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analyze the variational structure of the associated energy functional on the Nehari
manifold. More precisely, we derive an explicit sufficient threshold value A and

ggzgﬁrﬁm operator prove that the two components of the Nehari manifold are quantitatively separated
Fibering method whenever A < A. This separation enables us to establish the existence of two
Nehari manifold distinct positive solutions, obtained as minimizers of the energy functional on the
Parameter estimates two components of the Nehari manifold. Furthermore, we derive explicit upper and
Singular elliptic equation lower bounds for both the LP-norms of the gradients and the L®*!-norms of these

Threshold parameter solutions. Our estimates quantify the influence of the parameter A\, the geometry of

the domain, and the exponent « on the size of the corresponding solutions.
© 2026 The Author(s). Published by Elsevier Inc. This is an open access article
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1. Introduction

In order to investigate the behaviour of strongly anisotropic materials, Zhikov [51] was the first to
introduce and study the prototype functional

uH/(vTuw+u(x)$> dz, (1.1)
U

where U C R¥ is a domain, 1 < p < ¢, and p € L>(U) is a nonnegative weight function. The functional
(1.1) belongs to the class of integral functionals with nonstandard growth, more specifically, with unbalanced
growth, introduced by Marcellini [34,35]. Its Euler-Lagrange equation is governed by the so-called double
phase operator
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—div(|VulP~2Vu + p(z)|Vu|?2Vu). (1.2)

A distinctive feature of this operator is the spatial phase transition induced by the coefficient pu.
More precisely, the coefficient partitions the domain into two qualitatively different regions. On the set
{1 = 0}, the operator reduces to the classical p-Laplacian, whereas on {u > 0} it exhibits (p,q)-
growth, with the g-Laplacian determining the asymptotic behaviour. Consequently, the governing equation
is nonuniformly elliptic, and its ellipticity degenerates precisely on the zero set of the modulating coef-
ficient. Nonlinear problems involving the operator have attracted considerable attention in recent years.
We refer the reader to the works of Bai-Gasiniski-Papageorgiou [4], Baroni-Colombo-Mingione [6-8],
Baroni—-Kuusi-Mingione [9], Byun—Oh [12], Cai—Papageorgiou—R&dulescu [13], Colombo—Mingione [14,15],
Crespo-Blanco—Gasiriski-Harjulehto-Winkert [16], De Filippis—Palatucci [17], Kumar-Radulescu—Sreenadh
[25], Liu-Dai-Winkert [28], Liu-Dai-Winkert-Zeng [29], Liu-Winkert [33], Marcellini [34,35], Mingione—
Rédulescu [36], Ok [37], Papageorgiou—Réadulescu—Yuan [39], Ragusa—Tachikawa [45,46], and the references
therein.

Let Q ¢ RN, N > 2, be a bounded domain with smooth boundary 9. In [27], Liu-Dai-Papageorgiou—
Winkert studied the singular double phase problem

—div(|VuP2Vu + p(z)|Vu|?2Vu) = h(z)u™ + Ag(z)u® inQ, w=0 on dN. (1.3)

They assumed that 1 < p < g < N, % <l44,and 0< p(r) € C¥(Q),0<y<landg—1<a<p*—1.
Moreover, h € L*°()) is assumed to be nonnegative a.e. in © and not identically zero, whereas g = 1 in
Q). The Nehari manifold method was employed to prove the existence of a positive constant Ay such that,
for all 0 < A < Ag, problem (1.3) admits two positive solutions, one with negative energy and the other
with positive energy. Nevertheless, no explicit value of Ay, and hence no explicit admissible range for the
parameter A, was provided in [27]. The main objective of the present paper is to fill this gap.

More precisely, the aim of the present paper is to determine an explicit range of values of the parameter
A for which problem (1.3) admits two positive solutions. To this end, we impose the following assumptions:
Np

l<p< Nandp<gq<p* = Nop

)
(i) 0 < () € ()
(iiif) 0 <y < 1;

(iv) g—1<a<p"—1;

(v) h e L>*(Q) and h(x) > 0 for a.a. z € Q;

(vi) g € L>=(2) and m({g > 0}) > 0, where m denotes the Lebesgue measure.

We say that u € Wol’H(Q) is a solution of problem (1.3) if u(z) > 0 for a.a. z € Q, hu=7¢ € L*(9), and
/ (|VulP2Vu + p(z)|Vu|!?Vu) - Vo dz = /h(x)u*ﬁpdx + )\/g(x)uo‘cp dz
Q Q Q

for any ¢ € W(}H(Q)

For each A > 0, we define the energy functional Jy: W, () — R associated with problem (1.3) by

= 1/|Vu\pd$+ / (x )|Vu|quf—/ (z)|u)' ™7 dz — % g(x)|ul* T d.
p
Q Q

For u € WOIH(Q) \ {0}, let ¢, : R4 — R denote the associated fibering function defined by ¢, (t) = Jx(tu).
The corresponding Nehari manifold is defined by
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Aa:::{ue‘Wg*%ﬂ)\{o}:w;u)::o}.

According to the sign of the second derivative of the fibering function, we decompose N, into the three
mutually disjoint sets

N ={ueNy: (1) >0},
NY = {ueNy: (1) = 0}, (1.4)
Ny = {ueNy: @l(1) <0}
To derive an explicit admissible range for the parameter A, we introduce the constant
a—pt1

a—p+1 yta
p— 1+'Y — p—1+~ p—1+~
A [a p—i—l] (p 1—|—’y> 1 ( 1 ) ( Sﬂ) ’ (15)
7+a v+a ) gl \hll |€2]~

together with the auxiliary constants

*—(1—v)
Y+a )HM Hh”pi_iﬂ Q|71
o0 b}

Cl(pua7’77h7N): <O[—p+1

1—v
Splo—1+7)

1
Y ta =17 - ‘Q|p%+% p—1+7y
C) e . |

C2(pa a, 7, h, N

CS(p7a7’77g7Na)‘ ’Y—FO& 2" —(atl)

p*(a—p+1)

1 1 a—1+1
— 1+ ’Y:l a—pF1 ( 1 ) a—pt1 S P
ota) ol e |

where S denotes the best Sobolev constant for the embedding Wy*() — L?" ().
Our main result is stated as follows.

Cy(p,,7,9,N, \)

1 1 a1
|: _1+ry:|a p+1 ( 1 )ap+1 S pla—p+1)

Theorem 1.1. Under assumption (H), for every A € (0, A), problem (1.3) admits at least two distinct positive
solutions:

(i) A minimizer uy of Jx on ./\/';' satisfying the a priori upper bounds
IVurll, < Ci(p,, 7, b, N) and |luxllat1 < Ca(p, e, v, h, N).
(i) A minimizer vy of Jx on Ny satisfying the lower bounds
IVorllp > C3(p,a, 7,9, N,A) - and [[oallas1 > Ca(p, @, 7,9, N, A).
Remark 1.2. In Theorem 1.1, the solution vy € Ny becomes unbounded as A — 0*. More precisely,
[Vurll, = 0o and  |loallat1 — o0 as A — 0.

