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Abstract

This paper investigates a class of double phase inclusion problems with variable
exponents and mixed boundary conditions on bounded Lipschitz domains. The right-
hand side of the problem involves both Clarke subdifferentials, describing nonconvex
constraints, and convex subdifferentials, corresponding to convex constraints. By con-
structing a total functional associated with the problem that combines convex and
locally Lipschitz components, and by applying Ekeland’s variational principle together
with Yosida approximation techniques and subdifferential calculus, we establish the
existence of nontrivial bounded weak solutions under suitable assumptions. Our results
extend the ones established in [J. Differential Equations 316 (2022), 249-269].
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1 Introduction

In this paper, we study the variable exponent double phase inclusion with mixed
boundary conditions given by

—div (|Vu|PO2Vu + p(x)|[Vul4O72Vu) € 8 f (x, u) — dch(u), in Q,
u=0, onTI',

€ 0g(x,u), on I,
onp g4

where Q ¢ RV, N > 2, is a bounded domain with Lipschitz boundary 02, ' UT, =
0Q, TNy =@, and |T'{| > 0 (with |T"{| denoting the Lebesgue measure of I'(, see
also [7, 8]). The exponents p, g € c(Q) satisfy 1 < p(x) < N and p(x) < ¢g(x) for
all x € Q, while u(-) € L®() with u(x) > 0 for a.a.x € €. Moreover, we set

Qi={xeQ: px) <qgx)} C Qy:=1{xeQ: ux)=0}, Q1 # Q.

The functions f: 2 x R — Rand g: ' x R — R are locally Lipschitz continuous
with respect to the second variable, and d f (x, -) and dg(x, -) denote the Clarke subd-
ifferentials of f(x, -) and g(x, -), respectively. Furthermore, / is a proper, convex and
lower semicontinuous function, and d.A(x, -) denotes its subdifferential. Finally, the
conormal derivative is defined by

¢

Mnpg

= (IV9I" 972V + (0| V9! 2Vp) - v

where v is the outward unit normal vector at I';.

Double phase problems have emerged as a cornerstone in the study of nonlinear
elliptic PDEs, owing to their ability to model inhomogeneous materials (for instance,
composites with alternating mechanical properties) and to capture phenomena such
as the Lavrentiev gap and homogenization in elasticity. The pioneering works in this
direction are due to Zhikov [41, 42] and Marcellini [29, 30]. The classical double
phase operator, defined by

— div (|Vu|P—2w + ;L(x)|Vu|”_2Vu) ,

exhibits unbalanced growth due to the coexistence of the p- and g-power terms, where
the coefficient w(-) modulates the transition between two phases (regions dominated
by p- or g-elasticity). Early breakthroughs focused on the constant-exponent case.
Baroni—Colombo—Mingione [3—5] as well as Colombo—Mingione [12, 13] established
regularity results for weak solutions to double phase problems, including local Holder
continuity of related minimizers.

A natural generalization of constant exponent double phase problems is the vari-
able exponent setting, where the exponents p and g depend on the spatial variable
x, that is, p,g € C(RQ). This extension is motivated by real-world applications
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such as anisotropic heat conduction, where the conductivity varies with position, and
image processing, where nonuniform regularization is required, see, for example,
Colasuonno—Squassina [11] (existence of eigenvalues for double phase variational
integrals), Crespo-Blanco—Gasinski—Harjulehto—Winkert [14], Ho—Winkert [23], and
Liu-Dai [25]. Variable exponent double phase operators introduce new challenges:
the loss of uniform growth conditions invalidates the classical Lebesgue and Sobolev
space frameworks, thus requiring the use of Musielak-Orlicz spaces which is a class
of function spaces that adapt to spatially varying growth via modular functions,
see Harjulehto—Hasto [22]. Crespo-Blanco—Gasifiski-Harjulehto—Winkert [14] were
among the first to systematically study variable exponent double phase problems,
proving existence and uniqueness results via the theory of pseudomonotone opera-
tors. Vetro—Zeng [35] first established the framework for double phase problems with
logarithmic perturbations and constant exponents, showing existence and uniqueness
results, while Arora—Crespo-Blanco—Winkert [1, 2] and Lu—Vetro—Zeng [28] extended
these results to the case of variable exponents and logarithmic perturbations.

