vually o + IVunllg , + lunllp o + llunllf . — cllunllv — B,
Then, from Proposition 2.2, we have
A1

1 -1
0> (e — agA»)[[Vunllp o + [IVunllg o+ lually o + lluallg . — brllwnlly o llunllpo

— gl ellunlle = Wl om0 = 1€l e = (an + b lwnllzg) lunlle,

= (a0 +bellwalZr,) Fualler, = agliuallv = 5, = [ o(e.0)ar
3

. (NS . -1
> min{ey — ap A, Ly min{[lun [y, lun Iy} = brllwnlly o Tunllp.e = llefllpy ellunllpo

= Il llunllpg = I€allyralnllprs = (an + bylwnllE o) lunle,o

~ (ac +ballwnllZr, ) lunllcer, = agllunlly = B, — / ¢(x,0) dI.
3

The latter combined with the boundedness of {wy, }nen CV, {Nn}neny C€ X* and {&, ey C Y™
implies that solution sequence {uy, }nen is uniformly bounded in V.
Passing to a subsequence if necessary, we may find a function v € V satisfying

w .
U, — uw inV asn — oo.

We assert that u = S(w,n, &), i.e., u is the unique solution of problem (3.1) corresponding to
(w,n, &) eV x X* xY*.

Recall that w, — win V and u, — w in V, we are now in a position to invoke
Lemma 3.2(ii) to get that u € K(w). However, it follows from Lemma 3.2(iii) that there exists
a sequence {v, }nen C V satisfying

vp, € K(w,) foreveryneN and v, —u inV.
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Letting v = vy, in (3.3), one has

M(wn)/Q |V, P2V, - V(v, — uy,) de + /Q ()| Vun |72V, - V(v, — up) da
[ (P2 un + p(@) [un] 2 un) (vn — up) dz + | N(wp)(@)(vn — un) dz
/Q A
+ [ olx,v,)dl — | d(x,un)dl + | Glwy)(2) (v, — up)dl

s s Ty

> /an(x)(vn — uy,)dr + 5 &n(x) (v —uy)dl + /Q f(z,wp, Vuy) (v, — uy) de.

From the boundedness of {N(wy)}nen, {G(wn)}nens {n}nen and {&, nen, it can directly be
obtained that

lim | N(wp)(z)(vy —un)de =0,

n—oo Q

lim G(wp)(z)(vy, — uyp)dl =0,

n—oo F4

lim [ n.(z)(v, —up)de =0,

n—oo Q

lim §n (.13) (Un - un) dI' = 07

n—oo FQ

where we have used the compactness of the embeddings of V into LS (Q), of V into L (Ty),
of V into LP(T'3), and of V into LP(§?). By hypothesis H(f)(i), we can see that sequence
{f(-;wn, Vi) }nen is bounded in LP (€2). Hence, it holds

lim [ f(z,wn, Vu,) (v, — uy) dz = 0. (3.9)

n— oo Q

From hypotheses H(¢), it admits that V' 3 u — p(u) := / ¢(x,u) dI" is continuous and convex,
I's

so, it is weakly Ls.c., because of V' C intD(¢p). Therefore, we have

lim sup [ o(x,v,)dl’ —
I's

n— 00

o(x,up) df]
s

(3.10)
< lim ¢(z,v,)dl' = liminf [ ¢(x,u,)dl =0.

n— oo FS n—oo FS
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Recall that M is weakly continuous in V' (see hypothesis H(M)), it yields

lim sup [/ (M (wn)| Vg [PV, + ()| Vg [T Vuy,) - V(u, — v,) dz
Q

n—oo

* /Q<lunlf"2un (@) |70 (1, — v) dx]

> lim sup [/ (M (w) |V, [P7?Vu, + p(2)|Vu, |72 Vu,) - V(u, —u) dz
n—oo Q
[l )20 0 ) |
Q

(3.11)
— limsup | M (w,) — M (w)] ‘/ |V, P2V, - V(u, —v,)de
Q

n— oo

— lim sup
n— oo

/ w(z) |V, |92V, - V(u—v,) de
)

> lim sup(Hy (u), un — u) — limsup | M (w,) — M (w)] ”un”g,_ngun — Unllp,0
n—oo n—oo

— limsup [Jun |2 | — vn [l
n— o0

= lim sup(Ho, (u), un, — u).

n— oo

Passing to the upper limit as n — oo to inequality (3.7) and using (3.8), (3.9), (3.10), (3.11)
and (3.15), one has

lim sup(Ho, (), uy, — u) < 0.

n— oo

The latter combined with Proposition 2.3 (i.e., H,, is of type (S4)) implies that w,, — w in V.

Let z € K(w) be arbitrary. By Lemma 3.2(iii), we are able to choose a sequence {z, }neny CV
such that z, € K(w,) for any n € N and z, — z in V. Inserting v = z, into (3.3) and passing
to the upper limit as n — oo for the resulting inequality, we obtain

M(w) /Q |VulP~2Vu - V(2 — u) dz + /Q w(z)|Vu|!™?Vu - V(z — u) dz

" / (P2 + p(a)ult~2u) (2 — u) d + / N(w)(@)(z — u) da

+ [ ¢(x,2)dl — ¢(z,u)dl + G(w)(z)(z — u)dl’
I's I3 Ty

> lim sup {M(wn) |Vun[P~2Vu, - V(z, —u,)de + / ()| Vun | T2V, - V(z, —u,) de
Q Q

n—oo

[ =2+ @) 120z = ) b+ [ M) @)z = ) da

+ | d(x,zp)dl — | d(z,un)dl 4+ | G(wn)(z)(2n — un) dI’}
T3 T's Ty
> lim sup |:/ N () (20 — upn) do + En(2) (20 — uy) dl + [, wn, Vu,) (20 — up) do
n—o0 [ Ty Q

z/r](x)(z—u)dx+ f(x)(z—u)dF—F/f(x,w,Vu)(z—u)dx,
o Q

1Y
where we have applied the continuity of M, N and G. Because z € K(w) is arbitrary, we
conclude that v € K(w) is the unique solution of problem (3.1) corresponding to (w,n,&) €
V x X* x Y*, namely, u = S(w,n, §).
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Since every convergent subsequence of {u,}nen converges strongly to the same limit u =
S(w,n, ), this implies that the whole sequence {uy },ecn converges strongly to u. Thus,

S(Wn, Mny &n) = up = u = S(w,n,§).

