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ARTICLE INFO ABSTRACT
2020 MSC: In this paper, we consider a singular Kirchhoff double phase problem with a right-hand side that
35A15 consists of a singular and superlinear reaction term. Moreover, we allow critical growth on the
ggjég nonlinear Neumann boundary condition. Using an equivalent norm in our function space and
35762 very general assumptions on the data, we prove the existence of two weak solutions whereby
35J75 the first solution turns out to have negative energy sign while for the second one it is positive.
Our proofs are based on variational methods and minimization of the associated energy functional
Keywords: over certain subsets of the Nehari manifold which are characterized by the corresponding fibering
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1. Introduction

For a given bounded domain Q € RV, N > 2, with Lipschitz boundary dQ, we are interested in the multiplicity of weak solutions
to singular Kirchhoff equations with nonlinear Neumann boundary condition of the form

—m(@w)(V - L) — a()uP) = a7 +u"! inQ,
u>0 inQ, (K3)
m(@W)) L) - v =—Ppx)ul"! on 99,

where V - L is the double phase operator with
L) = |VulP2Vu+ u(x)|Vul?>Vu, ue W),

and
D(u) = Oy (Vu) + / tx(x)l|u|”dx and D, () = / <l|u|” + y(x)l|u|q> dx.
Q p Q\P q

Here, 4 > 0 is a parameter to be specified and v(x) is the outer unit normal of Q at x € 0Q. Moreover, we suppose the following
hypotheses:
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$\Omega \subseteq \mathbb {R}^N$


$N\geq 2$


$\partial \Omega $


\begin {equation}\tag {\ensuremath {K_\lambda }}\label {problem} \begin {aligned} -m(\Phi (u)) \left ( \nabla \cdot \mathcal {L}(u) -\alpha (x)u^{p-1} \right ) & = \lambda u^{-\gamma } + u^{r-1}\qquad & & \text {in } \Omega , \\ u & > 0 & & \text {in } \Omega , \\ m(\Phi (u)) \mathcal {L}(u)\cdot \nu & = -\beta (x) u^{p_\ast -1} & & \text {on } \partial \Omega , \end {aligned}\end {equation}


$\nabla \cdot \mathcal {L}$


\begin {align*}\mathcal {L}(u)= | \nabla u |^{p-2}\nabla u+\mu (x)| \nabla u |^{q-2}\nabla u,\quad u \in W^{1,\mathcal {H}}(\Omega ),\end {align*}


\begin {align*}\Phi (u) = \Phi _\mathcal {H} (\nabla u)+\int _\Omega \alpha (x)\frac {1}{p}|u|^p\,\mathrm {d} x \qquad \text {and}\qquad \Phi _\mathcal {H}(u) = \int _\Omega \left (\frac {1}{p}|u|^p+\mu (x)\frac {1}{q}|u|^q\right )\,\mathrm {d} x.\end {align*}


$\lambda >0$


$\nu (x)$


$\Omega $


$x \in \partial \Omega $


$1<p<N$


$p<q<p^\ast =\frac {Np}{N-p}$


$0 \leq \mu (\cdot ) \in L^\infty (\Omega )$


$0<\gamma <1$


$\vartheta \geq 1$


$p_\ast < r < p^\ast $


$\max \{2,\vartheta \}q < r$


$p_\ast =\frac {(N-1)p}{N-p}$


$a_0 \geq 0$


$b_0 > 0$


$m\colon [0,\infty )\to [0,\infty )$


$m(t)=a_0+b_0t^{\vartheta -1}$


$\alpha \in L^\infty (\Omega ) \setminus \{0\}$


$\alpha \geq 0$


$\Omega $


$\beta \in L^\infty (\partial \Omega )$


$\beta \geq 0$


$\partial \Omega $


$u \in W^{1,\mathcal {H}}(\Omega )$


$u>0$


$\Omega $


$u^{-\gamma } \varphi \in L^1(\Omega )$


\begin {equation}\label {weak_formulation} \begin {aligned} & m(\Phi (u))\left (\int _\Omega \mathcal {L}(u)\cdot \nabla \varphi \,\mathrm {d} x+\int _{\Omega }\alpha (x)u^{p-1}\varphi \,\mathrm {d} x\right )+\int _{\partial \Omega }\beta (x)u^{p_\ast - 1}\varphi \,\mathrm {d}\sigma =\lambda \int _\Omega u^{-\gamma }\varphi \,\mathrm {d} x+\int _\Omega u^{r-1}\varphi \,\mathrm {d} x, \end {aligned}\end {equation}


$\varphi \in W^{1,\mathcal {H}}(\Omega )$


$W^{1,\mathcal {H}}(\Omega )$


$\hat {\Lambda }> 0$


$\lambda \in (0,\hat {\Lambda })$


$u_\lambda $


$v_\lambda \in W^{1,\mathcal {H}}(\Omega )$


$W^{1,\mathcal {H}}(\Omega )$


\begin {align}\label {equivalent-norm} \inf \bigg \{ \tau > 0 \colon \int _\Omega \left ( \left ( \frac { | \nabla u| }{\tau } \right ) ^p + \mu (x) \left ( \frac { | \nabla u| }{\tau } \right ) ^q + \alpha (x) \left ( \frac { |u| }{\tau } \right ) ^{p} \right ) \,\mathrm {d} x \leq 1 \bigg \},\end {align}


$\mathbb {R}^3$


$\mathbb {R}^N$


\begin {align*}\nabla \cdot \left ( | \nabla u |^{p-2}\nabla u+\mu (x)| \nabla u |^{q-2}\nabla u\right ),\end {align*}


\begin {align}\label {integral_minimizer} \omega \mapsto \int _\Omega \left (\frac {1}{p}|\nabla \omega |^p+\frac {\mu (x)}{q}|\nabla \omega |^q\right )\,\mathrm {d} x.\end {align}


$(p,q)$


$m(t)=a_0+b_0t^{\vartheta -1}$


$a_0 \geq 0$


$b_0 > 0$


$\vartheta \geq 1$


\begin {align*}\rho \frac {\partial ^2\thinspace u}{\partial t^2}-\left (\frac {\rho _0}{h}+\frac {E}{2L}\int _0^L \left |\frac {\partial u}{\partial x}\right |^2 \,\mathrm {d} x\right )\frac {\partial ^2\thinspace u}{\partial x^2}=0.\end {align*}


$a_0$


$m$


\begin {align*}-m \left [\int _\Omega \left ( \frac {|\nabla u|^p}{p} + \mu (x) \frac {|\nabla u|^q}{q}\right )\,\mathrm {d} x\right ] \nabla \cdot \mathcal {L}(u) =f(x,u) \quad \text {in } \Omega ,\quad u\mid _{\partial \Omega } = 0,\end {align*}


$f\colon \Omega \times \mathbb {R} \to \mathbb {R}$


\begin {align*}-m \left [\int _\Omega \left ( \frac {|\nabla u|^p}{p} + \mu (x) \frac {|\nabla u|^q}{q}\right )\,\mathrm {d} x\right ]\nabla \cdot \mathcal {L}(u) = \lambda u^{-\gamma } +u^{r-1} \quad \text {in } \Omega , \quad u\mid _{\partial \Omega } = 0,\end {align*}


\begin {align*}-M \left [\int _\Omega \left ( \frac {|\nabla u|^p}{p} + \mu (x) \frac {|\nabla u|^q}{q}\right )\,\mathrm {d} x\right ]\nabla \cdot \mathcal {L}(u) = h_1(x,u) \quad \text {in } \Omega ,\qquad -M \left [\int _\Omega \left ( \frac {|\nabla u|^p}{p} + \mu (x) \frac {|\nabla u|^q}{q}\right )\,\mathrm {d} x\right ]\mathcal {L}(u)\cdot \nu =h_2(x,u)\quad \text {on }\partial \Omega ,\end {align*}


$h_1$


$h_2$


\begin {equation*}-\phi (\Xi (u)) \left (\nabla \cdot \mathcal {L}(u)-|u|^{p-2}u\right ) = f(x,u)\quad \text {in } \Omega ,\qquad \phi (\Xi (u)) \mathcal {L}(u) \cdot \nu = g(x,u) \quad \text {on } \partial \Omega ,\end {equation*}


$f\colon \Omega \times \mathbb {R}\to \mathbb {R}$


$g\colon \partial \Omega \times \mathbb {R}\to \mathbb {R}$


$s \in [1,\infty ]$


$L^s(\Omega )$


$L^s(\Omega ;\mathbb {R}^N)$


$L^s(\partial \Omega )$


$\|\cdot \|_{s}$


$\|\cdot \|_{s,\partial \Omega }$


$M(\Omega )$


$M(\partial \Omega )$


$\Omega \to \mathbb {R}$


$\partial \Omega \to \mathbb {R}$


\begin {align*}\begin {aligned} L_{\alpha }^p(\Omega ) & =\left \{ u \in M (\Omega )\colon \int _\Omega \alpha (x) |u|^p \,\mathrm {d} x < \infty \right \}, \quad &\|u\|_{p,\alpha }&=\left ( \int _\Omega \alpha (x) |u|^p \,\mathrm {d} x \right ) ^\frac {1}{p},\\ L_{\beta }^{p_\ast }(\partial \Omega ) & =\left \{ u \in M (\partial \Omega ) \colon \int _{\partial \Omega } \beta (x) |u|^{p_\ast } \,\mathrm {d} \sigma < \infty \right \},\quad &\|u\|_{p_\ast ,\beta ,\partial \Omega } &= \left ( \int _{\partial \Omega } \beta (x) |u|^{p_\ast } \,\mathrm {d} \sigma \right ) ^\frac {1}{p_\ast }, \\ L_{\mu }^q(\Omega ) & =\left \{ u \in M (\Omega )\colon \int _\Omega \mu (x) |u|^q \,\mathrm {d} x < \infty \right \},\quad &\|u\|_{q,\mu } &= \left ( \int _\Omega \mu (x) |u|^q \,\mathrm {d} x \right ) ^\frac {1}{q}, \end {aligned}\end {align*}


$\sigma $


$(N-1)$


$1<p<\infty $


$W^{1,p}(\Omega )$


\begin {align*}\|u\|_{1,p}=\left ( \| \nabla u\|_p^p + \| u \|_{p,\alpha }^p \right ) ^\frac {1}{p}.\end {align*}