We also mention some papers concerning the study of double phase problems with
mixed boundary conditions, for instance, Zeng—Gasinski—Winkert-Bai [36], Zeng—
Migorski—Tarzia [38] and Zeng—Radulescu—Winkert [40]. For more recent works
focusing on double phase problems, the reader may refer to the papers by Crespo-
Blanco—Gasinski—-Winkert [15] (existence of sign-changing solutions for degenerate
Kirchhoff double phase problems), Frisch—Winkert [16] (boundedness, existence
and uniqueness results for coupled gradient dependent double phase problems),
Gambera—Guarnotta—Papageorgiou [17] (continuous spectrum for the double phase
operater), Gasifiski—Papageorg-iou [19] (existence of constant sign and nodal solu-
tions), Ghosh-Lakshmi—Zhang [20] (equivalence of weak and viscosity solutions to
fractional double phase problems), Rddulescu—Stapenhorst—Winkert [32] (multiplicity
results for logarithmic double phase problems) and Zeng—Papageorgiou—Winkert [39]
(nonemptiness, boundedness and closedness of the solution set of variable exponent
double phase obstacle problem).

We point out that the right-hand side of problem (1) involves two types of
subdifferentials:

e Clarke subdifferentials (0 f, 0g): capture nonconvex constraints (e.g., piecewise
smooth potentials), defined for locally Lipschitz functions and characterized by
generalized directional derivatives;

e Convex subdifferentials (d./): describe convex constraints (e.g., obstacle condi-
tions), defined for proper, lower semicontinuous convex functions (2 € K defined
in (4)).

Beyond single-valued equations, variational-hemivariational inequalities, combining
convex and nonconvex unilateral constraints, have become essential tools for modeling
contact mechanics, friction, and phase transitions, see, for example Clarke [10], Han
[21], Liu—Motreanu—Zeng [26], Liu—Papageorgiou [27], Sofonea—Migérski [33] and
Tam-Hung-Liu—Yao [34] for more details.
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Early work on double phase variational hemivariational inequalities focused on the
case of constant exponents. Liu—Papageorgiou [27] studied the problem

—APu— A e dj(x,u) —dck(u), in Q,
u=0, on 0€2,

where the weighted p-Laplacian involves a weight function a(x) > ¢ > 0 for all
x € Q. They proved the existence of nontrivial bounded solutions by employing
Ekeland’s variational principle and Yosida approximation techniques. Motivated by
their work, we extend the analysis to a variable exponent double phase problem with
mixed boundary conditions and vanishing weight regions (. (x) = 0 on subsets of €2),
a setting that, to the best of our knowledge, has not been previously studied. Due to the
presence of the multivalued nonconvex Clarke subdifferentials d f and dg, classical
convex minimization techniques fail to handle problems of the form (1). To establish
the existence of weak solutions, we apply Ekeland’s variational principle together with
the (S )-property of the double phase operator in (1) and the Yosida approximation
for convex subdifferentials. For more works applying Yosida approximation we refer
to Jourani—Vilches [24] and Narvaez—Vilches [31].

This paper is organized as follows. In Section 2 we review Musielak-Orlicz
(Sobolev) spaces associated with the double phase operator given in (1), including
norm-modular relationships and embedding results. We also analyze key properties of
the double phase operator and we recall basic theory about subdifferentials for Clarke
and convex subdifferentials. In Section 3, we establish the existence of a nontrivial
bounded solution using Ekeland’s variational principle. Finally, Section 4 summarizes
the main results and discusses possible directions for future research.

2 Preliminaries

In this section, we recall some basic results concerning variable exponent Lebesgue
spaces and a class of Musielak-Orlicz (Sobolev) spaces, mainly following Harjulehto—
Haisto [22] and Crespo-Blanco—Gasifiski—-Harjulehto—Winkert [14]. Moreover, we
also recall the basic definitions of both Clarke subdifferential and convex subdiffer-
ential, see Clarke [10] and Gasiriski-Papageorgiou [18] for more details.