Therefore, we have proved that the solution map S: V x X* x Y* — V of problem (3.1) is
completely continuous. O

With view to hypotheses H(U;) and H(Uz), it is now natural to introduce the following
multivalued mappings Uy : X — 2X" and Us: Y — 2Y given by

Ui(u) == {n e X* : n(xz) € Ui(z,u(z)) a.a.in Q},
Us(v) :={E € Y™ : £(z) € Uz(w,v(z)) a.a.on T'a},

for all (u,v) € X x Y, respectively. As before, by i: V — X and v: V — Y, we denote the
embedding operator of V to X and the trace operator from V to Y, respectively. It follows from
Proposition 2.1 that the operators ¢: V' — X and v: V — Y are linear, bounded and compact.
Therefore, we can see that their dual operators ¢*: X* — V* and v*: Y* — V* are linear,
bounded and compact as well. The following lemma is a direct consequence of Lemma 3.6 of
Zeng-Radulescu-Winkert [50].

Lemma 3.6. Let H(Uy) and H(Us) be satisfied. Then, the following statements hold:

(i) Uy and Us are well-defined and for each uw € X and v € Y, the sets Uy (u) and Uz(v) are
bounded, closed and conver in X* and Y™, respectively;

(ii) Ur and Us are strongly-weakly u.s.c., i.e., Uy is u.s.c. from X with the strong topology
to the subsets of X* with the weak topology, and Uy is u.s.c. from Y with the strong
topology to the subsets of Y* with the weak topology.

The following theorem states the main results of this section which indicates that the set of
weak solutions to problem (1.1) is nonempty and compact in V.

Theorem 3.7. Let 2 < p. Assume that H(1), H(2), H(M), H(f), H(N), H(G), H(U;1), H(Us),
H(¢), H(L) and H(J) are satisfied. Then, the solution set of problem (1.1), denoted by [], is
nonempty and compact in V.

Proof. First we prove the following claims.

Claim 1: The solution set ]| of problem (1.1) is bounded, when ][ is nonempty.

Assume that [] is nonempty and let u € [] be arbitrary. Then we can find functions
(n,€) € X* x Y* satisfying n(z) € Ui(x,u(z)) for a.a.z € Q and &(z) € Usz(x,u(zx)) for
a.a.x € I'y and the inequality holds

M (u) /Q |VuP~2Vu - V(v — u) dz + /Q w(z)|Vu|!™2Vu - V(v — u) dz

+ [ (P~ a2 =) do+ [ M) ) do

+ ¢(z,v)dl' — o(x,u)dl + G(u)(z)(v —u)dl

I's I's i

2/{2n(x)(v—u)dx+ f(x)(v—u)dF+/Qf(x,u7Vu)(v—u)dx

s
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for all v € K(u). Recall that 0 € K(u). So we can put v = 0 into the above inequality in order

to get that

M(u)HVuHQQJr||Vu||g,#+||u||§79+\|u||q,#+/QN(u)udx+ g G(u)udl
4

+ ¢($,U)dlﬂf/f(x,u,Vu)udx
Q

I's

< o(z,0) dF+/ n(z)ude + [ &(x)udl.
Iy Q Ty

From hypotheses H(U; )(iv) and H(U»)(iv) it follows that
/Q n(eu(z) dz < /Q In(@)]u(a)] dz
< /Q (o (@) + ap, Ju(@) P~ Ju(z)| d

< ay, [Jull o + llov, [y allullp.o
< av, () ully, + llav, [l .acp(Q)lullv,

and

/ (@)l < [ |¢(@)]u(z)|dT
Ty Ty

< / (0w, @) + o o)) Ju(@) T

< apy ||ully r, + llows [l 0 ullp.r,

< av,cp(T2)P|[ully; + llow, [lpr racp(T2)Jullv -
By hypotheses H(f)(i), H(N) and H(G), we have
/ f(z,u, Vu)udr < / (ag|VulP~! +bp|ulP~! + ap(2)) |u|dz
Q Q
< agl[Vull 5 ullp.o + bllull o + llasly.allu
c1
< ap A7 [ Vully o + brep (P [Jully, + oyl oep () ullv,

;<2

and
/QN(U)(SU)Ude > —[IN()lle; ellulle o > =(an +bnllull) o)llulle 0,
and
/m Gu)(@)udl > —[|G(w)llgy.r, ulleers > =(ac +ballulle; r)lullc v
Taking into account (3.12), (3.13), (3.14), (3.15), (3.16) and (3.17), we obtain
(ear = ardF ) IVullh g + V0l + lullh g + el — avsep(@)° Julf,