Furthermore, let € € (0,p* — q), set @« = ¢ — 1 + ¢, and denote by A, the constant A corresponding to this
choice of a. For every A € (0,A.), let vy . € N, be the solution given by Theorem 1.1. Then we have
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[Voellp > CA™ 7572,

where

p—1+~ }rﬁzgm%ﬁ
191l

C Z[ o T (are
T lle-1+v+e) Q|F T

In particular, for every fixed € > 0, the lower bound exhibits a polynomial blow-up of order A" T as
A — 0T. Moreover,

ase — 07,

_1 S (q )
p_ I + q—p plg—p

o
p*(q—p)

1

and the corresponding blow-up exponent converges to s

Theorem 1.1 provides an explicit sufficient range for the parameter A. In particular, if A,g = 1, then
problem (1.3) admits at least two distinct positive solutions whenever

_ a+1 S 1 S =
oo 2T () ()
a+y a+y Q% '

The proof of Theorem 1.1 is again based on the Nehari manifold method. In [27], the Nehari manifold was
decomposed into the three sets N7, A/~, and A'°, and two solutions were obtained by minimizing the energy
functional over N ™ and N ~, respectively. The distinction between these solutions relied on their energy
levels: the minimizer on A/ T has negative energy, whereas the minimizer on A/~ has positive energy. The
present paper adopts a different viewpoint. Rather than distinguishing the two solutions by their energy
levels, we exploit the geometric structure of the Nehari manifold. More precisely, we show that the relative
position of AT and N~ depends crucially on the parameter . As X\ decreases, the two sets move farther
apart, and for sufficiently small values of A they become quantitatively separated. This immediately implies
that the corresponding minimizers are distinct. The explicit sufficient threshold obtained by our quantitative
estimates is the constant A. This geometric perspective was first introduced by Sun—Li [49] in the context
of nonsingular semilinear elliptic equations involving the Laplacian.

In recent years, the qualitative analysis of Dirichlet problems driven by double phase operators has
attracted considerable attention, particularly in the presence of singular reaction terms. A prototype problem
is given by

—div (|[VuP2Vu + p(2) [ Va2 Vu) = Mé(z)u™* + Ao f(z,u) in Q,
u>0 in Q, (1.6)
u=20 on 0f).

The main analytical difficulty of problem (1.6) stems from the interaction between the nonuniform ellipticity
of the double phase operator, the singular term © =%, and the nonlinear reaction f(z,u). Assuming 1 < p < N
and 0 < a < 1, the existing literature may be broadly classified according to the growth conditions imposed
on the reaction term f. For (¢ — 1)-superlinear reactions, Liu-Dai-Papageorgiou-Winkert [27] considered
the case of a fixed singular coefficient A; = 1 together with the power-type nonlinearity f(z,u) = u"~! with
r > ¢. Using the Nehari manifold method, they proved the existence of a constant A5 > 0 such that problem
(1.6) admits at least two positive solutions for every Ao € (0, A5). This result was subsequently extended to
the whole space RY by Liu-Winkert [32]. Bai-Gasitiski-Papageorgiou [4] generalized this result by replacing
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the power-type nonlinearity with a general class of (¢—1)-superlinear nonlinearities, while Liu-Papageorgiou
[31] obtained a similar multiplicity result in the particular case £(-) = A2 = 1 with the weighted reaction term
n(@)u
tiple positive solutions for superlinear reaction terms satisfying r > p. The dependence of the solution set on

r—1

, where r > ¢. For the case p > ¢, Papageorgiou—Repovs—Vetro [42] established the existence of mul-

the parameters also gives rise to bifurcation phenomena. Assuming £(-) = 1 and a general (¢ — 1)-superlinear
reaction term, Bai-Papageorgiou—Zeng [5] established a bifurcation-type result with respect to the parame-
ter Ay. More precisely, they proved the existence of a critical value A5 > 0 such that problem (1.6) admits at
least two positive solutions for Ay € (0, A}), at least one positive solution for Ay = A5, and no positive solu-
tions whenever Ay > A\5. Moving beyond constant exponents, Papageorgiou—Radulescu—Zhang [40] extended
this bifurcation result to a nonhomogeneous setting involving Lipschitz continuous variable exponents p(-),
q(+), and «a(-) € (0,1). Failla—Gasiniski-Papageorgiou—Skupien [19] considered the case \; = Az = 1 together
with a (p—1)-sublinear perturbation f(z,w). They established the existence of a positive solution and further
proved that this solution is unique under an additional monotonicity assumption on f(z,-). Papageorgiou—
Radulescu—Yuan [39] proved the existence of positive solutions in the case o > 1, \y = Ay = 1, and
f(x,u) = n(x)u"~! with r < p. Finally, Papageorgiou-Radulescu-Zhang [41] considered (g — 1)-superlinear
reaction terms with Ao = 1 and proved the existence of a positive solution for every A; > 0. For further
developments, we refer the reader to the works of Arora-—Dwivedi [1], Arora—Fiscella—Mukherjee—Winkert
[2], Bahrouni-Radulescu—Repovs [3], Biagi-Esposito—Vecchi [11], Farkas—-Winkert [21], Garain—Mukherjee
[22], Guarnotta—Winkert [23], Han-Liu-Papageorgiou [24], Papageorgiou—Peng [38], and Pimenta—Winkert
[44] for further developments on singular double phase problems.

The aforementioned existence and multiplicity results establish the existence of a critical parameter value
5. However, they do not provide explicit estimates for this critical threshold. Liu-Feng—Sun—Winkert [30]
investigated problem (1.6) under the assumptions Ay = A2, 0 < @ < 1, a (p — 1)-sublinear perturbation, and
N < p. By means of a refined quantitative analysis of the associated energy functional, they established
the existence of three bounded positive solutions for sufficiently small values of A;. Moreover, they derived
explicit estimates characterizing the range of the parameter for which three positive solutions exist. Farkas—
Fiscella—Ho-Winkert [20] considered the case A\ = 0 and A\of(z,u) = myw(z)ul*"2u + 72g(x,u), where
p < s < q. Overcoming the lack of compactness caused by the critical growth of g(z,u), they proved that,
whenever 71 > 79 and 73 is sufficiently small, problem (1.6) admits a negative energy solution. In addition,
they obtained an explicit computable lower bound for the threshold parameter 7y. Finally, we mention the
one-dimensional case. Son—Sim [48] studied problem (1.6) with A\; = 0 and f(x,u) = g(x)h(u). They derived
sufficient conditions guaranteeing that the problem admits no solution, exactly one solution, exactly two
solutions, or exactly three solutions. Furthermore, they obtained explicit estimates for the range of the
parameter Ao ensuring the existence of three solutions; see also Sim—Son [47].

The remainder of this paper is organized as follows. In Section 2, we briefly review the theory of Musielak-
Orlicz spaces together with the fundamental properties of double phase operators. In Section 3, we investigate
the geometric structure of A f and derive an explicit sufficient range for the parameter A. Finally, Section 4
is devoted to the proof of Theorem 1.1 and concludes with an example.