We denote by C () the subset of C () consisting of functions that are uniformly
larger than one, that is,

C+(Q) :={reC():t(x)> lforallx € Q}.
For any exponent r € C (), we define its minimum and maximum values by

r—:=minr(x) and ry :=maxr(x).
xeQ xe
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The conjugate exponent ' € C4 () is defined pointwise by

1 1

PO

=1 forall x € Q.

Let M (£2) denote the space of all measurable functions u: € — R, where two func-
tions are identified if they differ only on a set of Lebesgue measure zero. For a given
exponent r € C(£2), the variable exponent Lebesgue space is defined as

L™OQ) = {u € M(Q): 0r()(u) < 0},

where the corresponding modular function g,(.) is given by

or(y(u) = / Ju]") dx.
Q

The space L") (), endowed with the Luxemburg norm

r(x)
Ullry.o =inf { A > 0: M dx <1y,
(), a0\

is a separable and reflexive Banach space. For simplicity, we will write [lu],) o
instead of |lu||,( in the sequel. Moreover, its dual space is isometrically isomorphic
to L"O(Q).

We now introduce the function B:  x [0, 00) — [0, oo) associated with the
variable exponent double phase operator defined by

Bx, 1) = 17™ 4 ()14, M
Throughout this work, we operate under the following main hypothesis:

(HO) The functions p, g € C(Q) satisfy

2N _
) <pkx) <N and p(x) <g(x) < p*(x) forallx € Q,

0 < u() € L®(Q) and
Qi={xeQ: px) <gx)} CQ:={xeQ: ukx)=0}, Q2 #Q.

Remark 2.1 While the usual assumption on the exponent p is 1 < p(x) < N for all
x € 2, we impose the stronger condition

2N _
<pkx)<N forallx € Q.
N +2
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This ensures the continuous embedding wl.B () — L%(Q) (see (2) for the precise
definition of W!B()), which is essential for applying the Yosida approximation
technique.

Under assumption (HO), the function B defined in (1) is a locally integrable N-
function, see Definitions 2.5 and 2.8 of [14]. Its associated modular is defined by

pr(u) = /Qrs(x, ) d

and the corresponding Musielak-Orlicz space is given by
LB Q) = (u € M(Q): pp(u) < +o0},

endowed with the Luxemburg norm
. u
lulls = inf [,\ ~0: pg (X) < 1}.
The corresponding Sobolev-Musielak-Orlicz space is
WhB@) = u e LE@: [Vul € LE@)} )

and WOI’B(Q) denotes the closure of C;°(2) in WI’B(Q). Both spaces are equipped
with the norm

lullis = llulls + Vulls.

The following proposition presents the relationship between the Luxemburg norm
and its corresponding modular, see Theorem 2.13 in [14].

Proposition 2.1 Let hypotheses (HO) be satisfied, u < LB(Q) and the modular is
defined by

o (1) :/ (|u|1’<x> +/L(x)|u|q(x)) dx forallu € LB(Q).
Q

Then the following statements hold:

() llullp < 1= lluly < pp@) < luly;
(i) llullg > 1= llully < pp@) < uly.

A function 7: @ — R is said to be log-Holder continuous on €, denoted

71 = . .
C 0: Tiogr (R2), if there exists a constant C > 0 such that

C — 1
lt(x) — ()| < ————— forallx,y € Qwith0 < [x — y| < =.
[log |x — yl| 2
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The embedding results stated below are adapted from Theorem 2.16 in [14] Here
and in what follows, the symbol < denotes a continuous embedding, while <<
denotes a compact embedding.

Proposition 2.2 Let hypotheses (HO) be satisfied. Then the following hold:

Q) If p € CENC T8 (), then W'B(Q) < L'(Q) and Wy B (@) = LrO(@)
forallr € C(Q) such that 1 < r(x) < p*(x) forall x € Q;

(i) WhB(Q) > L7O(Q), WOI’B(Q) s L"O(Q) for any r € C(Q) satisfying
1 <r(x) < p*(x) forall x € Q;

(i) If p € C(Q) N W'Y (Q) for some y > N, then W'B(Q) — L") and
WOI’B(Q) — L'O@W@Q) for all r € C(Q) such that 1 < r(x) < py(x) for all
x € Q;

(v) WLB(Q) < L'OHQ), Wol’B(sz) s L'OOQ) for any r € C(Q)
satisfying 1 < r(x) < py(x) forall x € Q.