— avy&p(T2)P[[ully, — bren(Q)7|ully,

< (an +bnllull o)lulle .o + (ac +ballullg p)llullcrs + llow, [l acp () [ullv

+llew, lp racp(T2) ullv + llagllyocn(@lullv + | @z, 0)dT + ap|ully + B,

Is
Therefore, if ||u|ly > 1, then we have

(minfear —agh?, 1} = (av, +b7)ep(Q)F = avyey(T2)") [lullh

<mo (L+ ully + [Jull 5 + [lull 5247

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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with some mg > 0 which is independent of u, where we have used the continuity of embeddings
of V to LS (Q), of V to LP(R), of V to L2 (I'y) and of V to LP(I'z). Using the inequalities

l1<krm<p—1, 1<ka<p-—1,
min{ea — apA7, 1} — (ay, +bp)ep(Q) — ap,ep(T2)? > 0,
and (3.18), we conclude that the solution set [] of problem (1.1) is bounded, when ][] is
nonempty.
Claim 2: Let C > 0 and By (0,C) := {u € V : |Jul]ly < C}. Then we can find a positive
constant C* > 0 satisfying
S(By(0,C*), Uy (iBy(0,C*)), U2(yBy(0,C*))) C By (0,C*). (3.19)

We prove it by contradiction. Suppose there is no such constant C* to satisfy the inclusion
(3.19). Therefore, for every n > 1, we are able to find elements wy, z,,y, € By(0,n) and
(M, &n) € X* X Y* such that n, € Uy (izp), & € Ua(vyn) and

Up = S(annnagn) and ||un||V >n.

By the definition of u,,, we have
M(wn)/ |V, P2V, - V(v — uy,) dz + / w(2) |V |12V, - V(v — u,) dz
Q Q
+ / (|t [P~ 21 4 (@) [t |9 %) (v — uy,) da + / N(wp)(z)(v — up) de
Q Q

+ d(z,v)dl’ — d(x,up)dl+ [ G(wy)(x)(v — uy)dT
T3 I3 Ty

> /an(x)(v — uy) dz + En(x)(v —uy)dl + /Q [z, wy, Vug) (v —uy,) dz

for all v € K(wy,). In the inequality above we take v = 0 to obtain

I

M(wn)Hvunuiﬂ + ”Vuan,u + HuanQ + lunllqn + /Q N(wn)un dz

+ | Gun)upd'+ [ o(z,up)dl — / f(z, wn, Vg )uy, do (3.20)
Q

T4 T's

< o(x,0)dl" + / M (T)up, da + &n(x)u, dr.
I's Q Iy
It follows from hypotheses H(U;)(iv) and H(Us3)(iv) that

/Q i ()t () d < / 0 (2) e ()]

g/ﬂ(aUl(mHaUl\zn(x)Ip*l) |un ()] d (3.21)

-1
< llav, Iy .elluallpe + av [1zallhq lun

|p7Q

[unllv + av, ep( QP lzallf lunllv,

< cp()lav, [lpr 0

and

En(@)un(z)de < [ [&n(@)|[un(z)| dz
s T2

< [ (@@ + awslin (@) () (322)

-1
< ||aU2 ||p’,F2 ||un||p,F2 +ay, ||yn||§,1“2 ||un|

p,I'2

-1
< ep(D2)llows [l v llunllv + av, cp (T2)? [ynlIV lunllv-
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Moreover, hypotheses H(N) and H(G) imply that

/QN(wn)un dz < [[N(wn)llepellunlle,o < (an + bnlwallg o)llunlle, 0 (3.23)
and
g G(wy)up AT < (|G (wn) |y rsllunllca vy < (ae + bal[walléZ ) [unllcars- (3.24)
4

Finally, by hypothesis H(f)(i), we have

/ f(CE, Wns Vun)un dx
Q

< / (ap|Vun[P~" +bplw, P71 + ap(z)) |up| da (3.25)
0 :
-1 -1
< afl[Vunllpo llunllpo +brllwally o [unllp.o + leslly ollunllyo

1 .
< ap A7 [Vunlly o + bpen(@Q) wnlly " lunllv + llaglly oo () l[uallv-

Since n > 1 and ||yn|lv < n < |Jun||v, we insert (3.21), (3.22), (3.23), (3.24), (3.25) into (3.20)
to obtain

(minfear —agh?, 1} = (av, +br)ep()” = avaey(T)? ) fualy

< (an + b llwnlle} o)llunlic o + (ac + ballwall; p ) unlleo ry + llow, [y oo () Junllv
+ law, [y .2c(T2)[unllv + llaglly oep () unllv + /F ¢(,0) AT + apllun|lv + Bg,
3

where we have used inequality (3.5). Passing to the limit as n — oo to the inequality above,
one has

oo = Tim_ (minfea — agh?, 1} = (av, +bp)ep(@)F = auey(T2)?) [lug 0217 <0,

a contradiction. Therefore, we conclude that there exists a positive constant C* > 0 such that
(3.19) holds. This proves Claim 2.

As mentioned before, the main tool in the proof of the existence of a solution to problem
(1.1) is Tychonoff’s fixed point theorem for multivalued operators, see Theorem 2.5. For this
purpose, let us consider the multivalued mapping A: V x X* x Y* — 2V*X"xXY" defined by

A(u,n,€) = (S(u, 0, €), Us (iw), Uz (yu)).

Observe that if (u,n,£) is a fixed point of A, then we have u = S(u,n, &) and (n,€£) € Uy (iu) x
Us(yu). Tt is obvious from the definitions of S, U; and Us that u is also a weak solution of
problem (1.1). Therefore, we are going to examine the validity of the conditions of Theorem
2.5.

Invoking Lemmas 3.4 and 3.5, we can see that for each (w,n,&) € V x X* x Y*, the set
A(w,n,§) is a nonempty, bounded, closed and convex subset of V' x X* x Y*.