2. Preliminaries

In this section, we recall some basic properties of Musielak-Orlicz spaces and the double phase operator
(1.2). Most of the material presented here can be found in Crespo-Blanco-Gasinski-Harjulehto—Winkert
[16], Liu-Dai [26], and Papageorgiou-Winkert [43]. We denote by L"(Q) and L"(2; RY) the usual Lebesgue
spaces endowed with the norm || - |, for every 1 < r < oo. For 1 < 7 < 00, we write W17 () and W, (Q)
for the corresponding Sobolev spaces equipped with the norms || - ||, and || - ||1,r.0 = ||V - ||, respectively.

Let M((2) denote the space of all measurable functions u: Q@ — R. By L{(Q2), we denote the weighted
Lebesgue space defined by
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1
q

L) = S u e M@): fulyy = | [ nle)lut@)tde | <400
Q

Next, we introduce the function H: © x [0,00) — [0, 00) by
H(z,t) =7 + p(z)t?
Then, the corresponding Musielak-Orlicz space L7 () is defined by
LH(Q) = {ue M(Q): pu(u) < +oc}
and is equipped with the Luxemburg norm
) u
Julle = inf {7 >0 pp () <1},
T

where the modular py(-): L*(Q) — R is defined by

pule) = [ Hiafu)do = [ (P + p(a)luf?) da. (21)
Q

Q

The associated Musielak-Orlicz Sobolev space W17 () is defined by
WhH(Q) = {ue L*(Q): |Vu| € L*(Q)},
and is equipped with the norm
[l = [[Vulla + llulla,

where ||[Vu|y = || |[Vu| || Furthermore, the completion of C§°(£2) with respect to the norm of W1#(Q)
is denoted by W, (). The spaces L*(), WHH(Q), and W, 7(Q) are reflexive and separable Banach
spaces. In what follows, we equip WO1 H (©2) with the equivalent norm

0 = [Vl

Moreover, the embedding Wy " (Q) < W, () is continuous.
The norm || - ||% and the modular py; are related as follows, see Liu—Dai [26, Proposition 2.1].

Proposition 2.1. Let (H)(i), (ii) be satisfied, let y € L™(2), and let the modular py be defined by (2.1). Then
the following assertions hold:

(i) Ify #0, then [ly|l% = A if and only if pu(¥) =1
(i) |lyllg <1 (resp. > 1, =1) if and only if py(y) <1 (resp. > 1, =1);
(ii) If [lyllae <1, then lyll3, < pn(y) < Iyl
(v) I llyllse > 1, then [lylly, < pu(y) < llyll3;
) 1yllze — 0 if and only if py(y) — 0;
) |lylln — +oo if and only if pu(y) — +oo.

(v
(vi
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Let A: Wy (Q) — W (Q)* be the nonlinear operator defined by
(A(u),v) = / (IVulP~2Vu + ()| Vel V) - Vo da (2.2)
Q

for all u,v € WOI’H(Q), where (-, -) denotes the duality pairing between WolH(Q) and its dual space
W(}’H(Q)*. The operator A: WolH(Q) — Wol’H(Q)* possesses the following properties, see Liu-Dai [26].

Proposition 2.2. Let (H)(i), (ii) be satisfied. Then the operator A defined by (2.2) is bounded, continuous,
strictly monotone, coercive, a homeomorphism, and satisfies the (S;.)-property, that is,

u, —u in Wy (Q)  and  limsup (A(uy), u, —u) <0,

n—oo
imply u, — u in Wy TH(Q).
We recall Ekeland’s variational principle [18], which will be a crucial tool in what follows.

Theorem 2.3. Let (X,d) be a complete metric space and let J: X — R U {400} be a proper lower semicon-
tinuous functional that is bounded from below. Let € > 0 and suppose that u € X satisfies

J(u) < Ulg)f( J(v) +e.

Then, for any p > 0, there exists v € X such that

d(v,w) for allw € X with w # v.

3. The number A and the geometric structure of N, ;\t

In this section, we investigate the geometric structure of N, /\i and derive an explicit sufficient range for
the parameter A. Throughout this section, hypotheses (H) are assumed to hold and will not be repeated in
the statements below.

Lemma 3.1. For every A € (0,A), we have N5= # 0 and Ny = 0.

Proof. In view of (H)(v) and (H)(vi), we may choose ug such that
/h(x)\u0|1_7 dz >0 and /g(m)|u0|a+1 dz > 0.
Q Q

For t > 0, define

p(t) := 717 Vg [P + 49717 Vo[, — 777 /’l(x)lttollfv dz.

Q

It is straightforward to verify that
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o) = —oo ast—0" and ¢(t) =0 ast— cc.

Define

[ (a+1-p)|Vuglp TR
(v+ ) fQ x)|up| =7 da

Then 0 < t* < 00, and a direct computation shows that

atl—p p(yt+a)
—-1 1— P—1+v \V4 ” 1+y
(p(t*)z (p +7) <a+ p) || UOH — > 0.
(J;

Tta Tta o h(z) |uo|1_7dx)’:””

Hence, there exists ¢ € (0, 00) such that

p(t) = max p(t) > 0,

which implies that ¢'(¢) = 0, or equivalently,

« 2—«
(@+1—p)T" 2% VuolZ + (a+1— )T "> Vuo |2,

v _ 1
=(y+a)t "’ 1/h(gc)|u0|1 7 dz. (3.1)
Q
Multiplying both sides of (3.1) by 77t and rearranging terms, we obtain
(a+ 1=t Vugllf + (o + 1= @)t 7 Vo1, / h(@)luo' 7 de. (32)
Q

Since ¢ — 1 < «, we have a + 1 — ¢ > 0. Therefore, the second term on the left-hand side of (3.2) is
nonnegative, and omitting it yields

(a+ 1P " Vuol < (v + a) / h(@) ol de.
Q

Hence, t < t*.
By Holder’s inequality and the Sobolev embedding theorem, we obtain

1 1= P —(
[ h@luol <l (vl ) 0

Q

1—v P**(**’Y) —v)
o] .

Consequently,

1
ol S( Ly YS

= h p*—(1—v) *

(fﬂ |UO|1 ’Yd$) - [[All oo Q| 7=

Since t is a global maximizer of ¢, we have () > ¢(t*). Therefore,
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o® -2 [ gl do
Q

> o(t") =\ [ gle)luol"* do
Q
atl—p P('Yi*’a)
> (i) () vl
v+ ¥+ o (fg ) |uo| 1~ 'ydx)p =

a+1

e

p* —(at1)
Mol | 22
Glloo S

IVuollp ™
atl-p (at1-p)A=7)
vre A e oo+ a2y

p* —(at1) atl

|Q| P e+ N
— A9l ( [Vuollp ™

VS

atl—p atl—p 7(“*'1_11“)(1_"’)
| () ) ()
N 7+ a v+ a 17l oo |Q‘ e

|Q|p*—<a+1> a+tl
p*(a+1)
= Alglleo (— 1|VUO|CY+1

We now define

(at+1—p)(1—v)

v+a \(v+ )|l

at+l—p — p*—(at1)
p—1+y( a+tl—p \r 15 VS e j s
E\= ( = AMglloe | ——=—

I ks /S
Thus,

0@ = [ g@)unl* dz = Bx[Vuol3*.
Q

Setting E\ = 0 and solving for A, we obtain

at+l—p (a+1fp)(177)+(a+1)

atl—p
ey oy 1y
1+a Tt ) Tl \Thle) (o S e

Observe that

(a+1-p)(1—-7)
p—1l+y

and

P —1+y)(et+l-p) p'—(a+l) p y+a
prp—1+1) p* Np—1+y

a+1

=: A.
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Consequently, A can be written in the more compact form