$W^{1,p}(\Omega ) \hookrightarrow L^{p^\ast }(\Omega )$


$S$


\begin {align*}S:= \inf _{u \in W^{1,p}(\Omega ) \setminus \{0\}} \frac { \|u\|_{1,p}^p } { \|u\|_{p^\ast }^p}.\end {align*}


\begin {align*}\|u\|_{p^\ast } \leq S^{-\frac {1}{p}} \|u\|_{1,p}\quad \text {for all }u \in W^{1,p}(\Omega ).\end {align*}


\begin {align*}\mathcal {H}\colon \Omega \times [0,\infty ) \to [0,\infty ), \quad (x,t)\mapsto t^p + \mu (x) t^q\end {align*}


$\rho _\mathcal {H}(\cdot )$


\begin {align*}\rho _\mathcal {H}(u)= \int _\Omega \mathcal {H}(x,|u|) \,\mathrm {d} x=\int _\Omega \left (|u|^p+\mu (x)|u|^q\right )\,\mathrm {d} x=\|u\|_p^p+\|u\|_{q,\mu }^q.\end {align*}


\begin {align*}L^\mathcal {H}(\Omega )=\left \{ u \in M(\Omega ) \colon \rho _\mathcal {H}(u) < \infty \right \}\end {align*}


\begin {align*}\|u\|_\mathcal {H} = \inf \left \{ \tau > 0 \colon \rho _\mathcal {H} \left ( \frac {u}{\tau } \right ) \leq 1 \right \}.\end {align*}


$W^{1,\mathcal {H}}(\Omega )$


\begin {align*}W^{1,\mathcal {H}}(\Omega ) = \left \{ u \in L^\mathcal {H}(\Omega ) \colon |\nabla u| \in L^\mathcal {H}(\Omega ) \right \}\end {align*}


\begin {align*}\|u\|_{1,\mathcal {H}} = \| \nabla u \|_{\mathcal {H}} + \|u\|_\mathcal {H},\end {align*}


$\|\nabla u \|_\mathcal {H} = \|\,|\nabla u|\,\|_\mathcal {H}$


$L^\mathcal {H}(\Omega )$


$W^{1,\mathcal {H}}(\Omega )$


$W^{1,\mathcal {H}}(\Omega )$


\begin {align*}\|u\| = \inf \bigg \{ \tau > 0 \colon \int _\Omega \left ( \left ( \frac { | \nabla u| }{\tau } \right ) ^p + \mu (x) \left ( \frac { | \nabla u| }{\tau } \right ) ^q + \alpha (x) \left ( \frac { |u| }{\tau } \right ) ^{p} \right ) \,\mathrm {d} x \leq 1 \bigg \}\end {align*}


$\rho $


$\|\cdot \|$


\begin {align*}\rho (u) &=\int _\Omega \left ( | \nabla u |^p + \mu (x) | \nabla u |^q \right ) \,\mathrm {d} x + \int _\Omega \alpha (x) |u|^p \,\mathrm {d} x =\| \nabla u \|_p^p + \| \nabla u \|_{q,\mu }^q + \|u\|_{p,\alpha }^p = \rho _\mathcal {H}(\nabla u) + \|u\|_{p,\alpha }^p\end {align*}


$u \in W^{1,\mathcal {H}}(\Omega )$


$u \in W^{1,\mathcal {H}}(\Omega )$


$\lambda \in \mathbb {R}$


$u \neq 0$


$\|u\| = \lambda $


$\rho \left ( \frac {u}{\lambda } \right ) = 1$


$\|u\|<1$


$>1$


$=1$


$\rho (u)<1$


$>1$


$=1$


$\|u\|<1$


$\|u\|^q \leq \rho (u) \leq \|u\|^p$


$\|u\|>1$


$\|u\|^p \leq \rho (u) \leq \|u\|^q$


$\|u\| \to 0$


$\rho (u) \to 0$


$\|u\| \to \infty $


$\rho (u) \to \infty $


$L^\mathcal {H}(\Omega )$


$W^{1,\mathcal {H}}(\Omega )$


$L^\mathcal {H}(\Omega ) \hookrightarrow L^s(\Omega )$


$W^{1,\mathcal {H}}(\Omega ) \hookrightarrow W^{1,s}(\Omega )$


$s \in [1,p]$


$W^{1,\mathcal {H}}(\Omega ) \hookrightarrow L^s(\Omega )$


$s \in [1,p^\ast ]$


$s \in [1,p^\ast )$


$W^{1,\mathcal {H}}(\Omega ) \hookrightarrow L^s(\partial \Omega )$


$s \in [1,p_\ast ]$


$s \in [1, p_\ast )$


$L^\mathcal {H}(\Omega ) \hookrightarrow L_\mu ^q(\Omega )$


$L^q(\Omega ) \hookrightarrow L^\mathcal {H} (\Omega )$


$s \in \mathbb {R}$


$s^{\pm }=\max \{\pm s,0\}$


$u \in W^{1,\mathcal {H}}(\Omega )$


$u^{\pm }(\cdot )=u(\cdot )^{\pm }$


$|u|=u^++u^-$


$u=u^+-u^-$


$u^{\pm } \in W^{1,\mathcal {H}}(\Omega )$


$u \in W^{1,\mathcal {H}}(\Omega )$


$V \subseteq \mathbb {R}^N$


$|V|$


$J_\lambda \colon W^{1,\mathcal {H}}(\Omega )\to \mathbb {R}$


\begin {align*}J_\lambda (u) & = M\left (\Phi (u)\right )+\frac {1}{p_\ast } \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } -\frac {\lambda }{1-\gamma }\int _\Omega |u|^{1-\gamma }\,\mathrm {d} x-\frac {1}{r}\|u\|_r^r,\end {align*}


$M\colon [0,\infty )\to [0,\infty )$


\begin {align*}M(t)=\int _0^tm(\tau )\,\mathrm {d} \tau =a_0t+\frac {b_0}{\vartheta }t^\vartheta .\end {align*}


\begin {align*}\Phi (u) = \Phi _\mathcal {H} (\nabla u)+\frac {1}{p} \|u\|_{p,\alpha }^p \qquad \text {and}\qquad \Phi _\mathcal {H}(u) =\frac {1}{p}\|u\|_p^p+\frac {1}{q}\|u\|_{q,\mu }^q.\end {align*}


$J_\lambda $


$C^1$


$u\in W^{1,\mathcal {H}}(\Omega )\setminus \{0\}$


$\psi _u\colon [0,\infty ) \to \mathbb {R}$


$\psi _u(t)= J_\lambda (tu)$


$t\geq 0$


\begin {align*}\psi _u(t)= a_0 \Phi (tu) + \frac {b_0}{\vartheta } \Phi ^\vartheta (tu) + \frac {t^{p_\ast }}{p_\ast } \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {\lambda t^{1-\gamma }}{1-\gamma } \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - \frac {t^r}{r} \|u\|_r^r.\end {align*}


$\psi _u \in \mathcal {C}^\infty (0,\infty )$


$t>0$


\begin {equation}\label {fibering-derivative-1} \begin {aligned} \psi _u'(t) & =a_0 t^{-1} \rho (tu) + b_0 \Phi ^{\vartheta -1}(tu) t^{-1} \rho (tu) + t^{p_\ast -1} \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }- \lambda t^{-\gamma } \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - t^{r-1} \|u\|_r^r \\ & =\left ( a_0 + b_0 \Phi ^{\vartheta -1}(tu) \right ) \left ( t^{p-1} \|u\|_{1,p}^p + t^{q-1} \| \nabla u \|_{q,\mu }^q \right ) + t^{p_\ast -1} \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda t^{-\gamma } \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - t^{r-1} \|u\|_r^r \end {aligned}\end {equation}


\begin {equation}\label {fibering-derivative-2} \begin {aligned} \psi _u''(t) & =\left ( a_0 + b_0 \Phi ^{\vartheta -1}(tu) \right ) \left ( (p-1) t^{p-2} \|u\|_{1,p}^p + (q-1) t^{q-2} \| \nabla u \|_{q,\mu }^q \right )+ b_0 (\vartheta -1) \Phi ^{\vartheta -2}(tu) \left ( t^{p-1} \|u\|_{1,p}^p + t^{q-1} \| \nabla u \|_{q,\mu }^q \right )^2\\ &\qquad + (p_\ast -1) t^{p_\ast -2} \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } + \lambda \gamma t^{-\gamma -1} \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x- (r-1) t^{r-2} \|u\|_r^r. \end {aligned}\end {equation}


\begin {align*}\mathcal {N}_\lambda := \left \{ u \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\} \colon \psi _u'(1) = 0 \right \},\end {align*}


$\psi _u'$


$\mathcal {N}_\lambda $


$\mathcal {N}_\lambda $


$u \in \mathcal {N}_\lambda $


$u$


$\varphi =u$


$\mathcal {N}_\lambda $


\begin {align*}\mathcal {N}_\lambda ^+ = \left \{ u \in \mathcal {N}_\lambda \colon \psi _u''(1) > 0 \right \},\qquad \mathcal {N}_\lambda ^- = \left \{ u \in \mathcal {N}_\lambda \colon \psi _u''(1) < 0 \right \},\qquad \mathcal {N}_\lambda ^\circ = \left \{ u \in \mathcal {N}_\lambda \colon \psi _u''(1) = 0 \right \}\end {align*}


$\psi _u''$


$u \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\}$


$t>0$


$tu \in \mathcal {N}_\lambda $


$\psi _u'(t)=0$


\begin {align*}\psi _u'(t) & =\left ( a_0 + b_0 \Phi ^{\vartheta -1}(tu) \right ) \left ( t^{p-1} \|u\|_{1,p}^p + t^{q-1} \| \nabla u \|_{q,\mu }^q \right )+ t^{p_\ast -1} \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda t^{-\gamma } \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - t^{r-1} \|u\|_r^r \\ & =\frac {1}{t} \bigg (\left (a_0 + b_0 \Phi ^{\vartheta -1}(tu) \right ) \left ( \| t u\|_{1,p}^p + \| t \nabla u \|_{q,\mu }^q \right ) + \| t u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda \int _\Omega |t u|^{1-\gamma } \,\mathrm {d} x-\|t u\|_r^r \bigg ) =\frac {1}{t}\psi _{tu}'(1).\end {align*}