Employing hypotheses H(U7)(iv) and H(Us)(iv), it is not difficult to prove that U : X — 2%
and Us: Y — 2Y7 are two bounded operators, and there exist two constants M; > 0 and My > 0
satisfying

||Z/I1(’LB\/(0,C*))HX* < M; and ||Z/{2(’YB\/(O7C*))| v < Ms.
Additionally, we introduce a bounded, closed and convex subset D of V' x X* x Y* defined by
D =A{(u,n,§) € Vx X" xY" : lully <C, |Inllx- < My and [|¢]]y~ < Mz} .

From this and (3.19) we know that A maps D into itself.
Next, we are going to prove that the multivalued mapping A is weakly-weakly u.s.c. For any
weakly closed set E in V' x X* x Y* such that A~ (E) # 0, let {(wn,Mn,&n)}nen € A™(E) be

w

such that (w, nn, &) — (w,n,€) in V x X* xY* for some (w,n,£) € V x X* xY*. Our goal
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is to show that (w,n,£) € A~ (F), namely, there exists (u, d, o) € A(w,n, )N E. Indeed, for each
n € N, we are able to find (uy, d,,0n) € Awp, Nn, &) NE, s0, uy = S(wp, M, &n ),y On € U (iwy,)
and o, € Us(ywy,). From the boundedness of U; and Us, one has that the sequences {3, }nen
and {0, }nen are bounded in X* and Y™, respectively. Passing to a subsequence if necessary,
we may assume that

Sy — & inX* and o, — o inY*

for some (9, 0) € X*xY™*. Recall that S is completely continuous. So, it holds u,, = S(wn, M, &n)
— S(w,n,&) := uw in V. Note that ¢ and v are both compact. Hence iw, — iw in X and
Yw, — yw in Y. Since U; (resp. Us) is strongly-weakly u.s.c.and has nonempty, bounded,
closed and convex values, it follows from Theorem 1.1.4 of Kamenskii-Obukhovskii-Zecca [25]
that Uy (resp. Us) is strongly-weakly closed. The latter combined with the convergences above
implies that § € U, (iw) and o € Us(yw), namely, (u,d,0) € Al(w,n,&) N E, because of the weak
closedness of E. Therefore, we conclude that A is weakly-weakly u.s.c.

Therefore, all conditions of Theorem 2.5 are satisfied. Using this theorem, we conclude that
A has at least a fixed point, say (u*,n*,£*) € V x X* x Y*. Hence, u* € V is a weak solution
of problem (1.1).

Next, let us prove the compactness of the solution set []. From Claim 1, we can see that
the solution set [ of problem (1.1) is bounded in V. By the definitions of a weak solution (see
Definition 3.3) and of A, there exist (n,£) € X* x Y* such that v = S(u,n,€), n € Uy (iu) and
& € Us(yu), that is, (u,n,&) € A(u,n,&). Let {upnen be any sequence of solutions to problem
(1.1). Then, there are two sequences {n, }nen C X* and {&, }neny C Y™ such that 7, € Uy (iu,),
&n € Us(yuy,) such that u, = S(un,Mn, &) for all n € N. From the boundedness of || we may
assume that

Up —> u inV
for some u € V. This together with the boundedness of U; and Uy deduces that {n, }nen C X*

and {&,}nen C Y™ are both bounded. So, passing to a subsequence if necessary, we suppose
that

M —> 1 inX* and ¢, - ¢ inY*

for some n € Ui(iu) and £ € Us(yu), owing to the compactness of i and v as well as the
strongly-weakly closedness of U; and Us. Using the complete continuity of S, we conclude that

Up = S(’u,,“ T]YL?fn) - S(U, T]a 5) = u.
This means that u is a solution to problem (1.1). Consequently, the solution set [] of problem

(1.1) is compact. O

4. SPECIAL CASES OF THE ORIGINAL PROBLEM

In this section, we are going to study several special cases of problem (1.1) and discuss some
particular situations.
First, we move our attention to consider the special case of problem (1.1) formed as follows:

—Dyru + |[ulP"2u + p(x)|ul??u € r1(v)dj1(z,u) + N(u)(z) + f(z,u, Vu) in Q,

u =0 on I'y,
O (), u) T
aVa TQ(U/ J2\T, U on 1o,
0 (4.1)
_812 € 0c0(x,u) on I's,
0
78;: = G(u)(x) on Ty,

L(u) < J(u),
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where the terms 0j; and 0js stand for the Clarke’s generalized gradients of locally Lipschitz
functions s — ji(x,s) and s — ja(z, s), respectively. Here, the functions j;: @ x R — R and
j2: s x R — R are supposed to satisfy the following properties:

H(j1): The functions j1: @ x R — R and r1: R — R are such that
(i) =+ j1(z,s) is measurable in Q for all s € R with x ~ j;(x,0) belonging to L (€2);
(ii) s — j1(z, s) is locally Lipschitz continuous for a.a.z € Q and the function r1: R —
R is continuous;
(ii) there exist a function ay, € L” ()4 and a constant aj, > 0 such that
[ri(s)nl < oy (@) + ag, s~
for all n € 9jy1(x, s), for a.a.xz € Q and for all s € R.

H(j2): The functions j3: I's x R — R and ro: R — R are such that
(i)  — ja(x,s) is measurable on I'y for all s € R with & — j3(x,0) belonging to
LN (Ts);
(ii) s — ja(z, s) is locally Lipschitz continuous for a. a. 2 € T's and the function 75: R —
R is continuous;
(ili) there exist a function a;, € g (I'2)+ and a constant a;, > 0 such that

[ra(s)€] < gy (@) + ag, [P~
for all £ € 9ja(x, ), for a.a.x € 'y and for all s € R.

Using the same arguments as in the proof of Theorem 3.11 of Zeng-Radulescu-Winkert [50],
we have the following lemma.