A_(a+1p)m<p1+’y> 1 ( 1 )
v+ a y+a ) gl \Ille

By the definition of Ej, for every A € (0,A), we have

atl—p Yta

p—1+~ S p—1+vy
. . 3.3
() &

o(t) — )\/g(x)\uo\o‘le dz > 0.
)

Moreover, multiplying ¢’(t) by t7+%+1, we obtain
OG0 = (-4 a) [ ho)fuol 7 da
Q

—(a+ 1=t [Vuollf — (a +1 = )t" 7 [[Vug|d .-

Note that the right-hand side is strictly decreasing on (0, 00). Hence, £ is the unique critical point of ¢, and
 is strictly increasing on (0,%) and strictly decreasing on (%, 00). Since

o) = —oo ast— 0" and () >0 ast— oo,

and

0< )\/g(gc)|u0|a+1 dz < p(t),
Q

there exist unique numbers 0 < tg , < < t§, such that
plton) = )\/9(5”)|U0|a+1 dz = p(tg )
Q

Furthermore,

¢'(tg) >0 and <p'(tar’)\) < 0.
At either of these two points, the identity

o) = [ gla)luol** do
Q

is equivalent to tug € Ny. Moreover, the sign of the second derivative of the fibering map ¢ — J (tug) agrees
with the sign of ¢’(¢). Therefore,

toato €N and  t] up € Ny .

Thus, Ny # 0 and Ny # 0.
We now show that V'Y = ). Assume, for contradiction, that there exists ug # 0 such that ug € NY. Then

(P = L+ NNVuolly + (¢ =1 +7)[[Vuollg . — Ay + ) /g(~”fz‘)|1to|”“+1 dz = 0.
Q
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Since ug € Ny, we also have

/|Vu0|pd:r—|—/,u(x)|Vu0|qu—/h(m)|u0|1_”’dx—)\/g(x)|u0|0‘+1 dz =0.
Q

Q Q Q

Combining these two identities yields

—p+1 —g+1
_Ei;;tE”Vudw4__2i_;tﬁ

1—7 _
—a b+ g, — [ H@lwl 7 ds =
Q

Consequently,

B[ Vuollp ™

1+ +1+ T ||v ||p%

p—= Y —p (0% p—iTy UQ N

S( vt >( v+ > : M_/\/g(ﬂ?ﬂud dz
(Jo h(@)[uo|t = dx) 7=

Q

—ptlta yto
- (50 () | Fuolls™
\ 7+a 7+ ) o =pitia

(2= Vol + =2 [V uollg) "
-1 -1
e T

e P
< (P—1+7> (—p+1+a) PoTEY [V uollp
o v+ o Y+« ( ;D+1+a||v ||P) _”T—IT—VQ

Yta P

p—1+
Gt e DUV
v+ o

=0.

This contradicts the fact that E) > 0 whenever 0 < A < A and || Vug||, > 0 for ug # 0. Therefore, N? = 0.
The proof is complete. O

Lemma 3.2. For every A € (0,A), we have
IVUllp = IVullp > AQA) = Ao >0 and  |[Ulla+1 = [[ullas1 > B(A) = Bo >0,
for every U € Ny and u € N;, where A(N), Ao, B(\), and By are given explicitly in the proof below.

Proof. Let U € N, . We first derive estimates for ||VU||, and ||U||a+1. By (1.4), Holder’s inequality and
the Sobolev embedding theorem, we obtain

(0= 1+ DIVUIE+ (0 — 1+ ) [VUL, < Ay + ) / @)U+ da
Q
a+1

<Ay + a)llglleo IvVUl5*,

which implies
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p*—(atn) 1T
. ) 7 -
(P=1+9)IVUI; <Ay + )9l 75 VU™
Consequently
1 1 a+1
p—1+n~] 7Fite 1 —priFa ({/S)=priva
ol > St () T e 0
Ay + a) 191l |Q] P riiEe
Note that
pofatl)  Npolt OV op) 1 _ati )1
p*(—p+1+a) Np(-p+1+a) N\-p+l+a P
and therefore, for convenience, we define the right-hand side of (3.4) by
AN [p —1+4 7} o ( i ) T (4/5)
- [ Ay +a) 19l oo |Q|%(—pa-:r11+a)_%.
Using a similar argument, we also obtain the following estimate for U, namely
S D P a+1
(0= 147z 1011 < (0= 1+ DIVULE < Moy +0) [ (o) U]+ da
QP FlasD)
Q
<Ay +a)llgll U118
which implies
p—l4n]oita [ 1 \-pimia S e
> 5] () || 5.5)
7+ ) 9]l |QP 7 a+D

Furthermore,

p*—(a+1) Np—(a+1)(N—-p) pla+1l)—N(—p+1+a)
Pty — N(a+1) - N(a+1)

p —ptlta

N T ari

We denote the right-hand side of (3.5) by

1 1 —iiTa
p—14 ] -rFiFe 1 —piita S +
B(A) = [7] < ) lﬁ :

Ay + ) llgllso Q¥ ~aw

Next, we derive analogous estimates for || Vu||, and ||u|la+1 with u € N. By the definition of N, Holder’s
inequality, and the Sobolev embedding theorem, we obtain

p*—(1-v)

1\
(ot alValy < Gta) [l ar < (e (=) 9 bl vl
Q

which implies
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1
e p—1+7 = 1 |Q‘W
vul, < (252 gt B 2 (3.6)
p+1+a ({/S) 71+
Furthermore,
—(1-7) Np-(A-7{H-p) 1, 1t 1=
p*(p—1+7) Np(p—1+~) p Np—1+y

For convenience, we denote the right-hand side of (3.6) by

_ v+ a 7|Q\%+%;Tww

p—1
—(—) g e
—rp+1l+a (¥/8) =147

Similarly, we derive the estimate

S _
(—p+ 1+ 0)—pr [l < (—p+ 14 @) [Vull? < (7 + ) / Bl da

|Q\PW

yta

< (7 + ) Q5 | Allsoflull a3,
from which it follows that
1
Yo p—1+v

1 (at1)
v+ o 1Ty 1 |Q|Pm+a+1
s < (S5 )" IIET u . (3.7

A straightforward calculation shows that

p'—(a+1) y+a Np—(a+1)(N-p)+N(y+a) Np-1+7)+pla+l)

Ppla+1) Tat1 N(a+1) N N(a+1)
_pr_ p-lty
N a+1

Accordingly, we introduce the notation for the right-hand side of equation (3.7)

yta \FE o
By — (7) I ET
—-p+1+a

Q| &+ =T
— .