Recall that p*(-) and p,(-) are defined by

Sy = PO - W= Dpe)

=7 forall x € €,
N — p(x) N —px)

and represent the critical Sobolev exponents in the domain and on the boundary,
respectively.

Remark 2.2 Proposition 2.2 implies the existence of positive constants Cj,, C, 1+ > 0
such that

lullp- < Cpllul,p and |lullp,_r, < Cprlul,s

forallu ¢ wi-B (R2). Furthermore, according to [9], if we consider the functional

Pu) = |u|do
I

for [I'1] > 0 in Theorem 2.1 of [9], then the norm | - ||; 5 is equivalent to |V - ||5

for all u € WHB(Q). Consequently, under the condition |T'1| > 0, the following
Poincaré-type inequality holds:

lull,5 < Cpllulp forallu e WH5(Q).

We now turn our attention to the properties of the nonlinear operator
A: WhB(Q) - wl-B(Q)* defined by

(A(u), v) := / MVM -Vudx 3)
e |Vul
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forallu, v € X, where B’ stands for the derivative of B with respect to the second vari-
able, and (-, -) donates the duality pairing between W-B(Q) and its dual W!-B(Q)*.
According to Theorem 3.3 in [14], the operator A satisfies the following fundamental
properties.

Proposition 2.3 Let hypotheses (HO) be satisfied.. Then the operator A defined in (3)
is continuous, bounded, strictly monotone (hence, maximal monotone), and it satisfies
the (S4)-property, that is,

up—u in WHB(Q) and limsup (Auy, u, —u) <0,

n—od
imply u, — u in wiB(Q).

Next, we recall the basic definitions and notations for convex and Clarke subdiffer-
entials. Let X be a Banach space. We introduce the following cone of proper convex
functions:

KX)={F: X —> R=RU {400} : F is convex, lower semicontinuous
and F # 400} “4)

Given F e_IC(X ), the conjugate (or Fenchel conjugate) of F(-) is the function
F*: X* — R defined by

F* (x*) =sup{(x*,x>—F(x):x GX}.

It follows that F* € K (X*). The convex subdifferential of F at a point x € X is given
by

3 F(x)={x* € X*: (x*,h) < F(x +h) — F(x) forallh € X} .

The effective domain of F is dom F = {x € X: F(x) < +oo}. It is well known
that the restriction of F to the interior of its domain, denoted by F' |im dom f? is locally
Lipschitz continuous. If F': X — R is continuous and convex, then it is locally Lips-
chitz continuous, and we have d. F (x) = dF (x) for all x € X. For a comprehensive
treatment of subdifferential calculus for nonsmooth functions, we refer to Clarke [10]
and Gasinski—Papageorgiou [18].

Let X be a real Banach space and X* its topological dual. A function F: X — R
is said to be locally Lipschitz continuous at u € X if there exist a constant L, > 0
and a neighborhood N (1) of u such that

|F(w) — F(v)| < Ly||lw —v]||x forall w,v e N(u).

Definition 2.1 Let F: X — R be alocally Lipschitz continuous function. The Clarke
generalized directional derivative of F at the point ¥ € X in the direction v € X is
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defined as

F tv) — F
F°(u; v) = limsup (w + 1v) (w)'

w—u,t]0 t

The generalized gradient (or Clarke subdifferential) d F : X — 2X" of F is then given
by

OF (u) = {(‘E € X*: F°(u; v) > (£, v)xxx forall v eX}, ueX.

It is worth noting that the generalized directional derivative F°(x; -) serves as the
support function of the set 3 F (x), which is nonempty, convex, and weak™*-compact.