Lemma 4.1. Assume that H(j1) and H(j2) are fulfilled. Then, the multivalued mappings
Up: QxR =28 and Uy: Ty x R — 2R defined by

Ux (Jf, S) =T (5)8.]1 (xv S) and UQ(y7 8) = T2(8)8j2(y, 8)
for all s € R, for a.a.x € Q and for a.a.y € Ta, satisfy H(U1) and H(Us), respectively.
By Theorem 3.7 and Lemma 4.1, we have the following existence theorem to problem (4.1).

Theorem 4.2. Let p > 2. Assume that H(1), H(M), H(f), H(N), H(G), H(j1), H(j2), H(),
H(L), H(J) and the inequalities

0 < k(p)em — €f5\%,
0 < min{er — apA7, 1} — (az, + by) ()P — aj,cp(2)"
are satisfied. Then, the solution set of problem (4.1) is nonempty and compact in V.

When f is independent of the third variable (i.e., f is formulated by f: Q x R — R), then
problem (1.1) becomes to the following problem:

—Dagu+ [ul 2 + p(a)|ul*~*u € Uy (x,u) + N(w)(@) + f(z,u)  in €,

u=0 on I'y,
g);: € Us(z,u) on I'y,
—5—:} € 0:.0(x,u) on I's, (42)
_aa;i = G(u)() on Ty,
Liu) < J(u).

A careful reading of the proofs in Section 3 gives the following results to problem (4.2).

Theorem 4.3. Let p > 2. Assume that H(1), H(M), H(N), H(G), H(U;), H(Uz), H(¢), H(L)
and H(J) are satisfied. If, in addition, f satisfies the following conditions
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H(f'): f: QxR — R is a Carathéodory function such that there exist a constant by > 0 and a

Junction ay € Lppfl(Q)Jr satisfying

£ (@, 9)] < bylsP~ +ag(a)

for a.a.x € Q, for alls € R

and the following inequality is satisfied
0 <min{enr, 1} — (au, +br) ()P — av,cp(I'2)",

then the solution set of problem (4.2) is nonempty and compact in V.

Therefore, from Theorems 4.2 and 4.3, we can directly obtain the existence of a weak solution
to the following implicit obstacle inclusion problem:

—Daru+ [ulP"2u + p(x) |u|T?u € r1(u)0j1(z,u) + N(u)(z) + f(z,u) in Q,

u=20 onI'y,

P e a0, w) r

o r2(u)072(2, u on 'y,

o (4.3)
_8;: € 0c0(z,u) on I's,

0
78;; = G(u)(z) on Iy,

L(u) < J(u).

Theorem 4.4. Let p > 2. Assume that H(1), H(M), H(N), H(G), H(j1), H(j2), H(¢), H(L)
and H(J) are satisfied. If, in addition, H(f') and the following inequality are satisfied

0< min{cMa 1} - (ajl + bf) CP(Q)p - anCp(Fg)p,
then the solution set of problem (4.3) is nonempty and compact in V.

Particularly, if Ty = T's = Ty = 0 (namely, I'; = T'), then problem (1.1) reduces to the
following nonlocal implicit obstacle problem with Dirichlet boundary condition:

—Dyu A+ [ulP?u+ p(2)|u]*u € Uy (z,u) + N(u)(z) + f(z,u, Vu) in Q,
u=0 on I, (4.4)
L(u) < J(u).

Obviously, the function space considered in problem (4.4) is the closed subspace
Wy Q) = {ue W'H(Q) : u=0on T}

of WHH(Q). Tt is well-known that Vj := Wol’H(Q) endowed the norm |lul|y, = |||Vu||| for all
u € V becomes a reflexive Banach space. Therefore, we have the following existence theorem
to problem (4.4).

Theorem 4.5. Let p > 2. Assume that H(1), H(M), H(f), H(N), H(U;y), H(L), H(J) and the
following inequalities

0 < k(p)ewr — ef;\%,
0 < min{ep — afj\%, 1} — (ay, +by) cp ()P

are satisfied. Then, the solution set of problem (4.4), denoted by ], is nonempty and compact
m V().
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More particularly, if f is independent of the third variable and U; is specialized by the
formulation U;(x,s) = r1(s)071(x, s) for all (z,s) €  x R, then problem (4.4) reduces to the
following implicit obstacle problems, respectively:

—Dyu A+ [ulP?u+ p(2)|u]?*u € Uy (z,u) + N(u)(z) + f(z,u) in £,
u=0 onT, (4.5)
L(u) < J(u),
and
—Dyru+ [u|P72u + p(x)|ul??u € r1(v)dj1 (z,u) + N(u)(z) + f(z,u, Vu) in Q,
u=0 onT, (4.6)
L(u) < J(w).
Therefore, we have the following existence theorems to problems (4.5) and (4.6), respectively.
Theorem 4.6. Let p > 2. Assume that H(1), H(M), H(f"), H(N), H(U;), H(L), H(J) and the
following inequality
0 < min{car, 1} — (ay, +bf) cp(Q)P
is satisfied. Then, the solution set of problem (4.5), denoted by [, is nonempty and compact in
Vo.
Theorem 4.7. Let p > 2. Assume that H(1), H(M), H(f), H(N), H(j1), H(L), H(J) and the
following inequalities
0 < k(p)em — efj\%,
0 < min{cy — apAs, 1} — (az, + by) cp(Q)P
are satisfied. Then, the solution set of problem (4.6), denoted by [, is nonempty and compact
m Vo.
Let ¢; > 0 be a given constant. When J(u) = ¢ for all w € V, then problem (1.1) can be
rewritten as the following nonlocal elliptic system:

—Daru+ [ulP"2u + p(z)|u|??u € Uy (z,u) + N(u)(z) + f(z,u, Vu) in Q,

u=20 on I'y,
aa: € Uy(x,u) on 'y,
ou (4.7)
—a:l € 0cp(z,u) on I's,
0
_8:1 = G(u)(z) on Iy,
L(u) < ¢y,

With respect to problem (4.7), the constraint set is denoted by the following one
K:={ueV : L) <cy}.
Observe that the following condition

H(L'): L: V — Ris als.c. and convex function,

is weaker than hypothesis H(L). Without loss of generality, in the sequel, we suppose that
L(0) < ¢;. Therefore, it is not difficult to prove that if H(L’) holds, then the constraint set K
is a nonempty, closed and convex subset of V with 0 € K.