$tu \in \mathcal {N}_\lambda ^\pm $


$\psi _u'(t)=0$


$\pm \psi _u''(t)>0$


$tu \in \mathcal {N}_\lambda ^\circ $


$\psi _u'(t)=0$


$\psi _u''(t)=0$


\begin {align*}\psi _u''(t)& =\left (a_0 + b_0 \Phi ^{\vartheta -1}(tu) \right ) \left ( (p-1) t^{p-2} \|u\|_{1,p}^p + (q-1) t^{q-2} \| \nabla u \|_{q,\mu }^q \right ) + b_0 (\vartheta -1) \Phi ^{\vartheta -2}(tu) \left ( t^{p-1} \|u\|_{1,p}^p + t^{q-1} \| \nabla u \|_{q,\mu }^q \right )^2 \\ & \qquad + (p_\ast -1) t^{p_\ast -2} \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } + \lambda \gamma t^{-\gamma -1} \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x- (r-1) t^{r-2} \|u\|_r^r \\ & =\frac {1}{t^2} \bigg (\left ( a_0 + b_0 \Phi ^{\vartheta -1}(tu) \right ) \left ( (p-1) \|tu\|_{1,p}^p + (q-1) \| t \nabla u \|_{q,\mu }^q \right ) + b_0 (\vartheta -1) \Phi ^{\vartheta -2}(tu) \left ( \|t u\|_{1,p}^p + \| t \nabla u \|_{q,\mu }^q \right )^2 \\ & \qquad + (p_\ast -1) \| t u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |t u|^{1-\gamma } \,\mathrm {d} x - (r-1) \|t u\|_r^r \bigg ) \\ & =\frac {1}{t^2} \psi _{tu}''(1).\end {align*}


$J_\lambda $


$\mathcal {N}_\lambda $


$\lambda > 0$


$J_\lambda $


$\mathcal {N}_\lambda $


$u \in \mathcal {N}_\lambda $


$\| u \| > 1$


$\mathcal {N}_\lambda $


\begin {align}\label {coercive_1} -\frac {1}{r} \|u\|_r^r = - \frac {1}{r} \left (a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \rho (u) + \frac {\lambda }{r} \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }.\end {align}


$W^{1,\mathcal {H}}(\Omega ) \hookrightarrow L^1(\Omega )$


\begin {align}\label {coercive_2} \|u\|_1 \leq \Tilde {C}_2 \|u\|\end {align}


$\Tilde {C}_2>0$


$a_0 \geq 0$


$b_0 > 0$


$\vartheta -1 \geq 0$


$\frac {1}{\vartheta q} - \frac {1}{r} > 0$


$\frac {1}{p_\ast } - \frac {1}{r} > 0$


$\frac {1}{1-\gamma }-\frac {1}{r} > 0$


$\int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \leq |\Omega |^\gamma \|u\|_1^{1-\gamma }$


$\Phi (u) > \frac {1}{q}\rho (u)$


\begin {align*}J_\lambda (u) & =a_0 \Phi (u) + \frac {b_0}{\vartheta } \Phi ^\vartheta (u) + \frac {1}{p_\ast } \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - \frac {\lambda }{1-\gamma } \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \|u\|_r^r \\ & =a_0 \Phi (u) + \frac {b_0}{\vartheta } \Phi ^\vartheta (u) + \frac {1}{p_\ast } \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - \frac {\lambda }{1-\gamma } \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \left (a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \rho (u) + \frac {\lambda }{r} \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } \\ & =a_0 \left (\Phi (u) - \frac {1}{r} \rho (u) \right ) + b_0 \Phi ^{\vartheta -1} (u) \left ( \frac {1}{\vartheta } \Phi (u) - \frac {1}{r} \rho (u) \right ) + \left ( \frac {1}{p_\ast } - \frac {1}{r} \right ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - \lambda \left ( \frac {1}{1-\gamma } - \frac {1}{r} \right ) \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \\ & \geq a_0 \left (\frac {1}{q} \rho (u) - \frac {1}{r} \rho (u) \right ) + b_0 \Phi ^{\vartheta -1} (u) \left ( \frac {1}{\vartheta q} \rho (u) - \frac {1}{r} \rho (u) \right ) + \left ( \frac {1}{p_\ast } - \frac {1}{r} \right ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - \lambda \left ( \frac {1}{1-\gamma } - \frac {1}{r} \right ) \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \\ & \geq a_0 \left ( \frac {1}{q} -\frac {1}{r} \right ) \rho (u) + b_0 \Phi ^{\vartheta -1}(u) \left ( \frac {1}{\vartheta q} - \frac {1}{r}\right ) \rho (u)- \lambda \left (\frac {1}{1-\gamma } - \frac {1}{r} \right ) |\Omega |^{\gamma } \|u\|_1^{1-\gamma } \\ & \geq b_0 \frac {1}{q^{\vartheta -1}} \left (\frac {1}{\vartheta q} - \frac {1}{r}\right ) \rho ^\vartheta (u) - \lambda \left ( \frac {1}{1-\gamma } - \frac {1}{r} \right ) |\Omega |^{\gamma } \Tilde {C}_2^{1-\gamma } \|u\|^{1-\gamma } \\ & \geq b_0 \frac {1}{q^{\vartheta -1}} \left ( \frac {1}{\vartheta q} - \frac {1}{r}\right ) \|u\|^{\vartheta p} - \lambda \left ( \frac {1}{1-\gamma } - \frac {1}{r} \right ) |\Omega |^{\gamma } \Tilde {C}_2^{1-\gamma } \|u\|^{1-\gamma } \\ & =\|u\| \omega \left ( \|u\| \right ),\end {align*}


\begin {align*}\omega (t) := t^{\vartheta p-1} \left ( C_1 - C_2t^{1-\gamma -\vartheta p} \right ) \quad \text {for all } t>0,\end {align*}


$C_1$


$C_2$


\begin {align*}C_1 = b_0 \frac {1}{q^{\vartheta -1}} \left ( \frac {1}{\vartheta q} - \frac {1}{r} \right )\qquad \text {and}\qquad C_2 = \lambda \left ( \frac {1}{1-\gamma } - \frac {1}{r} \right ) |\Omega |^{\gamma } \Tilde {C}_2^{1-\gamma }.\end {align*}


$\vartheta p - 1 > 0$


$1-\gamma -\vartheta p < 0$


$\lim _{t \to \infty } \omega (t) =\infty $


$J_\lambda \big |_{\mathcal {N}_\lambda }$


\begin {align*}h(t)= t\omega (t)=C_1t^{\vartheta p}-C_2t^{1-\gamma } \quad \text {for all } t>0.\end {align*}


$h$


$h$


\begin {align*}t_0 = \left ( \frac {C_2(1-\gamma )}{C_1\vartheta p} \right ) ^\frac {1}{\vartheta p-1+\gamma }.\end {align*}


$J_\lambda \big |_{\mathcal {N}_\lambda }$


$\mathcal {N}_\lambda ^\circ $


$\lambda >0$


$\Lambda _1 > 0$


$\lambda \in (0,\Lambda _1)$


$\mathcal {N}_\lambda ^\circ =\emptyset $


$\lambda >0$


$u \in \mathcal {N}_\lambda ^\circ $


$u \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\}$


$\psi _u'(1)=0$


$\psi _u''(1)=0$


\begin {align}\label {empty-1} (a_0+b_0\Phi ^{\vartheta -1}(u))\rho (u) = \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x + \|u\|_r^r - \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }\end {align}


\begin {equation}\label {empty-2} \begin {aligned} &(a_0+b_0\Phi ^{\vartheta -1}(u)) ( (p-1)\|u\|_{1,p}^p + (q-1)\|\nabla u\|_{q,\mu }^q)+ b_0(\vartheta -1) \Phi ^{\vartheta -2}(u)\rho ^2(u) =- \lambda \gamma \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x + (r-1) \|u\|_r^r - (p_\ast -1) \|u\|_{p_\ast , \beta , \partial \Omega }^{p_\ast }. \end {aligned}\end {equation}


$\gamma $


\begin {equation}\label {empty-3} \begin {aligned} &( a_0 + b_0 \Phi ^{\vartheta -1}(u)) ( (p-1+\gamma ) \|u\|_{1,p}^p + (q-1+\gamma ) \|\nabla u\|_{q,\mu }^q)+ b_0 (\vartheta -1) \Phi ^{\vartheta -2}(u) \rho ^2(u) =(r-1+\gamma )\|u\|_r^r - (p_\ast -1+\gamma ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }. \end {aligned}\end {equation}


$r-1$


\begin {equation}\label {empty-4} \begin {aligned} &(a_0 + b_0 \Phi ^{\vartheta -1}(u)) ((r-p) \|u\|_{1,p}^p + (r-q) \|\nabla u\|_{q,\mu }^q)- b_0 (\vartheta -1) \Phi ^{\vartheta -2}(u) \rho ^2(u)=(r-1+\gamma ) \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x + (p_\ast -r) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }. \end {aligned}\end {equation}


$T_\lambda \colon \mathcal {N}_\lambda \to \mathbb {R}$


\begin {align*}T_\lambda (u) & =\frac {(a_0 + b_0 \Phi ^{\vartheta -1}(u)) ((p-1+\gamma ) \|u\|_{1,p}^p + (q-1+\gamma ) \|\nabla u\|_{q,\mu }^q) } {r-1+\gamma } + \frac {b_0(\vartheta -1)\Phi ^{\vartheta -2}(u)\rho ^2(u)} {r-1+\gamma } + \frac { (p_\ast -1+\gamma ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } } {r-1+\gamma } - \|u\|_r^r.\end {align*}


\begin {align}\label {empty-5} T_\lambda (u)=0 \quad \text {for all }u \in \mathcal {N}_\lambda ^\circ .\end {align}