We next compare the quantities A(\), B(X), Ag, and By. Since both A(A) and B(A) are strictly decreasing
functions of A, they satisfy A(X), B(A\) — oo as A — 0, and A(X), B(A\) — 0 as A — oco. It therefore follows
that each of the equations A(A\) = Ay and B(\) = By admits a unique solution. Expanding the identity
A(N) = Ao, we arrive at

p*—(1—v) 1 o
( v +a ) " IQIM:[lerV] < 1 ) (¢/5)=+a
ptlta (VS LAy +a) 9llo i

Q| E

Calculation yields

ptita

N (p—1+’}/> |:_p+1+a:|:+l++'ya 1 ( 1 )p—l+’y (w)(a-‘rl)—kw
|€2]

Y+ Y+ lgllee \II7]loo £ 7(a+1)+pp*(p(11+ww))( pita)’
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Moreover,

pr—(a+1) p*—(1-7)
p* p(p—1+7)

" —p)ly+a) _ p vtao
p'p—1+7) Np—1+y

(-p+1+4+a)=

and therefore A = A, see (3.3).
Likewise, the identity B(\) = By can be written as

1
p—1+~

1 *—(at1) 4 yta
v+« T thipiiﬂ |Q\ppp*<aa+1> +1Eg
—-p+1+a > S

1
|:p—1+fy:|m < 1 )ﬁ g —5FiTa
A+ ) 1] |Q|P% .

Solving for A, we obtain

\ (p—1+v>{—p+1+a}7+l++~a 1 (1 >;”_+ﬁ+t” Siits
S\ e vt lglloe \1Plloo o (P ) S e

Furthermore,

(p*—(a+1) 7+a>—p+1+a p—(a+1)
p*(a+1) a+1l) p—1+y P p*(a+1)
_ple+i+a)—pla+Dhiy+) p v+«

pla+1)(p—1+7) Np—1+y

Hence, we again obtain A = A, see (3.3). Since both A(\) and B(\) are strictly decreasing, it follows that

VU, = [IVull, > A(X) = Ao >0,
[Ullat+1 = l[ullass > B(A) = Bo >0,

for every A < A, U € Ny, and u € N, /\+ . This proves the asserted quantitative separation. 0O
4. The proof of the main result

In this section, we prove Theorem 1.1. We begin by establishing two auxiliary results.
Lemma 4.1. For every A € (0,A), the set Ny is closed in wetQ).
Proof. Let {Upn}nen C N be a sequence such that U, — Uy in Wy " (Q). By (3.4),

IV, = lim VU], > AY) >0,

and hence Uy # 0. Passing to the limit in the defining equation of the Nehari manifold, we conclude that
Uy € Ny. Since A < A, we have A(X) > Ag. On the other hand, estimate (3.6) implies that every u € Ny

satisfies ||Vul|, < Ag. Combining the above inequalities, we infer that

VUollp > Ao > ||Vul|, for every u € Ny,
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which shows that Uy ¢ N,'. Moreover, Lemma 3.1 ensures that Y = . Consequently, Uy ¢ NY. Since
Uy € N, the only remaining possibility is Uy € N, . Hence, N, is closed in WolH(Q) O

Proposition 4.2. Let u € Ny (resp. u € Ny ). Then there exist e > 0 and a continuous function f: B-(0) C
Wt (Q) = (0,00) such that

f0)=1, f)(u+v)eNy (resp. f(v)(u+v)€Ny),
for every v € B.(0).

Proof. We consider only the case u € Ny, since the argument for u € N5 is analogous. Define F: W, ) x
(0,00) — R by

Fo,1) :t”’””/|V(u+v)\pdx+tq’1+"/u(x)|V(u+v)|qu
Q Q

f)\t”’+o‘/g(x)|u+v|a+1 d:vf/h(glc)\u+v\1*7 dz.
Q Q

Since u € Nyf C NV, we have F(0,1) = 0. Moreover,

F0.1) = (p=14+9) [ [9uP dot (g = 149) [ @) Val7do— A+ ) [ glo)lul* do >0,
Q Q Q

The implicit function theorem (see, for example, Berger [10, p. 115]) therefore provides € > 0 and a contin-
uous function f: Bz(0) — (0, 00) such that

f(0)=1, F(uv,f(v))=0, foreveryve Bs(0).
Equivalently,
F0)=1, f(w)(u+v) €Ny, foreveryve B(0).

Since u € N, and the defining inequality for Ny is stable under sufficiently small perturbations, we may
choose 0 < € < € such that

f)(u+v) e N, for every v € B-(0).
This completes the proof. 0O

Proof of Theorem 1.1. From the definition of N and Proposition 2.1(iv), we conclude that

1 1 1
Ia(u) = ];/|Vu|pda:+ a/,u(x)\Vude— m/h(w)|u|1_’ydx
Q Q Q

A
- a—+1 9($)|U|a+l dx
Q

> (3 o) 0 - (12— ) [ @l s
Q

> cillull§ 440 — 02Hu||:1[;770, for all u € N with ||ul|1,,0 > 1,
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where c1, co > 0 are suitable constants. Here we used that p—1 < ¢—1 < «. Consequently, since 0 < 1—7v < p,
the functional Jy is coercive and bounded from below on N.

Step 1. Existence of a solution in Ny for A € (0, A).

Since u € N;r, we have

(= L+ DIVal} + (g = 1+ D)IVall, = My + ) [ g(o)lul™ do >0
Q

Hence, for any u € N/\Jr,

1 1 1 1 1 1
_ - - p - - q - a+1
Ja(w) (p — )|v ||+(q — )|v 14, (1_7 Ml)/gmm da
Q

N Vulld + —rc——[|Vu||l + ——r—||Vul|?
IVl - L vl + S IVl + S s I,
p-l+yy /1,1 g—1+7\( 1 1
= _ v D 4—T7 L V q
< L=~ )( p+a+1 IVull + 1—7 q+a+1 IVallg,.
< 0.
Consequently,

my ;= inf Jy(u) <0
A uEJ\f;r )\()

Choose ¢ € (my,0). We define
Xe:={ueN}: Ji(v) <c}.
Since ¢ > mj\', the set X, is nonempty and

: ot
ulen)gc Ja(u) =my.

Moreover, X, is closed in WOH'[(Q) Indeed, let {wy}nen € X. be such that w, — w in W(}H(Q) By the
continuity of Jy, we have

JIa(w) <e <0,

and hence w # 0. Passing to the limit in the Nehari identity yields w € N,. By Lemma 3.1, ./\/Q =0.1f
w € N, then Lemma 3.2 gives

IVwlly = [Vwnllp, > AX) = Ao >0

for every n € N, which contradicts w, — w in W(}’H(Q). Therefore w € /\/’;r and hence w € X,. Thus, X,
is a complete metric space. Let

XF:={ueX,:u>0ae.in Q}.

Since u > |u| preserves Ny and Jy(|u|) = Jx(u), we have
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inf Jy(u) = inf Jy(u) = m:\".

ueXd ueXe

Moreover, X is closed in X, and hence is a complete metric space.
By Ekeland’s variational principle (see Theorem 2.3), applied to the complete metric space X and Jj,
there exists a minimizing sequence {u, },eny C X satisfying

(1) J)\( n) <m/\ +_
(2) Jx(u) > Ix(ug) — ;Hu — Unll1, 3,0 for every u € X

The coercivity of Jy on N, implies that {u,},en is bounded in W(}’H(Q). Hence, there exists a constant
M > 0 such that

Passing to a subsequence if necessary, we obtain
Up — Uy In WolH(Q) and u, — uy in L*T(Q) and in L'77(Q).