In Theorem 3.7, the inequalities given in H(2) play critical role to prove the existence of weak
solutions to problem (1.1). But, in some sense, such inequalities restrict the scope of applications
to our theoretical results. A natural question arises whether we can drop hypotheses H(2).
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However, this is still an open problem for the equations with the implicit obstacle effect (for
example, problem (1.1)). But, fortunately, if the obstacle constraint is formulated by the form
L(u) < ¢y and M is a coercive in V, i.e., M(u) = 400 as ||ul]ly — oo, then hypotheses H(2)
can be removed. More precisely, if the obstacle constraint is formulated by L(u) < c¢j, then
hypothesis H(M) can be relaxed to the following condition:

H(M'): M: LP"(Q) — (0,+00) is bounded and continuous in V' such that inf,cy M(u) > 0.
Theorem 4.8. Assume that H(1), H(f)(i), H(N), H(G), H(U1), H(Us), H(¢), H(M') and

H(L') are satisfied. If, moreover, M: LP" (Q) — (0, +00) is coercive in V, then the solution set
of problem (4.7), denoted by [], is nonempty and compact in V.

Proof. Let A: VXV - V* F:V - LPI(Q) C V*and G: V — V* be the functions defined by

(A(u,u),v) = M(u)/Q (|VulP>Vu + p(2)|Vul|?*Vu) - Vodz
+ [ P pa)lup ) ds
(Fu,v) ::/Qf(q:,qu)vdx,

(G(u),v) :== /QN(U)(ac)(v —u)dx + G(u)(x)vdl,

Ty
for all u,v € V. Applying a standard procedure, it is easily to show that u € V is a weak
solution to problem (4.7) if and only if it solves the following inclusion problem:
A(u,u) + G(u) + F(u) + " Uy (tu) + v Uz (yu) + Ocpr(u) 20 in VF,

where J.¢k is the convex differential operator of ¢ := ¢+ I and Ik is the indicator function
of K.

We assert that the multivalued mapping V' 3 u — A(u, u)+G(u) +F (u) +i* Uy (u) +v* U (u) +
Ocpr(u) C V* is coercive. Let u € K, n € U(iu) and & € Uz(yu) be arbitrary. A simple
calculating gives

[ M@IVAl? + @) Fult + a4 @l do + [ N@(@udo+ [ o) dr
Q Q I's

- o(x,0)dl + G(u)(x)udf—!—/n(a:)udx—k S(m)udl“%-/ﬂf(a:,u,Vu)udx

Fg F4 Q F2
L
> M(W)[[Vully o + IVullg,, + llully o + lulg,. — apA» [IVull; o = bl o

~ llasllalelpa = (av +bxllulel o) lulle.a = (a0 + ballelEr, ) lulcr, - aglvly

P

—Be— | 0(x,0)dT — llaw, lp allullp.o — av, [Jully o = llows [l v lullp.0 — av, lully r,

I's

> (M(w) = 3% —bA = av, A = ap, 35, (14 2)) 190l g + IVl + lulls o + 1l

—llaglly allullpe = (ax + b lullEo) lulle,e = (ac +ballul 2, ) Tullee.rs = agllvllv

— By — o(x,0)dr,
I's

where we have used the variational identity (2.5). Hence, if |lu||yy > 1 is such that
M(u) — afj\% — bfj\ - aUl;\ — asz\ip(l + 5\) > 1,

then we have

/ M) Vul? + p(@)|Vul? + [ul? + p(a)lul? dz + / N(w)(@)udz+ [ ¢z u)dT
Q Q I's
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— | ¢(=,0) dF+/F G(u)(gn)udFJr/va(glc)udxqL

I's

5(x)udF+/f(ac,u,Vu)udx
Q

I

> [ully, — llas . allulpe = (ov + by lulg o) lullc.0

~ (aa +ballulZr, ) Tulleer, = agllellv = 8, - / o(x,0) I
3

Recall that k1 + 1 < p and k3 + 1 < p. Therefore, we have
(Al w) + Glu) + F(u) + iU (u) + 17U (1) + Oesprc (), u)
[[ullv
This means that the multivalued mapping V' 3 u — A(u, u) +G(u) + F(u) +i* Uy (u) +v* Uz (u) +
O (u) C V* is coercive.

From the proof of Theorem 3.4 of Zeng-Bai-Gasinski [47] and Theorem 3.7, we can see that
the weak continuity of M plays an important role to prove the pseudomonotonicity of V' 3 u —
A(u,w) +G(u) + F(u) + i Uy (iu) + v* Uz (yu) C V*. More exactly, it directly effects the validity
of the condition that

o if {uy}neny CV with u, —— winV and u} € A(un, un) +G(un) +F(un) +3 Uy (iuy,) +
v Uz (yuy,) are such that

— o0 as ||ully = oo.

lim sup(u),, u, — u) <0, (4.8)

n—oo

then to each element v € V, there exists u*(v) € A(u,u) + G(u) + F(u) + *Uy (iu) +
Y Us (yu) with

(u*(v), v —v) < liminf (u), uy, — v). (4.9)

n—0o0

Let {up}nen C V and {u}}nen C V* be sequences such that w) € A(un,u,) + G(un) +
F(un) + i*Uy (iuy,) + v* Uz (yuy,) and suppose inequality (4.8) holds. Then, there exist sequences
{Nn}nen C X* and {&, }nen C Y™ satisfying n, € Ui (iuy,), &, € Ua(yuy,) and

wy = A(un, un) + G(upn) + F(un) + 0y +7°E,  for all n € N.