$a_0 \geq 0$


$b_0>0$


$p-1+\gamma $


$q-1+\gamma > 0$


$p_\ast -1+\gamma > 0$


$r-1+\gamma > 0$


$\vartheta -1 \geq 0$


$\Phi (u) \geq \frac {1}{p}\|u\|_{1,p}^p$


$\|u\|_r^r \leq |\Omega |^{1-\frac {r}{p^\ast }} \|u\|_{p^\ast }^r$


$\|u\|_{p^\ast } \leq S^{-\frac {1}{p}}\|u\|_{1,p}$


\begin {equation}\label {empty-6} \begin {aligned} T_\lambda (u) & =\frac {(a_0 + b_0 \Phi ^{\vartheta -1}(u)) ( (p-1+\gamma ) \|u\|_{1,p}^p + (q-1+\gamma ) \|\nabla u\|_{q,\mu }^q) } {r-1+\gamma } +\frac {b_0(\vartheta -1)\Phi ^{\vartheta -2}(u)\rho ^2(u)} {r-1+\gamma } + \frac { (p_\ast -1+\gamma ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } } {r-1+\gamma } - \|u\|_r^r \\ & \geq \frac {p-1+\gamma }{r-1+\gamma } b_0 \Phi ^{\vartheta -1}(u) \|u\|_{1,p}^p - \|u\|_r^r \\ & \geq \frac {p-1+\gamma }{r-1+\gamma } \frac {b_0}{p^{\vartheta -1}} \|u\|_{1,p}^{p(\vartheta -1)} \|u\|_{1,p}^p - |\Omega |^{1-\frac {r}{p^\ast }} \|u\|_{p^\ast }^r \\ & \geq \frac {p-1+\gamma }{r-1+\gamma } \frac {b_0}{p^{\vartheta -1}} \|u\|_{1,p}^{\vartheta p} - S^{-\frac {r}{p}} |\Omega |^{1-\frac {r}{p^\ast }} \|u\|_{1,p}^r \\ & =\|u\|_{1,p}^r \left ( \frac {p-1+\gamma }{r-1+\gamma } \frac {b_0}{p^{\vartheta -1}} \|u\|_{1,p}^{\vartheta p - r} - S^{-\frac {r}{p}} |\Omega |^{1-\frac {r}{p^\ast }} \right ) \\ & =\|u\|_{1,p}^r \left ( A \|u\|_{1,p}^{\vartheta p - r} - B \right ), \end {aligned}\end {equation}


$A$


$B$


\begin {align*}A:= \frac {b_0(p-1+\gamma )}{p^{\vartheta -1}(r-1+\gamma )}\qquad \text {and}\qquad B:= S^{-\frac {r}{p}}|\Omega |^{1-\frac {r}{p^\ast }}.\end {align*}


$a_0 \geq 0$


$b_0 > 0$


$\vartheta -1 \geq 0$


$r-\vartheta q >0$


$r-p>0$


$r-q>0$


$r-1+\gamma >0$


$q-p>0$


$\Phi (u) \geq \frac {1}{p}\|u\|_{1,p}^p$


$q\Phi (u) > \rho (u)$


$\int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \leq |\Omega |^{1-\frac {1-\gamma }{p^\ast }} \|u\|_{p^\ast }^{1-\gamma }$


$\|u\|_{p^\ast } \leq S^{-\frac {1}{p}}\|u\|_{1,p}$


\begin {align*}\frac {b_0(r-\vartheta q + q - p)}{p^{\vartheta -1}} \|u\|_{1,p}^{\vartheta p} &= b_0 (r-\vartheta q + q - p) \|u\|_{1,p}^{p} \left ( \frac {\|u\|_{1,p}^{p}}{p} \right ) ^{\vartheta -1}\\ &\leq b_0 \Phi ^{\vartheta -1}(u) (r-\vartheta q + q - p) \|u\|_{1,p}^{p} \\ &\leq a_0 \left ( (r-p) \|u\|_{1,p}^{p}+(r-q) \|\nabla u\|_{q,\mu }^{q} \right ) + b_0 \Phi ^{\vartheta -1}(u) \left ( (r-\vartheta q + q - p) \|u\|_{1,p}^{p} + (r-\vartheta q) \|\nabla u\|_{q,\mu }^{q} \right ) \\ &=\left (a_0 + b_0\Phi ^{\vartheta -1}(u) \right ) \left ( (r-p) \|u\|_{1,p}^{p} + (r-q) \|\nabla u\|_{q,\mu }^{q} \right ) -b_0(\vartheta -1) \Phi ^{\vartheta -2}(u) q \Phi (u) \rho (u) \\ & \leq \left (a_0 + b_0\Phi ^{\vartheta -1}(u) \right ) \left ( (r-p) \|u\|_{1,p}^{p} + (r-q) \|\nabla u\|_{q,\mu }^{q} \right ) - b_0 (\vartheta -1) \Phi ^{\vartheta -2}(u) \rho ^2(u) \\ & =(r-1+\gamma ) \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x + (p_\ast -r) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }\\ &\leq (r-1+\gamma ) \lambda |\Omega |^{1-\frac {1-\gamma }{p^\ast }} \|u\|_{p^\ast }^{1-\gamma } \\ & \leq (r-1+\gamma ) \lambda |\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} \|u\|_{1,p}^{1-\gamma }.\end {align*}


$\|u\|_{1,p}$


$r> \vartheta q$


$q > p$


\begin {align*}\|u\|_{1,p} \leq C\lambda ^{\frac {1}{\vartheta p-1+\gamma }},\end {align*}


$C$


\begin {align*}C:= \left ( \frac { (r-1+\gamma )|\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} p^{\vartheta -1} } { b_0(r-\vartheta q + q - p) } \right ) ^\frac {1}{\vartheta p-1+\gamma }.\end {align*}


$r>\vartheta p$


\begin {align*}\|u\|_{1,p}^{-(r-\vartheta p)} \geq \left ( C\lambda ^{\frac {1}{\vartheta p-1+\gamma }} \right ) ^{-(r-\vartheta p)} = C^{-(r-\vartheta p)} \lambda ^{\frac {{-(r-\vartheta p)}}{\vartheta p-1+\gamma }}\end {align*}


\begin {align*}T_\lambda (u) \geq \|u\|_{1,p}^r \left ( A \|u\|_{1,p}^{-(r-\vartheta p)} -B \right ) \geq \|u\|_{1,p}^r \left ( A C^{-(r-\vartheta p)} \lambda ^{\frac {{-(r-\vartheta p)}}{\vartheta p-1+\gamma }} -B \right ).\end {align*}


\begin {align*}\Lambda _1 := \left ( \frac {B}{AC^{-(r-\vartheta p)}} \right ) ^{\frac {\vartheta p -1 + \gamma }{-(r-\vartheta p)}} > 0.\end {align*}


$T_\lambda (u)>0$


$\lambda \in (0,\Lambda _1)$


$\sigma _u \colon (0,\infty ) \to \mathbb {R}$


\begin {equation}\label {sigma-function} \begin {aligned} \sigma _u(t) & = t^\gamma \psi _u'(t) + \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x =\left ( a_0 + b_0 \Phi ^{\vartheta -1}(tu) \right ) \left ( t^{p-1+\gamma } \|u\|_{1,p}^p+t^{q-1+\gamma } \|\nabla u\|_{q,\mu }^q \right ) + t^{p_\ast -1+\gamma } \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - t^{r-1+\gamma } \|u\|_r^r. \end {aligned}\end {equation}


$\sigma _u$


$\lambda $


$u \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\}$


$\lambda > 0$


$t>0$


\begin {align}\label {sigma-function-2} tu \in \mathcal {N}_\lambda \qquad \text {if and only if} \qquad \sigma _u(t)=\lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x.\end {align}


$u \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\}$


$t_{\max }^u>0$


\begin {align*}\sigma _u(t_{\max }^u)=\max _{t>0} \sigma _u(t).\end {align*}


$\Lambda _2>0$


$\lambda \in (0,\Lambda _2)$


$u \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\}$


$0<t_1^u < t_{\max }^u<t_2^u$


\begin {align*}t_1^u u \in \mathcal {N}_\lambda ^+ \quad \text {and} \quad t_2^u u \in \mathcal {N}_\lambda ^-.\end {align*}


$u \in W^{1,\mathcal {H}} (\Omega ) \setminus \{0\}$


$t_{\max }^u>0$


$\sigma _u(t_{\max }^u)=\max _{t>0}\sigma _u(t)$


$T_u \colon (0,\infty ) \to \mathbb {R}$


\begin {align*}T_u(t) = \frac {1}{t^{r-2+\gamma }} \sigma _u'(t) + (r-1+\gamma )\|u\|_r^r.\end {align*}


$t>0$


\begin {align*}\sigma _u'(t) & =(a_0 + b_0 \Phi ^{\vartheta -1}(tu)) \left ( (p-1+\gamma ) t^{p-2+\gamma } \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-2+\gamma } \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) \left ( t^{p-1+\gamma } \|u\|_{1,p}^p +t^{q-1+\gamma } \|\nabla u\|_{q,\mu }^q \right )\left ( t^{p-1} \|u\|_{1,p}^p + t^{q-1} \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad + (p_\ast -1+\gamma ) t^{p_\ast -2+\gamma } \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - (r-1+\gamma ) t^{r-2+\gamma } \|u\|_r^r\end {align*}


\begin {align*}T_u(t) & =(a_0 + b_0 \Phi ^{\vartheta -1}(tu)) \left ((p-1+\gamma ) t^{p-r} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-r} \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) \left ( t^{p-r+1} \|u\|_{1,p}^p + t^{q-r+1} \|\nabla u\|_{q,\mu }^q \right ) \left ( t^{p-1} \|u\|_{1,p}^p +t^{q-1} \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad +(p_\ast -1+\gamma ) t^{p_\ast -r} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }\\ & =( a_0 + b_0 \Phi ^{\vartheta -1}(tu)) \left ( (p-1+\gamma ) t^{p-r} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-r} \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) t^{-r} \rho ^2(tu) + (p_\ast -1+\gamma )t^{p_\ast -r} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }.\end {align*}


$\Phi (tu) \geq \frac {1}{p} t^p\| u\|_{1,p}^p$


$p-1+\gamma > 0$


$q-1+\gamma > 0$


$p_\ast -1+\gamma > 0$


$\vartheta \geq 1$


$t>0$


\begin {equation}\label {nonempty-1} \begin {aligned} T_u(t) & =(a_0 + b_0 \Phi ^{\vartheta -1}(tu)) \big ( (p-1+\gamma ) t^{p-r} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-r} \|\nabla u\|_{q,\mu }^q \big )\\ & \qquad +(\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) t^{-r} \rho ^2(tu) + (p_\ast -1+\gamma ) t^{p_\ast -r} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } \\ & \geq b_0 \left ( \frac {1}{p} t^p \| u \|_{1,p}^p \right )^{\vartheta -1} (p-1+\gamma ) t^{p-r} \| u \|_{1,p}^p \\ & =\frac {b_0}{p^{\vartheta -1}} (p-1+\gamma ) \| u \|_{1,p}^{\vartheta p} t^{\vartheta p - r}. \end {aligned}\end {equation}