3 Existence of Nontrivial Bounded Weak Solution

In this section, we aim to establish the existence of at least one nontrivial bounded
weak solution to problem (1) by applying Ekeland’s variational principle, together
with the (S )-property of the operator defined in (3) and the Yosida approximation
technique. The proof is mainly inspired by the work of Liu—Papageorgiou [27]. The
main assumptions on the data are stated below.

(Fo) h € K(R) such that 2(x) > 0 for all x € R and 4(0) = 0.

(F1) f: 2 xR — Rand g: I’y x R — R are measurable with respect to the first
variable, and are locally Lipschitz with respect to the second variable, fulfilling
f(x,0) =0fora.a.x € 2and g(x,0) =0 fora.a.x € I'p.

(F2) Foranyn € 0 f(x,t) and any ¢ € dg(x, t), there existay, a> > 0, | € L’i(')(Q)
with rj € C(Q), 1 < ri(x) < p*(x) forall x € Q, and ap € L20(Q) with
rp € C(I'y), 1 < rp(x) < (ps)— forall x € I'y, such that

Il < a7 o (x),
fora.a.x € Q and for all 7 € R, as well as

2] < axlt]?O7! + an(x),
fora.a.x € I'y and for all r € R.

(F3) Forany n € 0 f(x, 1) and any ¢ € dg(x, 1), there exist b1, by > 0, B1 € L'10(Q)
with r; € C(Q), 1 < ri(x) < p*(x) forall x € Q, and B, € L2 (Q) with
rp € C(I'y), 1 < rap(x) < (ps)— forall x € I'p, such that

nt < b1t~ + B1(x),

fora.a.x € Q and for all 7 € R, as well as

st < bylt|P~ + Ba(x),
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for a.a.x € I'; and for all + € R. Moreover, it holds that

1 b]Cp szp,l"
Cpa+  p- p-

> 0. 5)

(F4) There exist§ > 0,y € (1, p—) and k > O such that
kle]” < fx, 1),
fora.a.x € Qand all || <.

Remark 3.1 Among hypotheses (F,), the condition 1 < ry(x) < (ps)— is imposed to
ensure the boundedness of weak solutions to problem (1), see [37] for details, where
a complete proof is provided. The constants appearing in (5) are defined in Remark
2.2. Moreover, we refer to [27] for some typical examples of functions % as in (Fp).

By hypotheses (Fp)—(F>), the definition of a weak solution to problem (1) is well-
defined, as stated next.

Definition 3.1 We_say that u € WI'B(Q) is a weak solution to p_roblem (1), if there
exist ri,rp € C(Q) fulfilling 1 < ri(x) < p*(x) forallx € Qand 1 < rp(x) <

pe(x) forall x € T, n, £ € L'1O(Q), ¢ € L2O() with ¢(x) € 8 f(x, u(x)),
£ € d.h(u(x)) fora.a.x € Qand ¢ € dg(x, u(x)) for a.a.x € I'> such that

f <|Vu|”(x)_2Vu + ,bL(x)IVul"(x)_ZVu> - Vo dx
Q

=/ nudx + ;‘vdg—/ﬂvdx,
Q 1) Q

forall v € WI’B(Q).

Before presenting the proof of our main results, we introduce the functionals
associated with problem (1). First, define 7 : wiB(Q) > R =RU {400} by

/ <L|VM|P<)‘)+@|W|‘1<X>> dx+/ h(u) dx
o \px) q(x) Q

Ti(u) = if h(u(-) € LY(Q),

+o00 otherwise.

By Theorem 4.5.2 in [18], we have 7| € IC(WI*B(Q)). Next, we define 7>, 73:
wiB(Q) - Rby

Ior(u) = —/ f(x,u)dx and Z3(u) = —/ g(x,u)dg forallu e WI’B(SZ).
Q

I
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According to Theorem 2.7.5 in [10], both 7, and Z3 are locally Lipschitz continuous
on W B(Q). Finally, we define the total functional Z: W!'-8(Q) — R by

I=01+1r+1s.

We are now in a position to establish our main existence result.

Theorem 3.1 Let hypotheses (HO) and (Fo)—(F4) be satisfied. Then problem (1) admits
a nontrivial solution uy € WHB(Q) N L>®(Q) N L% (T).