Using hypotheses H(U;) and H(Us), we can observe that the sequences {7, }neny € X* and
{&n}neny C Y™ are both bounded. Passing to a subsequence if necessary, we may assume that

N —> 1 inX* and &, — ¢ inY* (4.10)

for some (n,&) € X* x Y*. Besides, hypothesis H(f)(i) reveals that the sequence {F(uy)}nen is

bounded in LPI(Q). Then, we use the compactness of ¢ and v as well as of the embedding from
V into LP(2) to obtain

0 > limsup(u;,, u, — u)

n—oo
> lim sup(A(tn, up), un — u) + lini)inf(g(un), Up — u) + hHi)inf(]:(un), Up — U)
n—oo n o0 n oo

- limjupﬁm Un = W) 1o/ (Q)x Lr(Q) — hmj“P(fm Un = W) Lo/ (D)) x LP(Ty)

Z lim Sup<"4(una un)a Un — u>
n— o0
Let cpr := inf,ey M(u) > 0, and 0 < & < ¢ps arbitrary. Recall that w, s win V and M is
bounded in V', we have
0 > lim sup(A(un, tn), Un — )

n—oo

= lim sup/ (M (un)|Vun [PV, + pu(2)| Vg |72 Vuy,) - V(u, —u)
Q

n—oo

+ (|un|p_2un + u(ac)|un|q_2un) (up, —u)dx
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> liminf (M (uy) — €) / |V, |P "V, - V (u, —u) dz
Q

n—oo

+ lim sup/ (e|Vun P72V, + p(2)|[Vu, |72 Vu,) - V(u, — u)
Q

n—oo

+ (Jun P2 up + (@) [un |9 *uy) (up — u) dz

> lim inf (M (u,) — ) / VP2V - V (un, — ) de
Q

n—roo

+ lim sup/ (e|Vun [PV, 4+ w(@) |V, |7 *Vuy,) - V(u, — u)
Q

n—oo
+ (JunP2un + p(@)|un*uy) (uy — u) da
> lim sup/ (e|Vun P72V, 4+ w(2)|Vu, |7 *Vu,) - V(u, — u)
n—oo JO

+ (JunlP2un + (@) |un]?uy) (uy — u) da.

Let us define the function &7: V — V'*

(w,v) ::/ (e|Vw[P?Vw + p(z)| V| 2Vw) - Vv
Q

+ (JwP~?w + p(2) || *w) vdz,

it is of type (S4) (see Proposition 2.3). This implies that w,, — u in V.
Recall that U; and U, are strongly-weakly closed. Therefore, from (4.10) it follows that
n € Uy (iu) and & € Us(yu). For any v € V, we have

lim (u), un —v) = (A(u,u) + G(u) + F(u) —i*n — v*& u —v).

n—0o0

The latter combined with the fact that n € U (fu) and § € Us(yu) implies that u* € A(u,u) +
G(u) + F(u) + *Uy (iu) + v*Usz (yu). Therefore, we conclude that (4.9) holds.

Using the same arguments as in the proof of Theorem 3.7 and Theorem 3.4 of Zeng-Bai-
Gasiniski [47], it is not difficult to prove that the solution set of problem (4.7) is nonempty and
compact in V. O

Remark 4.9. In fact, there are a several of functions which satisfy the hypotheses H(M') such
that M is coercive in V. For example, the following functions are coercive in V and fulfill
hypothesis H(M')

M) =co+ lully, M) =co+In(1+|ully), M) =co+lul"1V, and M@u)=ellv

for allu e V with ¢, > 0.

Let D C Q be a nonempty set with positive measure and ¥: D — R be a given obstacle
function. Furthermore, when J(u) =0 (i.e., ¢; = 0) and L is formulated by

L(u) = /D(u(:c) —W(z))Tdz forallueV,



NONLOCAL DOUBLE PHASE IMPLICIT OBSTACLE PROBLEMS 27

then problem (4.7) can be written by the following obstacle problem:
—Dyu A+ [ulP2u+ p(x)|u|?*u € Uy (z,u) + N(u)(z) + f(z,u, Vu) in Q,

u=0 on I'y,
g:l € Us(x,u) on I'y,
_SZ € 0.0z, ) on Ty, (4.11)
- SZ = G(u)(z) on Ty,
u(z) < ¥(z) in D.

Therefore, we have the following corollary.

Corollary 4.10. Assume that H(1), H(f)(i), H(N), H(G), H(Uy), H(U2), H(M') and H(¢)
are satisfied. If, moreover, M is coercive in V, and ®: Q@ — R is a measurable function, then
the solution set of problem (4.11), denoted by [], is nonempty and compact in V.

Under the analysis above, we have the following theorems and corollaries.

Theorem 4.11. Assume that H(1), H(f)(i), H(N), H(G), H(j1), H(j2), H(¢), H(M') and
H(L') are satisfied. If, moreover, M is coercive in V, then the solution set of the following
nonlocal obstacle problem

—Daru+ [ulP"2u + p(z) |u|T?u € r(u)0j1 (z,u) + N(u)(z) + f(z,u, V) in Q,

u=>0 on I'y,
O o ()0 (2, u) r
aVa T2 ’LL) J12(T, u on 1,
ou
“ o € 0c0(x,u) on T's,
ou
o G(u)(x) on Ty,
L(U) S CJ,

is nonempty and compact in V.