$u \neq 0$


$\frac {b_0}{p^{\vartheta -1}}(p-1+\gamma )>0$


$\vartheta p - r < 0$


\begin {align}\label {nonempty-2} \lim _{t \searrow 0}T_u(t)=\infty .\end {align}


$a_0 \geq 0$


$b_0 >0$


$p-1+\gamma > 0$


$q-1+\gamma > 0$


$p_\ast -1+\gamma > 0$


$\vartheta \geq 1$


$\|u\|_{1,p}^p \leq \rho (u)$


$\| \nabla u \|_{q,\mu }^q \leq \rho (u)$


\begin {align*}t^p \leq t^q \quad \text {and} \quad \Phi (tu) \leq \frac {1}{p} \rho (tu) \leq \frac {t^q}{p} \rho (u) \quad \text { if } t \geq 1,\end {align*}


$t \geq 1$


\begin {align*}&\left | T_u(t) \right | =T_u(t)\\ &=( a_0 + b_0 \Phi ^{\vartheta -1}(tu)) \left ( (p-1+\gamma ) t^{p-r} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-r} \|\nabla u\|_{q,\mu }^q \right ) + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) t^{-r} \rho ^2(tu) + (p_\ast -1+\gamma ) t^{p_\ast -r} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } \\ & \leq \left (a_0 + b_0 \left ( \frac {t^q}{p} \rho (u) \right ) ^{\vartheta -1} \right ) \left ( (q-1+\gamma ) t^{q-r} \rho (u) + (q-1+\gamma ) t^{q-r} \rho (u) \right ) +(\vartheta -1) b_0 \left ( \frac {t^q}{p} \rho (u) \right )^{\vartheta } t^{-r} \frac {\rho ^2(tu)}{\Phi ^{2}(tu)} + (p_\ast -1+\gamma ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } t^{p_\ast -r},\end {align*}


\begin {equation}\label {nonempty-3} \begin {aligned} |T_u(t)| & \leq 2 a_0 (q-1+\gamma ) \rho (u) t^{q-r} + 2 \frac {b_0}{p^{\vartheta -1}} \rho ^{\vartheta }(u) (q-1+\gamma ) t^{\vartheta q-r} + (\vartheta -1) \frac {b_0}{p^\vartheta } \rho ^{\vartheta }(u) \frac {\rho ^2(tu)}{\Phi ^{2}(tu)} t^{\vartheta q-r} + (p_\ast -1+\gamma ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } t^{p_\ast -r}. \end {aligned}\end {equation}


$q-r<0$


$p_\ast -r<0$


$\vartheta q-r<0$


\begin {align*}\lim _{t \to \infty } \frac {\rho ^2(tu)}{\Phi ^{2}(tu)} = \lim _{t \to \infty } \left ( \frac {t^{p-q} \|u\|_{1,p}^p + \| \nabla u\|_{q,\mu }^q} { t^{p-q} \left ( \frac {1}{p}\|u\|_{1,p}^p \right ) + \frac {1}{q} \| \nabla u\|_{q,\mu }^q } \right )^2 = \begin {cases} q^2 & \text {if } \| \nabla u \|_{q,\mu }^q \neq 0, \\ p^2 & \text {if } \| \nabla u \|_{q,\mu }^q = 0, \end {cases}\end {align*}


\begin {align}\label {nonempty-4} \lim _{t \to \infty } T_u(t) = 0.\end {align}


$t_{\max }^u>0$


\begin {align*}T_u(t_{\max }^u)=(r-1+\gamma )\|u\|_r^r.\end {align*}


$\sigma _u(t_{\max }^u)=\max _{t>0}\sigma _u(t)$


$t_{\max }^u$


$T_u$


$t > 0$


\begin {align*}T_u'(t) & =\frac {\,\mathrm {d}}{\,\mathrm {d} t} \Big ( ( a_0 + b_0 \Phi ^{\vartheta -1}(tu)) \left ( (p-1+\gamma )t^{p-r} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-r} \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad +(\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) t^{-r} \rho ^2(tu) + (p_\ast -1+\gamma )t^{p_\ast -r} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } \Big ) \\ & =( a_0 + b_0 \Phi ^{\vartheta -1}(tu)) (p-r) (p-1+\gamma ) t^{p-r-1} \|u\|_{1,p}^p + ( a_0 + b_0 \Phi ^{\vartheta -1}(tu)) (q-r) (q-1+\gamma ) t^{q-r-1} \|\nabla u\|_{q,\mu }^q \\ & \qquad + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) t^{-1} \rho (tu) \big ( (p-1+\gamma )t^{p-r} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-r} \|\nabla u\|_{q,\mu }^q \big ) \\ & \qquad + (\vartheta -1)(\vartheta -2) b_0 \Phi ^{\vartheta -3}(tu) t^{-1} \rho (tu) t^{-r} \rho ^2(tu) + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) (-r) t^{-r-1} \rho ^2(tu) \\ & \qquad + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) t^{-r} 2\rho (tu) \left ( p t^{p-1} \|u\|_{1,p}^p + q t^{q-1} \| \nabla u \|_{q,\mu }^q \right ) + (p_\ast -r) (p_\ast -1+\gamma )t^{p_\ast -r-1} \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast }.\end {align*}


$a_0 \geq 0$


$p-r<0$


$q-r<0$


$p_\ast -r<0$


$p-1+\gamma >0$


$q-1+\gamma >0$


$p_\ast -1+\gamma >0$


\begin {equation}\label {nonempty-5} \begin {aligned} T_u'(t) & \leq b_0 \Phi ^{\vartheta - 1} (tu) t^{-r-1} \Big ( (p-r) (p-1+\gamma ) t^{p} \|u\|_{1,p}^p + (q-r) (q-1+\gamma ) t^{q} \|\nabla u\|_{q,\mu }^q \\ & \qquad + (\vartheta -1) \Phi ^{-1}(tu) \rho (tu) \left ( (p-1+\gamma )t^{p} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q} \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad + (\vartheta -1)(\vartheta -2) \Phi ^{-2}(tu) \rho ^2(tu) \rho (tu) - (\vartheta -1) \Phi ^{-1}(tu) \rho (tu) \rho (tu) r \\ & \qquad + (\vartheta -1) \Phi ^{-1}(tu) \rho (tu) 2 \left ( p t^{p} \|u\|_{1,p}^p + q t^{q} \| \nabla u \|_{q,\mu }^q \right ) \Big ). \end {aligned}\end {equation}


$\vartheta =1$


$u \neq 0$


$b_0>0$


$p-r<0$


$q-r<0$


$p-1+\gamma >0$


$q-1+\gamma >0$


\begin {align*}T_u'(t)\leq b_0 t^{-r-1} \left ( (p-r) (p-1+\gamma ) t^{p} \|u\|_{1,p}^p + (q-r) (q-1+\gamma ) t^{q} \|\nabla u\|_{q,\mu }^q \right ) < 0.\end {align*}


$\vartheta > 1$


\begin {align*}T_u'(t) & \leq b_0 (\vartheta -1) \Phi ^{\vartheta - 1} (tu) \frac {\rho (tu)}{\Phi (tu)} t^{-r-1} \bigg ( \frac {\Phi (tu)}{\rho (tu)} \frac {p-r}{\vartheta -1} (p-1+\gamma ) t^{p} \|u\|_{1,p}^p +\frac {\Phi (tu)}{\rho (tu)} \frac {q-r}{\vartheta -1} (q-1+\gamma ) t^{q} \|\nabla u\|_{q,\mu }^q \\ & \qquad +(p-1+\gamma )t^{p} \|u\|_{1,p}^p + (q-1+\gamma ) t^{q} \|\nabla u\|_{q,\mu }^q + \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) \rho (tu) - r \rho (tu) + 2 \left (p t^{p} \|u\|_{1,p}^p + q t^{q} \| \nabla u \|_{q,\mu }^q \right ) \bigg ).\end {align*}


\begin {equation}\label {nonempty-6} \begin {aligned} \left (b_0 (\vartheta -1) \Phi ^{\vartheta - 1} (tu) \frac {\rho (tu)}{\Phi (tu)} t^{-r-1} \right )^{-1} T_u'(t) & \leq (p-1+\gamma ) \left ( 1+ \frac {\Phi (tu)}{\rho (tu)} \frac {p-r}{\vartheta -1} \right ) t^p \| u \|_{1,p}^p + (q-1+\gamma ) \left ( 1+ \frac {\Phi (tu)}{\rho (tu)} \frac {q-r}{\vartheta -1} \right ) t^q \| \nabla u \|_{q, \mu }^q \\ & \qquad + \left ( \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) - r + 2p \right ) t^p \| u \|_{1,p}^p + \left ( \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) - r + 2 q \right ) t^{q} \| \nabla u \|_{q,\mu }^q \\ & =A_1 t^p \| u \|_{1,p}^p + A_2 t^{q} \| \nabla u \|_{q,\mu }^q + B_1 t^p \| u \|_{1,p}^p + B_2 t^{q} \| \nabla u \|_{q,\mu }^q, \end {aligned}\end {equation}


$A_1$


$A_2$


$B_1$


$B_2$


\begin {align*}\begin {aligned} A_1 & := \left (p-1+\gamma \right ) \left (1+ \frac {\Phi (tu)}{\rho (tu)} \frac {p-r}{\vartheta -1}\right ), \quad &B_1 &:= \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) - r + 2p, \\ A_2 & := \left (q-1+\gamma \right ) \left ( 1+ \frac {\Phi (tu)}{\rho (tu)} \frac {q-r}{\vartheta -1}\right ), \quad &B_2 &:= \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) - r + 2q. \end {aligned}\end {align*}


$p-r<0$


$p-q<0$


$\vartheta -1 > 0$


$\vartheta q-r<0$


$q-r<0$


$\Phi (tu) > \frac {1}{q} \rho (tu)$


\begin {align*}A_1 & =\left (p-1+\gamma \right ) \left ( 1+ \frac {\Phi (tu)}{\rho (tu)} \frac {p-r}{\vartheta -1}\right ) <\left (p-1+\gamma \right ) \left ( 1+ \frac {p-r}{q(\vartheta -1)}\right ) =\left (p-1+\gamma \right ) \frac {\vartheta q - r + p - q}{q (\vartheta -1)} < 0, \\ A_2 & =\left (q-1+\gamma \right ) \left ( 1+ \frac {\Phi (tu)}{\rho (tu)} \frac {q-r}{\vartheta -1}\right ) <\left (q-1+\gamma \right ) \left ( 1+ \frac {q-r}{q(\vartheta -1)}\right ) =\left (q-1+\gamma \right ) \frac {\vartheta q - r }{q (\vartheta -1)} < 0.\end {align*}