Proof First, we establish the coercivity of the functional Z(-). For any sequence satis-
fying |lu|l1,3 — o0, by Proposition 2.1, Remark 2.2, hypothesis (Fy), and inequality
(5), we obtain the estimates

I(u):/ (—|v |Pe) 4 (())|v |W>> dx—/ fx,u)dx

p(x)
—/ g(x,u)dg—i—/ h(x,u)dx
I Q

1 px) 4(x) by p-
= — | (IVul® + @) Vul )dx——nun,, ——|| ullh r, -
9+ JQ

_ bhC byCp 1

> lull g — ——Llull} 5 — —=2=lulf 5

>( 1 _blcp_bch’r

||u|”* —C > +o0.
Cpay  p- p- > 1B

Hence, Z(-) is coercive. Combining the coercivity of Z(-) with hypotheses (Fy) and
(F3), we further deduce that Z(-) is bounded from below. In particular, there exists a
constant ¢,,, > —o© such that

inf  Z(u) =cy.
uewl.B(Q)

By applying Ekeland’s variational principle, there exists a sequence {u,},eN &
Ww1-B(Q) such that

I(”n) »l/ Cm = inf I(“), (6)
uewlB(Q)
and for all v € W1-B(Q),
1
T (un) =Z(@)+ v —unlli 5- (N

We define the integral functional 0 WLB(Q) —>R:=RU {400} by

/h(u)dx if h(u(-)) € LY(Q),
Q

+00 otherwise.

tu) =
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According to Theorem 4.5.2 in [18], we have Te KW1B(Q)), where K denotes the
class of convex, lower semicontinuous functionals that are not identically 4oco. For
any y € WI*B(Q), setv = u, + A(y — u,) with A € [0, 1] and n € N. From (7), we
obtain

1 1
- ly —unlly g < X (Zo (up + 2 (y — up)) — Io (uy))
1
+ x (T3 (un + 2 (y — upn)) — I3 (un))

1 1
+ —/ <—|Vun + AV (y — up)|P® — |vu,,|1’<x)> dx
Q

A px)

1
+_/ O Gty + A9 (5 — )19 — [Vag990) dx
LJa\qg(x)

+ /Q (h(y) — h (un)) dx,

where the coercivity of /(-) has been used. Passing to the limit as A — 0, we arrive
at the inequality, for all y € WLB(Q),

1
- ”y - un”[,B < I; (Up;y —up) +I§ Un; Yy —un)
n
3
+ (A (un), y — un) +/ h(y)dx —f h(uy) dx.
Q Q

Taking y = 0 in (8) yields, foralln € N,
1 0 (o}
_; “un”LB =< Iz (Upn; —un) +I3 (Un; —un) + (A (uy) , —up) — h(u,)dx
Q

for all n € N. Next, we choose —ni € 3Z,(u,) and —¢,F € 3Z3(u,) such that, for all
neN,

I; (s —un) = <77:v l"n) ) ©
I3 (un; —up) = <§:7 un)~ (10)

By Corollary 4.4.75 and Theorem 4.5.19 of [18], it follows that

T € Sy = 17 € LTO@): () €01 (x, uy(x) ae.in 2]

(11
(m%, ) = / uru, dx foralln € N,
Q
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and

G € Sy = 17 € LEOM): () € 9g (x, un (1) ae.on T2}

n

(12)

(5:, Cn) = / uyundg foralln € N.
I

Combining (8), (9), (10), (11), (12), and noting that &z > 0, we obtain
1
G wn) = [ dy = [ Giunds < Ll forallmeN. (13
Q 1) n

Furthermore, by Proposition 2.1, Remark 2.2, hypothesis (Fg), and (5), we deduce

(9017 4 w9, 1) ax ~ [ gunar~ [ cud
Q Q I

1
> o lun 175 = b1Cplunlly g = b2Cp rllunll{ 5 = C (14)
1
]),
= (C_B - blcp - bZCp,F) ”un”]’B - C.