Corollary 4.12. Assume that H(1), H(f)(i), H(N), H(G), H(j1), H(j2), H(M') and H(¢) are
satisfied. If, moreover, M is coercive in V, and ®: Q0 — R is a measurable function, then the
solution set of the following obstacle problem

—Daru+ [ulP"2u + p(z)|u|?u € ri(u)0j1 (z,u) + N(u)(z) + f(z,u, Vi) in Q,

u=20 on I'y,

3:1 € ro(u)0ja(z,u) on Ty,

_38:1 € 0:p(x,u) on I's,

o = G(u)(@) on T
u(z) < U(x) in D,

18 nonempty and compact in V.

Theorem 4.13. Assume that H(1), H(f'), H(N), H(G), H(U1), H(U2), H(¢), H(M') and
H(L') are satisfied. If, moreover, M is coercive in V, then the solution set of the following
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obstacle problem

—Dpru + |ulP"2u + p(x)|ul??u € Uy (z,u) + N(u)(z) + f(z,u) in Q,

u=0 on I'y,

g;: € Us(z,u) on Ty,

—g:a € 0:¢9(x,u) on I's,

o~ Gl () on T,
L(u) < ¢y,

is monempty and compact in V.

Corollary 4.14. Assume that H(1), H(f"), H(N), H(G), H(Uy), H(Uz), H(M') and H(¢) are
satisfied. If, moreover, M is coercive in V, and ®: Q@ — R is a measurable function, then the
solution set of the following obstacle problem

—Dagu+ [ul?2u + p()|ul"%u € Uy(e,u) + N(u)(@) + fla,u)  in

u=0 on Iy,

SZ € Us(z,u) on T,

_(‘?zj: € 0:.9(x,u) on T's,

o~ G on Iy,
u(z) < U(z) in D,

is nonempty and compact in V.

Theorem 4.15. Assume that H(1), H(f"), H(N), H(G), H(j1), H(j2), H(¢), H(M') and H(L')
are satisfied. If, moreover, M 1is coercive in V, then the solution set of the following obstacle
problem

—Dau A+ [ulP"2u+ p(z)|ul?*u € r1(u)d51(z,u) + N(u)(z) + f(z,u) in Q,

u=20 on I'y,

0% & o), w) r
a]/a € ro(u)dja(z,u on log,
0

_a;i S 8c¢(x7 u) on F?n
0

_3;1 = G(u)(x) on Ty,
L(u) < ¢y,

s monempty and compact in V.

Corollary 4.16. Assume that H(1), H(f"), H(N), H(G), H(j1), H(j2), H(M’) and H(¢) are
satisfied. If, moreover, M is coercive in V, and ®: Q — R is a measurable function, then the
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solution set of the following obstacle problem

—Dyu A+ [ulP"u+ p(z)|ul?*u € r1(u)dj1(z,u) + N(u)(z) + f(z,u) in Q,

u=20 on I'y,
Ju .
o, € ro(u)dja(x,u) on T'y,
Ju
“ v € 0c0(x,u) on I's,
—g}i = G(u)(z) on Ty,
u(z) < U(x) in D,

is nonempty and compact in V.
Theorem 4.17. Assume that H(1), H(f)(i), H(N), H(Uy), H(M') and H(L") are satisfied. If,
moreover, M is coercive in Vy, then the solution set of the following obstacle problem
—Dpru + |ulP2u + ()| ?u € Uy (2, u) + N(u)(x) + f(z,u, Vu) in £,
u =0 on T,
L(u) < ¢y,
s monempty and compact in V;.

Corollary 4.18. Let D be a nonempty and measurable subset of Q. Assume that H(1), H(f)(i),
H(N), H(M') and H(U;) are satisfied. If, moreover, M is coercive in Vo, and ®: Q@ — R is a
measurable function, then the solution set of the following obstacle problem

—Dau+ [ulP"u+ p(z)|ul?*u € Uy(z,u) + N(u)(z) + f(z,u, Vu) in Q,
u=20 on T,
u(z) < U(x) in D,
18 nonempty and compact in Vy.
Theorem 4.19. Assume that H(1), H(f"), H(N), H(U1), H(M') and H(L') are satisfied. If,
moreover, M is coercive in Vy, then the solution set of the following obstacle problem
—Daru A+ [ulP"2u+ p(x)|u|T?u € Uy (z,u) + N(u)(z) + f(z,u) in Q,
u=0 on I,
L(u) < ¢y,
is nonempty and compact in V.

Corollary 4.20. Assume that H(1), H(f"), H(N), H(M') and H(Uy) are satisfied. If, moreover,
M is coercive in Vg, and ®: Q — R is a measurable function, then the solution set of the following
obstacle problem

— D+ [ul?2u + () [ult2u € Ui (1) + N(u)(@) + f(z,u)  in 9,
u=20 on T,
u(z) < ¥(x) in D,
is monempty and compact in V.

Theorem 4.21. Assume that H(1), H(f)(i), H(N), H(j1), H(M') and H(L') are satisfied. If,
moreover, M is coercive in Vy, then the solution set of the following obstacle problem
—Dpru + |ulP"2u + p(x)|u]??u € r1(w)dji (z,u) + N(u)(z) + f(2,u, Vu) in £,
u=20 on T,
L(u) <ey.
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is nonempty and compact in V.

Corollary 4.22. Assume that H(1), H(f), H(N), H(M’) and H(j1) are satisfied. If, moreover,
M is coercive in Vy and ®: Q2 — R is a measurable function, then the solution set of the following
obstacle problem

—Dpru + |ulP2u + p(x)|u]??u € r1(w)dji (z,u) + N(u)(z) + f(2,u, Vu) in Q,
u=0 on T,
u(z) < U(x) in D.

18 nonempty and compact in Vy.
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