By the weak lower semicontinuity of the convex part of the energy functional, it follows that

n—00

Ja(uy) < liminf Jy(up) = inf Jy < 0.
N
Therefore, uy # 0. Furthermore, since u, € N. j , we have

(P — 1+ ) Vanll? + (g — 1+ )| Vall?, — A wa/g ) |7 da > 0.
Q

Passing to the limit inferior and using the strong convergence in L**1(Q), we conclude that
liminf [(p — 14 9)[|Vun [} + (¢ = L+ N)[[Vunll ] = Ay +a /g )lur|* da > 0.
Q
Claim:
liminf [(p — 1+ )| Vun [} + (g — 1+ ) [ Vuall2,] > Ay + /g Jur [+ da. (4.1)
Q

We argue by contradiction. Suppose that

liminf [(p — 14 7)[ Va5 + (0 1+ ) [Vunll2,] = Ay + @) [ g@)fus|* do. (4.2)

D

Passing to a subsequence, still denoted by {u, }nen, we may assume that the limit inferior in (4.2) is attained
as a limit. Since u, € Ny, we have

a+1—p a+1-— _
Q
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Using the same estimate as in the proof of Lemma 3.1, together with the strong convergence of w, in
L'77(Q), we infer that

0 < Ex[[Vuy 5™

—ptita p2Fe
1 1 p—1+~ \V4 p—1+y
< hnH_l>loIéf< +Jr 7) ( p++ +0£) H un“p - )\/g(x)|u/\|a+1 dz
v+« v+ o (fQ |Un|1 'ydx) e o
—ptita _yta
< lim inf < —1 +V) ( -p+1+ a) poe ||Vun||gw1+w
- n—oo ’y—l—(}( ’}/+Oé _ _ 7p:r11++a
(=22 9l + (22222 IVl 7

hnrglo%f |:<4’y+04 ) Hvuan + ( 7 H an,/,L

e =

fiminf | (P17 (et Lda) Vg |[p P14 v

=== v+ a v +a 2 Uy ta IVunlly
() 1]

=0.

This contradiction proves (4.1).
Combining (4.1) with the strong convergence u, — uy in L*T(), we obtain

n—

liminf[(p — 1+ 7) [V [+ (g — 1+ [Vun |2, ~ Ay + ) / 9(@)lun|** 2] > 0.
Q

Consequently, there exist d; > 0 and ng € N such that

(0= L4 D Vunlf + (0= L4 DVl = A+ ) [ gla)fun | do = d, (43)
Q

for every m > ng. After discarding finitely many terms and relabeling the sequence, we may assume that
(4.3) holds for every n € N.

Applying Proposition 4.2 with v = u,, where n is sufficiently large that %

< di, and choosing
v = ty, where ¢ € WO1 H (Q) is fixed and nonnegative, for sufficiently small ¢ > 0, we obtain a continuous
function f,,(t) := fu(tp) such that f,,(0) =1 and f,,(t)(u, + tp) € Ny . Since Jy(u,) — m) < ¢, we have
Jx(uy,) < c for all sufficiently large n. Therefore, by the continuity of ¢ — Jy(fr (t)(un +tp)), after reducing
t > 0 if necessary, we also have

Fu(8) (um + tp) € X

Since only the continuity of f,, is known, we first show that the right-sided extended derivative at 0 exists.
Recall that

F(te, fu(t)) = 0= F(0,1)

for all sufficiently small ¢ > 0. By the mean value formula with respect to the second variable,

F(te, fu(t)) — F(te, 1) = an(t)(fa(t) — 1),
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where
1
/Ft to, 14 0(f,(t) — 1)) db.
0

Since f,,(t) — 1 as t — 07, we have a,(t) — F;(0,1) as t — 0F. Moreover, by (4.3),

FA0.1) = (0= L+ D Vunl} + (= L4 9 Vunl, = M+ ) [ glau™ do > dy > 0.
Q

Consequently,

anl® fn(tz —1_ Fltg,1) - F(0,1)

19

The right-hand side admits a limit in [—oo, +-00] as ¢ — 0. Indeed, the terms involving the p- and g-gradient

contributions and the (« + 1)-power term have finite limits, whereas

1

: /h(x) [(un +tp) — u,lfﬂ dz
Q

has a limit in [0, +00]. To see this, observe that, for a.a. x € €, the function

(un () + ()™ — un (2)1 7
4

t—

is nonincreasing in ¢ > 0, since s ++ s!~7 is concave. Hence, as t — 07, it converges increasingly to an

element of [0, +oc], and the monotone convergence theorem yields the assertion.
Since a,(t) — F:(0,1) > 0, it follows that the extended limit

fa(t) —1
t

l, = lim € [—o0, +]

t—0t

exists.
For notational simplicity, throughout the remainder of the proof we write

fal0) :=1n,
where f/ (0) is understood as the right-sided extended derivative. For every r > 0, define

s"—1
¢r(5)= s—1’ T

T, s=1.
Since 1, is continuous at s = 1 and f,(¢) — 1 as t — 07, we have

e -1
t—0+ t t

= tl_ig{r Yr(fn(t))

where the equality is understood in the extended sense.
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We claim that the sequence {|f/ (0)|},en is bounded. First, we observe that {f/(0)},en is bounded from
below. Indeed, in the identity

falt) =1 _ Fltp,1) - F(0,1)
t t ’

an(t)

the contribution of the singular term on the right-hand side is nonnegative, whereas all the remaining terms
are uniformly bounded with respect to n. Since a,(t) — F3(0,1) > d; > 0, the assertion follows.

Suppose now, to the contrary, that {|f/,(0)|}hen is unbounded. Passing to a subsequence if necessary,
we may assume that f/(0) — 4oc0. In particular, for every sufficiently large n, we have f,(¢) > 1 whenever
t > 0 is sufficiently small. Assertion (2) of Ekeland’s variational principle then yields, for ¢ > 0 small,

% () = 1) tn + tfa(B)elly 200

> In(un) = JIx (fu(t) (un + 1))

p—1l+y p—1+7
=—— (|[V(up +t)||L = |Vun|b) + —F— [fE () = 1] ||V (un + tp) |7
P (Iv( I = I Vun|D) o0 =) LR (t) = 1[I V( o)}
g—1+4~ « _ p =147 g q
+ q<1 _ 'Y) (HV(Un +tg0)||q7lt HVU”' q,u) + q(l _ ,7) [fn(t) 1] ||V(Un + t@)”q,u

a2 pariiy [ o) [(un + )7 — ut ] da
A=+ !

Tto

DT,

.ﬁ*%w—ly/g@ﬁaﬂdm

Q

Dividing the preceding inequality by ¢ > 0, we pass to the limit as ¢t — 0T. For the terms involving f!(t) —1,
we use the limit relation established above, while the remaining terms converge by the corresponding
directional derivative formulas. Collecting the terms involving f! (0) then yields, in the extended sense,

!
1 S 5(0)
1—v

el 2 l(p =1+ NNVunlf + (¢ =1+ Vuallg .

el 177
A+ [ gyt e = 2 funl g
Q
—1
+ p-t7 / |V, |[P~2Vu, - Vo dr
=y
Q

-1
+ % /u(m)|Vun|q_2Vun -Veodzx
)

-

12 [ gapieda.