$\vartheta -1>0$


$\vartheta q - r<0$


$p-q<0$


$p \Phi (tu) < \rho (tu) < q \Phi (tu)$


\begin {align*}B_1 = \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) - r + 2p= \frac {\rho (tu)}{\Phi (tu)} (\vartheta -1) - \frac {\rho (tu)}{\Phi (tu)} - r + 2p < q(\vartheta -1) - p - r + 2p= \vartheta q - r + p - q< 0.\end {align*}


$B_2<0$


$\vartheta - 2\geq 0$


\begin {align*}B_2 = \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) - r + 2q < q(\vartheta -2) - r + 2q = \vartheta q - r < 0.\end {align*}


$\vartheta -2<0$


$r > \max \{2,\vartheta \} q=2q$


\begin {align*}B_2 = \frac {\rho (tu)}{\Phi (tu)} (\vartheta -2) - r + 2q < - r + 2q < 0.\end {align*}


$A_1<0$


$A_2<0$


$B_1<0$


$B_2<0$


$T_u'(t)<0$


$T_u$


$T_u$


$t_{\max }^u$


$T_u$


\begin {align}\label {nonempty-7} \sigma _u'(t) = t^{r-2+\gamma } \left ( T_u(t) - (r-1+\gamma ) \|u\|_r^r \right ).\end {align}


$T_u(t_{\max }^u)=(r-1+\gamma )\|u\|_r^r$


$\sigma _u'(t_{\max }^u)=0$


$T_u$


\begin {align}\label {nonempty-8} \sigma _u'(t)>0 \quad \text {for all } t \in (0,t_{\max }^u) \quad \text {and}\quad \sigma _u'(t)<0 \quad \text {for all } t \in (t_{\max }^u,\infty ).\end {align}


$\sigma _u$


$(0,t_{\max }^u)$


$(t_{\max }^u,\infty )$


$\sigma _u(t_{\max }^u)=\max _{t > 0} \sigma _u(t)$


$\lambda > 0$


$0<t_1^u<t_{\max }^u<t_2^u$


$t_1^u u \in \mathcal {N}_\lambda ^+$


$t_2^u u \in \mathcal {N}_\lambda ^-$


$a_0 \geq 0$


$b_0>0$


$(p-1+\gamma )>0$


$(q-1+\gamma )>0$


$(p_\ast -1+\gamma )>0$


$(r-1+\gamma )>0$


$\vartheta -1 \geq 0$


$\|u\|_r^r \leq |\Omega |^{1-\frac {r}{p^\ast }} \|u\|_{p^\ast }^r$


$\|u\|_{p^\ast } \leq S^{-\frac {1}{p}} \|u\|_{1,p}$


$t > 0$


\begin {align*}\sigma _u'(t) & =( a_0 + b_0 \Phi ^{\vartheta -1}(tu)) \left ( (p-1+\gamma ) t^{p-2+\gamma } \|u\|_{1,p}^p + (q-1+\gamma ) t^{q-2+\gamma } \|\nabla u\|_{q,\mu }^q \right )\\ & \qquad + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(tu) \left ( t^{p-1+\gamma } \|u\|_{1,p}^p + t^{q-1+\gamma } \|\nabla u\|_{q,\mu }^q \right ) \left ( t^{p-1} \|u\|_{1,p}^p+t^{q-1} \|\nabla u\|_{q,\mu }^q \right ) \\ & \qquad + (p_\ast -1+\gamma ) t^{p_\ast -2+\gamma } \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - (r-1+\gamma ) t^{r-2+\gamma } \|u\|_r^r \\ & \geq b_0 \Phi ^{\vartheta -1}(tu) (p-1+\gamma ) t^{p-2+\gamma } \|u\|_{1,p}^p - (r-1+\gamma ) t^{r-2+\gamma } \|u\|_r^r \\ & \geq \frac {b_0}{p^{\vartheta -1}} t^{p(\vartheta -1)} (p-1+\gamma ) t^{p-2+\gamma } \|u\|_{1,p}^p \|u\|_{1,p}^{p(\vartheta -1)} - (r-1+\gamma )t^{r-2+\gamma } |\Omega |^{1-\frac {r}{p^\ast }} \|u\|_{p^\ast }^r \\ & \geq \frac {b_0}{p^{\vartheta -1}} (p-1+\gamma ) t^{\vartheta p-2+\gamma } \|u\|_{1,p}^{\vartheta p} - (r-1+\gamma ) t^{r-2+\gamma } |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {r}{p}} \|u\|_{1,p}^r.\end {align*}


\begin {align*}\frac {b_0}{p^{\vartheta -1}} (p-1+\gamma ) t^{\vartheta p-2+\gamma } \|u\|_{1,p} ^{\vartheta p} - (r-1+\gamma ) t^{r-2+\gamma } |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {r}{p}} \|u\|_{1,p}^r \geq 0\end {align*}


$t_0^u=t>0$


\begin {align*}t_0^u:= \frac {1}{\|u\|_{1,p}} \left ( \frac { b_0 \left ( p-1+\gamma \right ) S^\frac {r}{p} } { p^{\vartheta -1} \left ( r-1+\gamma \right ) |\Omega |^{1-\frac {r}{p^\ast }} } \right ) ^\frac {1}{r-\vartheta p} > 0,\end {align*}


\begin {align*}\sigma _u'(t_0^u) \geq \frac {b_0}{p^{\vartheta -1}} (p-1+\gamma ) \left ( t_0^u \right ) ^{\vartheta p-2+\gamma } \|u\|_{1,p}^{\vartheta p} - (r-1+\gamma ) \left ( t_0^u \right ) ^{r-2+\gamma } |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {r}{p}} \|u\|_{1,p}^r \geq 0.\end {align*}


$t_{\max }^u \geq t_0^u$


$\sigma _u$


$(0,t_{\max }^u)$


\begin {align*}\sigma _u \left ( t_{\max }^u \right ) & \geq \sigma _u \left ( t_{0}^u \right ) \\ & =\left ( a_0 + b_0 \Phi ^{\vartheta -1} \left ( t_{0}^u u \right ) \right ) \left ( \left ( t_{0}^u \right ) ^{p-1+\gamma } \|u\|_{1,p}^p + \left ( t_{0}^u \right ) ^{q-1+\gamma } \|\nabla u\|_{q,\mu }^q \right ) + \left ( t_{0}^u \right ) ^{p_\ast -1+\gamma } \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - \left ( t_{0}^u \right ) ^{r-1+\gamma } \|u\|_r^r \\ & \geq b_0 \Phi ^{\vartheta -1} \left ( t_{0}^uu \right ) \left ( t_{0}^u \right )^{p-1+\gamma } \|u\|_{1,p}^p -\left ( t_{0}^u \right )^{r-1+\gamma } \|u\|_r^r \\ & \geq b_0 \frac {1}{p^{\vartheta -1}} \left ( t_{0}^u \right )^{p (\vartheta - 1)} \|u\|_{1,p}^{p (\vartheta - 1)} \left ( t_{0}^u \right )^{p-1+\gamma } \|u\|_{1,p}^p -\left ( t_{0}^u \right )^{r-1+\gamma } |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {r}{p}} \|u\|_{1,p}^r \\ & =\frac {b_0}{p^{\vartheta -1}} \left ( t_{0}^u \right )^{\vartheta p-1+\gamma } \|u\|_{1,p}^{\vartheta p} -\left ( t_{0}^u \right )^{r-1+\gamma } |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {r}{p}} \|u\|_{1,p}^r \\ & =\left ( t_{0}^u \right )^{\vartheta p-1+\gamma } \|u\|_{1,p}^{\vartheta p} \left ( \frac {b_0}{p^{\vartheta -1}} -\left ( t_{0}^u \right )^{r-\vartheta p} |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {r}{p}} \|u\|_{1,p}^{r-\vartheta p} \right ) \\ & =\left ( t_{0}^u \right )^{\vartheta p-1+\gamma } \|u\|_{1,p}^{\vartheta p} \left ( \frac {b_0}{p^{\vartheta -1}} - \frac { b_0 \left ( p-1+\gamma \right ) S^\frac {r}{p} |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {r}{p}} \|u\|_{1,p}^{r-\vartheta p} } { {\|u\|_{1,p}^{r-\vartheta p}} p^{\vartheta -1} \left ( r-1+\gamma \right ) |\Omega |^{1-\frac {r}{p^\ast }} } \right ) \\ & =\left ( t_{0}^u \right )^{\vartheta p-1+\gamma } \|u\|_{1,p}^{\vartheta p} \left ( \frac {b_0}{p^{\vartheta -1}} - \frac { b_0 \left ( p-1+\gamma \right ) } { p^{\vartheta -1} \left ( r-1+\gamma \right ) } \right ) \\ & =\left ( t_{0}^u \right )^{\vartheta p-1+\gamma } \|u\|_{1,p}^{\vartheta p} \frac {b_0(r-p)} {p^{\vartheta -1}(r-1+\gamma )} \\ & =\frac {1}{\|u\|_{1,p}^{\vartheta p-1+\gamma }} \left ( \frac { b_0 \left ( p-1+\gamma \right ) S^\frac {r}{p} } { p^{\vartheta -1} \left ( r-1+\gamma \right ) |\Omega |^{1-\frac {r}{p^\ast }} } \right ) ^\frac {\vartheta p-1+\gamma }{r-\vartheta p} \|u\|_{1,p}^{\vartheta p} \frac {b_0(r-p)} {p^{\vartheta -1}(r-1+\gamma )} \\ & =\frac {b_0(r-p)} {p^{\vartheta -1}(r-1+\gamma )} \left (\frac { b_0 \left ( p-1+\gamma \right ) S^\frac {r}{p} } { p^{\vartheta -1} \left ( r-1+\gamma \right ) |\Omega |^{1-\frac {r}{p^\ast }} } \right ) ^\frac {\vartheta p-1+\gamma }{r-\vartheta p} \|u\|_{1,p}^{1-\gamma } \\ & \geq \frac {S^\frac {1-\gamma }{p}}{|\Omega |^{1-\frac {1-\gamma }{p^\ast }}} \frac {b_0(r-p)} {p^{\vartheta -1}(r-1+\gamma )} \left (\frac { b_0 \left (p-1+\gamma \right ) S^\frac {r}{p} } {p^{\vartheta -1} \left ( r-1+\gamma \right ) |\Omega |^{1-\frac {r}{p^\ast }} } \right ) ^\frac {\vartheta p-1+\gamma }{r-\vartheta p} \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \\ & =\Lambda _2 \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x,\end {align*}