Combining (13) and (14), we conclude that the sequence {u,},en C wlB(Q) is
bounded. Hence, up to a subsequence,

up—uo in WHB(Q) and u, — up in L"O(Q) andin L2 (). (15)
Choose 77} € 3Z>(u,) such that
I35 (un, uo — un) = (0}, uo — ).
Then, by (15),

5 (uo, uo — up) = / ny (uo — uy) dx — 0. (16)
Q

Similarly, for some/;\,j‘ € 073 (up) satisfying
T3 (un, uo — up) = (¢, uo — un),
we have

I3 (uo, uo — uy) = | & (wo — uy) dg — 0. (17)
Iy

@ Springer



28 Page 14 0f 20 Journal of Optimization Theory and Applications (2026) 210:28

Since the integral functional LOQ) > u fQ h(u) dx is lower semicontinuous, it
follows that

/h(uo)dx §liminf/ h(uy) dx. (18)
Q n—oo Q

Taking y = ug € wiB(Q) in (8), letting n — oo, and using (16), (17) as well as
(18), we obtain

lim sup (A (u,), u, —uo) <0,
n—od

By the (S )-property of the operator A (see Proposition 2.3), this implies

un — uo in WHB(Q). (19)
Note that the mapping
1
u+— pgp(Vu) = / (—|Vu|1’(x) + @|Vu|q(x)> dx
o \pKx) q(x)

is convex. Combining this property with (8), we have, for alln € N,

1
- Iy —unlly g <Z3 (uns y — un) + I35 (ups y — up) + 1 (y) — Iy (un) .

Letting n — oo and using (19), the upper semicontinuity of the mappings (u, j) +—
Z7(u; j) and (u, j) = Z3(u; j) (see Proposition 2.1.1 in [10]), together with the
lower semicontinuity of Zj (-), yields

0 < Z5 (uo; y — uo) + I3 (uo; y — uo) +Z1(y) — Zi (uo) - (20)
Define the auxiliary functionals
§ ) =T1(y) —Zi (wo), &) =75 (wo; y —uo), and &(y) = I3 (uo; y — uo) .
Then
—§1 € K(W"B(Q) and 8cé1 (o) = 8. T (uo)

—& (-), —&;3(.) are continuous, convex
and 9.8 (uo) = 913 (uo) , .83 (uo) = 373 (uo) .

By the rules of convex subdifferential calculus (see Proposition 4.4.31 in [18]),

0 (61 + &2 + &3) (o) = 9:81 (uo) + 9:82 (uo) + 9:83 (o)
= 021 (up) + 012 (ug) + 013 (uop) .
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By the definition of the convex subdifferential,

e (61 + 62 + &3) (uo)
= {Z* e whB(@)*: (%, y —uo) < &E1(y) — & (o) + £2(3) + &(»)

= T1(y) = T1 (o) + T3 (uo; y — o) + I3 (o y — uo) forall y € W'E(@}.
From (20), it follows that

0 € dc (51 + &+ 83) (uo) ,
which implies
0 € 971 (uo) + 92 (uo) + 9Z3 (uo) -
Consequently, there exist z} € 0Z1(uo), z5 € 0Z2(uo), and z; € 9Z3(up) such that
G4+ =0 Q1)

By Proposition 2.3.1 and Theorem 2.7.5 in [10], we have

23 € Sy = 17 € L1O@): @) € 0f (xuol) aenin 2
2 € Sy = |77 € L) () € dg (x, uo(¥)) ae.on T2}
Next, we define

Jh(u)zf hu)dx, ue w-B(Q).
Q

Referring to the proof of Proposition 4.4.31 in [18], we obtain

A (uo) + 9cJn (o) < 9.7 (uo) - (22)
Moreover, by hypothesis (H0), we have 1\%_-1;\-/2 < p(x) for all x € Q. Combining this

with Proposition 2.2, we deduce the continuous embeddings
WhB(Q) — WP (Q) — LA(Q).
Define the functional fl :L2(Q) > R =R U {400} by

Jo (5519727 + B8 9upe®)) dx + Jj )
Ty () = ifu e W-B(Q), h(u(-) e L'(),

+o00 otherwise.
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Then fl € IC(L2(Q)) where K denotes the class of convex, 1ower semicontinu-
ous functionals that are not identically +oo. Furthermore, dom Il domZ; and

~

Tilwisq = I Leti: WhB(Q) — L2() be the inclusion map. Then Zy = 7 oi.
By Proposition 4.4.33 in [18], it follows that

3:T1(u) 2 i*8.L1(u) forallu e WHB(Q), (23)
where i* denotes the adjoint operator of i.