Q

By (4.3), the boundedness of {u, },eN, and the choice of n, the expression in square brackets satisfies

1—7

(0 =1+ NVuallh + (¢ = L+ VunllZ , — Ay + a) /g(ff)U2+1 dz — lltn 1,20

Q

1—~y)M
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The remaining integral terms are uniformly bounded because {uy }nen is bounded in Wy * (). Since
f1(0) = 400, the right-hand side tends to +o00, whereas the left-hand side tends to zero, which is impossible.
Thus, {f}(0)},en is bounded from above. Together with the lower bound established above, this proves
that there exists a constant Cs > 0, independent of n, such that

[£2(0)] < Cs. (4.4)

We now show that uy € Ny is a solution of (1.3). Applying assertion (2) of Ekeland’s variational principle
once again, for n sufficiently large and ¢ > 0 sufficiently small so that f,(t)(u, + tp) € XTI, we obtain

[(fn(t) = 1) un + tfn(t)QOHLH,O

Ia(tn) = Ia(fu(t)(un + )
- [W] IVenllp — {fn(;_ } 1Vl [&t)'y_l] Q/h(x)(un +tp) T da

1
n
>

1

atl(sy _
A [%} / (@)[un + | do + fp( ) (IVunll’ = IV (un + to)|2)
Q
+ 2 (190l — 190 +0)1,) + 5 / o) [(0n + £9) — 3] dz
N ﬁ W) [(un +tp)' ™7 —up ] da.

Q

Dividing by ¢ > 0 and letting ¢t — 0T, we infer that

1 Iell1 2.0
ﬁ|f;(0)| Hun”LH,o S

> =[O Vun = £,(0)[[VunlIf, Jrffz(O)/h(fﬂ)u}f7 dz

Q
+ Af(0) /g(x)uﬁ*‘1 dz — / |V, |P~2Vu, - Vedr — /u(m)|Vun|q_2Vun -Veodx
Q Q Q
o Coe L h(@)[(un + )™ — uy, ™7
+ )\/g(x)uncp dz + htﬂégf T / . dx
Q Q

= 1200 IVl + [Funly, ~ [ bla)ul 7 de = [ glayug da

- / |V, P2V, - Vodz — /;L(x)|Vun|q*2Vun -Veodx + A/g(m)u,‘fcpdx

Q Q Q
1 h n )T —ulY
+ limint - / (@)[(un + tp) un ] g
t—0+ 1 —r t

- / |V, |P2Vu, - Vo da — /,u(a:)|Vun|q72Vun -Vepdz + )\/g(a:)u%go dz
Q Q Q
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+ lim inf
t—0t 1 —7

/ h@)[(un +t9)' ™ —uy ] (4.5)
t
Q

Since h(z)[(un +t)!™7 —ul™7] > 0 for a.a. x € Q and for every t > 0, by Fatou’s Lemma, we have

1—y _ ,1—v
/h( Ju,, Yo dz < liminf ! /h(m)[(un + ) Uy ] dz.
t—0+ 1 —7 t

Q

Substituting this estimate into (4.5) and using (4.4), we obtain

B 1 lell1 2.0
[ b de < 1Ol g + T

Q

+ / |V, P2V, - Vodz + /,u(a:)|Vun|q72Vun -Veodr — A /g(a:)uf{g@ dz
Q Q Q

(G5 M+ gl g0
<

+/\Vun|p*2Vun -Vedzx

n

Jr/u(:c)|Vun|q72Vun~V<pd:cf>\/g(:z:)ug<pdm.
Q Q

Since {uy }nen is bounded in Wy " (Q) and the operator A is bounded, the sequence {A(uy,)}nen is
bounded in W(}’H(Q)*. Passing to a subsequence if necessary, there exists ny € WOI’H (©)* such that

A(up) — gy in WH(Q)*

Passing to the limit in the preceding estimate and using the strong convergence of {u,},en in L¥1(Q), we
obtain

1iminf/h x)u, Todr < (nx, @ /\/ x)uSpde

n—roo
for every nonnegative ¢ € VVO1 H (©2). Applying Fatou’s lemma, we infer that
/h(w)UTde < {m,p) = A/Q(I)U‘iw da.
Q Q

In particular,

/h(m)u;npdx < o0
)

for every nonnegative ¢ € WOI’H(Q), and hence uy > 0 a.e. in Q.
Taking ¢ = w) in the preceding variational inequality, we obtain

3 [ g e+ [ b do < () (4.6)

Q Q
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On the other hand, since u,, € N, the strong convergence in L*T(Q) and L'~7(Q) yields

(A(un),un) = )\/g(:c)u%+1 dx +/h(x)u}f” dzx

Q Q
— A/g(m)ug\”‘l dz:nL/h(x)u}C7 dz.
Q Q

Moreover, by the monotonicity of A,
0 < (A(upn) — A(un), un — uy).

Passing to the limit inferior and using u, — uy in Wy " (Q) and A(u,) — nx in Wy " (Q)*, we obtain
0< )\/g(a:)ui“"l dz —&—/h(nc)ui\_7 dz — (nx, up)-
Q Q
Together with (4.6), this gives

(M, un) = )\/g(ag)uiﬂrl dz + /h(gc)ui\_V dz.
) )

Furthermore,
<A(u’n)7 u/\> — <n)\7 UA>,
and consequently
lim (A(up),un —uy) = 0.
n—oo
By the (S, )-property of A (see Proposition 2.2), we conclude that
. 1,1
un — uy  strongly in Wy (Q).
Since A is continuous, it follows that
= A(uy).
Moreover, the strong convergence, the Nehari identity for w,, and (4.3) imply that

u>\€J\/;'.

Hence,
(Aur), ur) = /\/Q(JU)UT_1 dz + /h(m)ui_”’ dz.
£ Q

Therefore, the preceding variational inequality can be written as
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(). ) 2 A [ gpugode + [ by pds
Q Q

for every nonnegative ¢ € WO1 H(Q) A standard truncation argument, using uy > 0 a.e. in £ and the Nehari
identity above, yields

<mmx@:A/mMW¢M+/ﬁ@m7wm
Q Q

for every ¢ € Wy (Q). Thus, uy is a weak solution of problem (1.3). Furthermore,

In(un) = Tim Jy(un) = ugjl\% Ja(w).

Step 2. Existence of a solution in N, for A € (0, A).
Set

Y™ :={ueN;:u>0ae.in Q}.

Since N, is closed in Wol’H(Q) by Lemma 4.1 and the positive cone is closed in Wol’rH(Q)7 the set Y™ is a
complete metric space. Moreover, since u — |u| preserves Ny~ and Jy(|u]) = Jx(u),

inf Jy(u) = inf Jx(u).
u€Y ~ uENy

By Ekeland’s variational principle (see Theorem 2.3), applied to the complete metric space Y, there
exists a minimizing sequence {v,}peny C Y™ such that

(1) Ja(ve) < inf Jy(u)+ L;
wENS

(2) Ix(u) > Jx(vy) — %Hu — Vpll1,21,0, for every u € Y.