$\Lambda _2$


\begin {align*}\Lambda _2 := \frac {S^\frac {1-\gamma }{p}}{|\Omega |^{1-\frac {1-\gamma }{p^\ast }}} \frac {b_0(r-p)} {p^{\vartheta -1}(r-1+\gamma )} \left ( \frac { b_0 \left ( p-1+\gamma \right ) S^\frac {r}{p} } { p^{\vartheta -1} \left ( r-1+\gamma \right ) |\Omega |^{1-\frac {r}{p^\ast }} } \right ) ^\frac {\vartheta p-1+\gamma }{r-\vartheta p}.\end {align*}


$\lambda \in (0,\Lambda _2)$


\begin {align*}\sigma _u(t_{\max }^u) \geq \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x.\end {align*}


\begin {align*}\lim _{t \to \infty } \sigma _u(t) = -\infty \quad \text {and}\quad \lim _{t \searrow 0} \sigma _u(t) = 0.\end {align*}


$\sigma _u(t_{\max }^u)=\max _{t>0}\sigma _u(t)$


$\sigma _u$


$\sigma _u$


$(0, t_{\max }^u)$


$(t_{\max }^u,\infty )$


\begin {align}\label {nonempty-9} 0 < t_1^u < t_{\max }^u < t_2^u\end {align}


\begin {align*}\sigma _u(t_1^u) = \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x = \sigma _u(t_2^u).\end {align*}


$t_1^u u$


$t_2^u u \in \mathcal {N}_\lambda $


\begin {align}\label {nonempty-10} \sigma _u'(t_2^u) < 0 < \sigma _u'(t_1^u).\end {align}


$\sigma _u(t)=t^\gamma \psi _u'(t) + \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x$


\begin {align*}\sigma _u'(t) = \gamma t^{\gamma -1} \psi _u'(t) + t^\gamma \psi _u''(t) \quad \text {for all } t > 0.\end {align*}


$t_1^u u$


$t_2^u u \in \mathcal {N}_\lambda $


\begin {align*}\psi _u''(t_1^u) = (t_1^u)^{-\gamma } \sigma _u'(t_1^u) > 0, \quad \psi _u''(t_2^u) = (t_2^u)^{-\gamma } \sigma _u'(t_2^u) < 0 .\end {align*}


$t_1^u u \in \mathcal {N}_\lambda ^+$


$t_2^u u \in \mathcal {N}_\lambda ^-$


$\lambda \in (0, \min \{\Lambda _1,\Lambda _2\})$


$u \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\}$


$\lambda < \Lambda _2$


$0<t_1^u<t_2^u$


$t_1^u u \in \mathcal {N}_\lambda ^+$


$t_2^u u \in \mathcal {N}_\lambda ^-$


$\psi _u'(t_1^u)=0=\psi _u'(t_2^u)$


$\psi _u''(t_1^u)>0>\psi _u''(t_2^u)$


$\lambda < \Lambda _1$


$t>0$


$\psi _u'(t)=0=\psi _u''(t)$


$t_1^u$


$t_2^u$


$\psi _u'$


$\psi _u'<0$


$(0,t_1^u)$


$\psi _u$


$(0,t_1^u)$


$\psi _u'>0$


$(t_1^u,t_2^u)$


$\psi _u$


$(t_1^u,t_2^u)$


$\psi _u'<0$


$(t_2^u,\infty )$


$\psi _u$


$(t_2^u,\infty )$


$\psi _u(0)=0$


$\psi _u(t) \leq 0$


$t \in [0,t^u_1]$


$\max _{t \in [t_1^u,t_2^u]} \psi _u(t)=\psi _u(t_2^u)$


$\psi _u(t_2^u)>0$


$\max _{t \geq 0} \psi _u(t)=\psi _u(t_2^u)$


$\mathcal {N}_\lambda ^+$


$\rho $


$\mathcal {N}_\lambda ^-$


$\mathcal {N}_\lambda ^-$


$\lambda $


$\mathcal {N}_\lambda ^-$


$J_\lambda $


$\lambda $


$\lambda >0$


$D_1=D_1(\lambda )>0$


$D_2>0$


\begin {align*}\rho (u)< D_1 \quad \text {for all } u \in \mathcal {N}_\lambda ^+\quad \text {and}\quad \|u\|_{1,p}^p> D_2 \quad \text {for all } u \in \mathcal {N}_\lambda ^-,\end {align*}


$D_2$


$\lambda $


$\lambda >0$


$u \in \mathcal {N}_\lambda ^+$


$\psi _u'(1)=0$


$\psi _u''(1)>0$


\begin {align}\label {bounds-1} \left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \rho (u) + \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } -\lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x = \|u\|_r^r\end {align}


\begin {align*}(r-1) \|u\|_r^r & <\left ( a_0 + b_0\Phi ^{\vartheta -1}(u) \right ) \left ( (p-1) \|u\|_{1,p}^p + (q-1) \| \nabla u \|_{q,\mu }^q \right ) + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(u)\rho ^2(u) + (p_\ast -1) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x.\end {align*}


\begin {align*}&(r-1) \left ( \left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \rho (u) + \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } - \lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \right ) \\ & =(r-1) \|u\|_r^r\\ & <\left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \left ( (p-1) \|u\|_{1,p}^p + (q-1) \| \nabla u \|_{q,\mu }^q \right ) + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(u) \rho ^2(u) + (p_\ast -1) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x.\end {align*}


$\left ( a_0+b_0\Phi ^{\vartheta -1}(u) \right ) \left ( (p-1) \|u\|_{1,p}^p + (q-1) \| \nabla u \| _{q,\mu }^q \right )$


$(p_\ast -1)\|u\|^{p_\ast }_{p_\ast ,\beta ,\partial \Omega }$


$-\lambda (r-1)\int _\Omega |u|^{1-\gamma }\,\mathrm {d} x$


$\Phi (u) > \frac {1}{q} \rho (u)$


$\vartheta -1 \geq 0$


\begin {align*}\left (a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \left ((r-p) \|u\|_{1,p}^p + (r-q) \| \nabla u \|_{q,\mu }^q \right ) + (r-p_\ast ) \|u\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } & <\lambda (r-1+\gamma ) \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(u) \rho ^2(u)\\ & =\lambda (r-1+\gamma ) \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x + (\vartheta -1) b_0 \Phi ^{\vartheta -1}(u) \Phi ^{-1}(u) \rho ^2(u) \\ & <\lambda (r-1+\gamma ) \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x + (\vartheta -1) b_0 \Phi ^{\vartheta -1}(u) q \rho (u).\end {align*}


$(\vartheta -1) b_0 \Phi ^{\vartheta -1}(u) q \rho (u)$


$\lambda (r-1+\gamma )>0$


$\int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \leq |\Omega |^{1-\frac {1-\gamma }{p^\ast }} \| u \|_{p^\ast }^{1-\gamma }$


$\|u\|_{p^\ast } \leq S^{-\frac {1}{p}} \|u\|_{1,p}$


\begin {equation}\label {bounds-2} \begin {aligned} &a_0 \Big ( (r-p) \|u\|_{1,p}^p + (r-q) \| \nabla u \|_{q,\mu }^q \Big ) +b_0 \Phi ^{\vartheta -1}(u) \left ((r-\vartheta q + q - p) \|u\|_{1,p}^p + (r-\vartheta q) \| \nabla u \|_{q,\mu }^q \right ) + (r-p_\ast ) \|u\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \\ & <\lambda (r-1+\gamma ) \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x \\ &\leq \lambda (r-1+\gamma ) |\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} \| u \|_{1,p}^{1-\gamma }. \end {aligned}\end {equation}


$\|u\|_{1,p}^p$


$a_0 \geq 0$


$b_0 > 0$


$r-p>0$


$r-q>0$


$r-p_\ast > 0$


$r-\vartheta q>0$


$q-p>0$


$\vartheta \geq 1$


$\lambda (r-1+\gamma )>0$


$\Phi (u) > \frac {1}{p} \|u\|_{1,p}^p$


\begin {align*}&\frac {b_0}{p^{\vartheta -1}} (r-\vartheta q + q - p) \|u\|_{1,p}^{\vartheta p}\\ & =b_0 \left ( \frac {\|u\|_{1,p}^{ p}}{p} \right )^{\vartheta -1} (r-\vartheta q + q - p) \|u\|_{1,p}^p\\ & <b_0 \Phi ^{\vartheta -1}(u) (r-\vartheta q + q - p) \|u\|_{1,p}^p \\ & <a_0 \left ( (r-p) \|u\|_{1,p}^p + (r-q) \| \nabla u \|_{q,\mu }^q \right ) + b_0 \Phi ^{\vartheta -1}(u) (r-\vartheta q + q - p) \|u\|_{1,p}^p + b_0 \Phi ^{\vartheta -1}(u) (r-\vartheta q) \| \nabla u \|_{q,\mu }^q + (r-p_\ast ) \|u\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \\ & <\lambda (r-1+\gamma ) |\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} \| u \|_{1,p}^{1-\gamma }.\end {align*}


$\| u \|_{1,p}^p$


\begin {align}\label {bounds-3} \|u\|_{1,p}^p < A_1,\end {align}


$A_1$


\begin {align*}A_1 := \left ( \frac { p^{\vartheta -1} \lambda (r-1+\gamma ) |\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} } { b_0 (r-\vartheta q + q - p) } \right ) ^\frac {p}{\vartheta p -1 +\gamma }.\end {align*}


$\| \nabla u\|_{q,\mu }^q$


\begin {align*}&\frac {b_0}{q^{\vartheta -1}} ( r- \vartheta q) \| \nabla u\|_{q,\mu }^{\vartheta q}\\ & =b_0 \left ( \frac {\| \nabla u\|_{q,\mu }^{ q}}{q} \right )^{\vartheta -1} (r-\vartheta q) \| \nabla u\|_{q,\mu }^q\\ & <b_0 \Phi (u)^{\vartheta -1} (r-\vartheta q) \| \nabla u\|_{q,\mu }^q \\ & <a_0 \left ( (r-p) \|u\|_{1,p}^p + (r-q) \| \nabla u \|_{q,\mu }^q \right ) + b_0 \Phi ^{\vartheta -1}(u) \left ( (r-\vartheta q + q - p) \|u\|_{1,p}^p + (r-\vartheta q) \| \nabla u \|_{q,\mu }^q \right ) + (r-p_\ast ) \|u\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \\ & <\lambda (r-1+\gamma ) |\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} \| u \|_{1,p}^{1-\gamma }\\ & <\lambda (r-1+\gamma ) |\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} A_1^{\frac {1-\gamma }{p}}.\end {align*}