For A > 0, let (0J), be the Yosida approximation of the maximal monotone
operator d.J,(-) (see Definition 3.2.36 in [18]). Then,

(4G, @1 @) = [ (IVulP 250+ ) Vult2V) - ¥ @), (0
Q
= / B(x, Vu) (8.];,)/A (u)dx > 0.
Q

By Proposition 2.17 and Theorem 4.4 in [6], the operator u +— A(u) + daJp(u) is
maximal monotone. Hence, from (22) and (23), we have

3Ty (uo) = i*8:Zy (uo) -
From (21), it follows that
=5 — 5 e LNO@ULPO[y).

Therefore, there exist an operator A with GrA = GrA| WiB(Q)xL2(q) and £* € Sg }(l()uo)

such that
= A (uo) + £*.
Consequently,
Aug) + €+ 25+ 25 =0.

Take ¢ € C2°(2) and consider the duality pairing:

(Z 0), ¢>W1»B(Q)*><W1'B(Q)

(u
= (—¢* ’ —zx ’
= (-t ’¢)L’I(')(Q)xL’1<')(Q)+( Z2’¢>Lf|("(9)er1<->(Q)

*
+ (—Zg , ¢)Lré(‘)(1"2)><L’2(')(1"2) .

Hence,

(A (ug) , §) =f9(—€*)¢dx+/§z(—z§)¢dx+/ (—23) ¢ ds.

I
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That is,
/ (1Yl Vutg 4+ (@) [Vl Vag) - Vp
Q
:/ (—K*)qbdx—f-/ (—z§)¢dx+/ (—zﬁ)q&dg.
Q Q I,

Since CZ°(2) is dense in WLB(Q), we conclude that

— div (|vuo|l’<x)—2vuo + ,u(x)quolq(x)_ZVuo)
= 0" —z5 — 25 € —0ch (uo) + 3 f (x, up) + g (x,up) in Q.

Moreover, by (7) and (19),
T (ug) = inf [I(u): ue WI’B(Q)] =cp.

From hygothesis (F4) and the fact that 1| < y < g, it follows that Z(tru) < O for all
ue Cé (£2) and sufficiently small |7| < 1. This implies

Z (uo) = cm < 0=1(0),

which shows that 1o # 0. Finally, by Theorem 4.2 in [37], we have ug € L*(2) N
L°°(T",), completing the proof. O

4 Conclusions

This paper investigates a variable exponent double phase inclusion problem with mixed
boundary conditions. The main contributions can be summarized as follows:
By constructing the total functional

I=T1+1r+7Is,

where 7 is convex and 75,73 are locally Lipschitz functionals, and by combin-
ing Ekeland’s variational principle (to obtain the minimizing sequence {u,},eN),
Yosida approximation techniques (to deal with the multivalued nature of convex
subdifferentials), and subdifferential calculus (to establish inclusion relationships),
the existence of nontrivial bounded weak solution is proved under assumptions
(HO) and (Fp)—(F4) (see Theorem 3.3). Moreover, the obtained solution ug satisfies
ug € WHB(Q) N L®(Q) N L®(Ty).

Building on the findings of this work, several natural extensions can be explored in
future research:

e Nonlocal double phase operators: The present study addresses local operators
of the form — div(|Vu|P®~2Vu + w(x)|Vu|?“)~2Vu). A promising direction is
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to extend the analysis to nonlocal double phase operators, such as the fractional
variant (—A)‘;(x)’q(x)u.

e Logarithmic perturbations in variable exponent settings: The current frame-
work does not include logarithmic terms such as u(x)|Vu|?®) log(1 + |Vul),
which significantly modify the growth behavior of the operator. Incorporating
such perturbations would generalize recent results published in [1, 2, 28].
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