The coercivity of Jy on N, implies that {v,},en is bounded in WO1 7'[(Q) Thus, we can find a constant
My > 0 such that

[vnlly 3,0 < Mz foralln € N.
Passing to a subsequence if necessary, we may therefore assume that
v, = oy in Wet(Q) and v, - oy in LoTH(Q) and in L'77(Q).
Consequently

Jx(vy) < liminf Jy(v,) = inf Jj.
n—oo )\—

We note that v, € Ny implies

(P =1+ NIVl + (@ = 1+ NVonll§ . — Ay + a) /g(ﬂv)lvn\”‘+1 dz <0,
Q
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and therefore,

liminf [(p — 1+ 9)[|Vonll} + (¢ = L+ NIVoal§ ] = Ay + @) [ g(@)for]** dz < 0.

b\

Claim:

timinf [(p— 1+ DVoal + (0~ 1+ 9)[Voul2,] < Ay +a (/g Jor | da. (@7)
Q

To prove (4.7), we argue by contradiction and assume that

liminf [(p — L+ 9)[IVonll} + (¢ = 1+ [Voald ] = Ay + @) [ g(@)oa[** da. (4.8)

ZO\

Passing to a subsequence if necessary, we may suppose that the limit inferior is attained as a limit. Set

Dp = (p=1+)IVoully + (¢ = 1+ N)Vonll§ . — Ay +a) /g(x)lvnla+1 dz. (4.9)
Q

Since v,, € N, we have D,, < 0. The strong convergence of v,, in LoH1(Q), together with the contradiction
assumption, yields D,, — 0. Moreover, because v,, € Ny,

HVUnlli

o 1— a+1
" —/h(x)|vn| 7dx+)\/g(x)|vn| dz. (4.10)

Q Q

Combining (4.10) with the definition of D,, in (4.9), we obtain

_ a+1-— a+1-— D,
/ h@oal 7 de = 22 gy 4 TG gy ey D
7+a T+a Y+a

Q

where D,, is defined in (4.9). We first observe that vy # 0. Indeed, if vy = 0, then (4.8) implies

(0= 1+N)IVoulh + (g =1+ ) [Voul|l, =0

which contradicts the lower bound (3.4) for v,, € Ny . Since D,, — 0, the same argument as in the proof of
Lemma 3.1, now applied asymptotically, gives

0< E)\HVU,\HZ?—H

—ptlta p-te
<liminf | (P22 FY) (ZpElra) e [Vonllp" Bt e LTS
< limin " n s n IV onll5
SRR T R
Yta miip

<0

)

which is impossible. This contradiction proves (4.7). Thus, (4.7), together with the strong convergence of
vy, in LoTH(Q), implies that
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timsup (p — 1+9) [Venlg + (¢ = L+ ) Vonlg,, = A+ a) [ glalfon|** da] <.

n—oo
Q
Consequently, there exist constants Cg > 0 and ng € N such that
(0= L4 DTl (g = 1+ DIVonlg, = A+ ) [ g@onf* do < ~Co
Q

for every n > ng. After discarding finitely many terms, we may assume that this estimate holds for all
n € N.

Applying Proposition 4.2 with u = v, (for n sufficiently large so that % < Cg) and v = ty, where
Y € WO1 H(Q) is fixed and nonnegative and ¢t > 0 is sufficiently small, we obtain a continuous function
fn(t) := fn(te) satistying f,(0) =1 and

fa®)(on +tp) €Y.

As in Step 1, the right-sided extended derivative

£1(0) := lim

t—0+

exists. In the present case,

F(0.1) = (p— 1+ VoulZ + (g — 1+ 9)[Voullt, — Ay +a) /g Jor+ dg < —C < 0.
Q

The identity used in Step 1 also shows that {f} (0)},en is bounded from above. Therefore, if {|f) (0)|}ren
were unbounded, then, after passing to a subsequence if necessary,

f1(0) = —o0.

In particular, for every sufficiently large n, we have f,(t) < 1 whenever ¢ > 0 is sufficiently small. Assertion
(2) of Ekeland’s variational principle yields

() n + 0) = all g0 = Ta(en) = I () on + £9)).

Using the representation of Jy on the Nehari manifold, we obtain

In(n) = Ix (fa(t) (vn + tp))

e P 1o P) 4 P Y gy ; ,
) (IV (v +to)lIB = [ Vuallp) + o) [F2(t) = 1] IV (vn + )|
a-1ry ¢ v ) T Y e 11v (e .
oy V4 80l = IV0aly ) + <=y A0 = W1V (on + 1)1,
Tra a+1 a+1 a+1
Ao esnln " (t)/g(a:) [(vn + )™+t — 03+ da

_ ’}/4*—0[ OéJrl a+1
Ty Q/g da-
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Dividing by ¢ > 0, rearranging the terms, and then letting ¢ — 0%, we obtain, in the extended sense,

1 fa(0 o 1—7
EH‘P”LH,O > 1"(,3 l(p —1+NIVoalb + (¢ = 1+ NIVoalld . — Ay + a)/g(ﬂs)vnﬂ dx + - llvn 1,20
)
-1
+ % \an|p’2Vfun . V(p dx
)
-1
+ % /“<x)|v”n|q_2vvn -Veda
)

7to a
)\177 /g(m)vngoda:.

By the estimate above, the boundedness of {v, },en, and the choice of n, the expression in square brackets
satisfies

(0= L4 DIVl + (g = 14 2)[Vonly,, ~ A+ ) [ glayi do
Q
-y (1 —7)M,
n

+ lvnlli 0 < —Cs + < 0.

The remaining integral terms are uniformly bounded because {v,}nen is bounded in W, Q). Since
f1(0) — —oo, the right-hand side tends to +oo, whereas the left-hand side tends to zero, which is im-
possible. Thus, {f/(0)},en is bounded from below. Together with the upper bound established above, this

proves that there exists a constant C; > 0, independent of n, such that

|£,.(0)] < Cr.

Proceeding exactly as in Step 1 and using the (S;)-property of A, we conclude that vy € N is a positive
weak solution of problem (1.3) satisfying

JA(UA) = g/l\f* J)\(u)
ueNy

Finally, the estimates (3.6), (3.7), (3.4), and (3.5) yield the bounds stated in the theorem. 0O
Finally, we present a concrete example illustrating the applicability of Theorem 1.1.

Example 4.3. Let N =3, Q = B(0,2) CR3 p=2,¢=3,~v=0.1, a =3, u(x) = |z|, h(z) = %|x|, and

9(x) = XB(0,1)(®). The optimal Sobolev constant S (sce Talenti [50]) and the Lebesgue measure of {2 are
given by

(=TS

3
43

47

S = and |Q|:?-237

respectively. Consider the boundary value problem
1
—div(Vu + |z||Vu|Vu) = 5|gc\u—°-1 +AXpo,.1(@)u’ in B(0,2), u=0 ondB(0,2). (4.11)

Substituting these data into (1.5) yields
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4 1
33

2
1.1 2
A= <—321> <—;i> SENE — | ~002.
' ' (5 -2%)°

Therefore, Theorem 1.1 implies that problem (4.11) admits at least two positive solutions for every A € (0, A).
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