\begin {align}\label {bounds-4} \| \nabla u \|_{q,\mu }^q < A_2,\end {align}


$A_2$


\begin {align*}A_2:= \left ( \frac { q^{\vartheta -1} \lambda (r-1+\gamma ) |\Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} A_1^{\frac {1-\gamma }{p}} } { b_0(r-\vartheta q) } \right ) ^\frac {1}{\vartheta }.\end {align*}


\begin {align*}\rho (u) = \| u \|_{1,p}^p + \| \nabla u \|_{q,\mu }^q < A_1+A_2:= D_1.\end {align*}


$u \in \mathcal {N}_\lambda ^-$


$\psi _u'(1)=0$


$\psi _u''(1)<0$


\begin {equation}\label {bounds-5} \begin {aligned} &\left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \left ( (p-1) \|u\|_{1,p}^p + (q-1) \| \nabla u \|_{q,\mu }^q \right )\\ &+ (\vartheta -1) b_0 \Phi ^{\vartheta -2}(u)\rho ^2(u)+ (p_\ast -1) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x\\ &<(r-1) \|u\|_r^r. \end {aligned}\end {equation}


$\gamma $


$r-1+\gamma >0$


$\|u\|_r^r \leq |\Omega |^{1-\frac {r}{p^\ast }} \| u \|_{p^\ast }^{r}$


$\|u\|_{p^\ast } \leq S^{-\frac {1}{p}} \|u\|_{1,p}$


\begin {align*}&\Big (a_0 + b_0 \Phi ^{\vartheta -1}(u) \Big ) \left ( (p-1+\gamma ) \|u\|_{1,p}^p + (q-1+\gamma ) \| \nabla u \|_{q,\mu }^q \right ) + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(u) \rho ^2(u) + (p_\ast -1+\gamma ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } \\ & <(r-1+\gamma ) \|u\|_r^r \leq (r-1+\gamma ) |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {1-\gamma }{p}} \| u \|_{1,p}^{1-\gamma }.\end {align*}


\begin {align*}\frac {b_0}{p^{\vartheta -1}} (p-1+\gamma ) \|u\|_{1,p}^{\vartheta p} & =b_0 \left ( \frac {\|u\|_{1,p}^{ p}}{p} \right ) ^{\vartheta -1} (p-1+\gamma ) \|u\|_{1,p}^p \\ & <b_0 \Phi ^{\vartheta -1}(u) (p-1+\gamma ) \|u\|_{1,p}^p \\ & <\left ( a_0 + b_0\Phi ^{\vartheta -1}(u) \right ) \left ( (p-1+\gamma ) \|u\|_{1,p}^p + (q-1+\gamma ) \| \nabla u \|_{q,\mu }^q \right ) + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(u) \rho ^2(u) + (p_\ast -1+\gamma ) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } \\ & <(r-1+\gamma ) |\Omega |^{1-\frac {r}{p^\ast }} S^{-\frac {1-\gamma }{p}} \| u \|_{1,p}^{1-\gamma }.\end {align*}


$\|u\|_{1,p}^p$


\begin {align*}\|u\|_{1,p}^p > D_2,\end {align*}


$D_2$


$\lambda $


\begin {align*}D_2 := \left ( \frac { b_0(p-1+\gamma ) S^{\frac {1-\gamma }{p}} } { p^{\vartheta -1} (r-1+\gamma ) |\Omega |^{1-\frac {r}{p^\ast }} } \right ) ^{\frac {p}{1-\gamma -\vartheta p}}.\end {align*}


$u_\lambda $


$v_\lambda $


\begin {align*}J_\lambda (u_\lambda ) = \min _{u \in \mathcal {N}_\lambda ^+} J_\lambda (u) \quad \text {and} \quad J_\lambda (v_\lambda ) = \min _{v \in \mathcal {N}_\lambda ^-} J_\lambda (v).\end {align*}


\begin {align*}\Theta _\lambda ^+ := \inf _{u \in \mathcal {N}_\lambda ^+} J_\lambda (u) \quad \text {and} \quad \Theta _\lambda ^- := \inf _{v \in \mathcal {N}_\lambda ^-} J_\lambda (v).\end {align*}


$\lambda > 0$


$J_\lambda $


$\mathcal {N}_\lambda ^+$


$\lambda > 0$


$u \in \mathcal {N}_\lambda ^+$


$J_\lambda (u)<0$


$\mathcal {N}_\lambda ^+$


$\lambda >0$


$\Theta _\lambda ^+ <0$


$\lambda > 0$


$u \in \mathcal {N}_\lambda ^+$


$\psi _u'(1)=0$


$\psi _u''(1)>0$


\begin {align}\label {lemma_1-1} \left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \rho (u) + \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } -\lambda \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x = \|u\|_r^r\end {align}


\begin {equation}\label {lemma_1-2} \begin {aligned} (r-1) \|u\|_r^r & < \left ( a_0 + b_0\Phi ^{\vartheta -1}(u) \right ) \left ( (p-1) \|u\|_{1,p}^p + (q-1) \| \nabla u \|_{q,\mu }^q \right ) + (\vartheta -1) b_0 \Phi ^{\vartheta -2}(u)\rho ^2(u) + (p_\ast -1) \|u\|_{p_\ast ,\beta ,\partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x. \end {aligned}\end {equation}


$\gamma $


\begin {align*}(r-1+\gamma ) \|u\|_r^r & <\left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \left ( (p-1+\gamma ) \| u \|_{1,p}^p + (q-1+\gamma ) \| \nabla u \|_{q,\mu }^q \right ) + b_0 (\vartheta -1) \Phi ^{\vartheta - 2}(u) \rho ^2(u) + (p_\ast -1+\gamma ) \| u \|_{p_\ast ,\beta , \partial \Omega }^{p_\ast }.\end {align*}


$\eqref {lemma_1-1}$


$b_0 > 0$


$\vartheta -1 \geq 0$


$p-1+\gamma > 0$


$p_\ast -1+\gamma >0$


$1-\gamma >0$


$\frac {1}{r}-\frac {1}{p}<0$


$\frac {1}{r}-\frac {1}{p_\ast }<0$


$\frac {1}{q} \rho (u)<\Phi (u)$


\begin {align*}J_\lambda (u) & =a_0 \Phi (u) + \frac {b_0}{\vartheta } \Phi ^\vartheta (u) + \frac {1}{p_\ast } \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {\lambda }{1-\gamma } \int _\Omega |u|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \|u\|_r^r\\ & =a_0 \Phi (u) + \frac {b_0}{\vartheta }\Phi ^\vartheta (u) + \frac {1}{p_\ast } \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } + \frac {1}{1-\gamma } \left ( \|u\|_r^r - \left ( a_0 + b_0 \Phi ^{\vartheta - 1} (u) \right ) \rho (u) - \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right ) - \frac {1}{r} \|u\|_r^r \\ & =a_0 \Phi (u) + \frac {b_0}{\vartheta }\Phi ^\vartheta (u) + \frac {1-\gamma -p_\ast }{p_\ast (1-\gamma )} \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {1}{1-\gamma } \left ( a_0 + b_0 \Phi ^{\vartheta - 1} (u) \right ) \rho (u) + \frac {r-1+\gamma }{r(1-\gamma )} \|u\|_r^r\\ & <a_0 \Phi (u) + \frac {b_0}{\vartheta }\Phi ^\vartheta (u) + \frac {1-\gamma -p_\ast }{p_\ast (1-\gamma )} \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {1}{1-\gamma } \left ( a_0 + b_0 \Phi ^{\vartheta - 1} (u) \right ) \rho (u) \\ & \qquad + \frac {1}{r(1-\gamma )} \left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \left ( (p-1+\gamma ) \| u \|_{1,p}^p + (q-1+\gamma ) \| \nabla u \|_{q,\mu }^q \right )\\ & \qquad + \frac {1}{r(1-\gamma )} \left ( b_0 (\vartheta -1) \Phi ^{\vartheta - 2}(u) \rho ^2(u) + (p_\ast -1+\gamma ) \| u \|_{p_\ast ,\beta , \partial \Omega }^{p_\ast } \right ) \\ & =a_0 \Phi (u) + \frac {b_0}{\vartheta } \Phi ^\vartheta (u) +b_0 \frac {\vartheta -1}{r(1-\gamma )} \Phi ^{\vartheta - 1}(u) \Phi ^{-1}(u) \rho ^2(u) + \left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \left ( \frac {p-r+\gamma -1}{r(1-\gamma )} \| u \|_{1,p}^p + \frac {q-r+\gamma -1}{r(1-\gamma )} \| \nabla u \|_{q,\mu }^q \right )\\ & \qquad + \frac {p_\ast -1+\gamma }{1-\gamma } \left ( \frac {1}{r} - \frac {1}{p_\ast } \right ) \| u \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }\\ & \leq a_0 \Phi (u) + \frac {b_0}{\vartheta } \Phi ^\vartheta (u) + b_0 \frac {q(\vartheta -1)}{r(1-\gamma )} \Phi ^{\vartheta - 1}(u) \rho (u) + \left ( a_0 + b_0 \Phi ^{\vartheta -1}(u) \right ) \left ( \frac {p-r+\gamma -1}{r(1-\gamma )} \| u \|_{1,p}^p + \frac {q-r+\gamma -1}{r(1-\gamma )} \| \nabla u \|_{q,\mu }^q \right ) \\ & =\left [ a_0 \left ( \frac {1}{p} + \frac {p-r+\gamma -1}{r(1-\gamma )} \right ) +b_0 \Phi ^{\vartheta -1} (u) \left ( \frac {1}{\vartheta p} + \frac {p-r+\gamma -1}{r(1-\gamma )} + \frac {q(\vartheta -1)}{r(1-\gamma )} \right ) \right ] \| u \|_{1,p}^p \\ & \qquad + \left [ a_0 \left ( \frac {1}{q} + \frac {q-r+\gamma -1}{r(1-\gamma )} \right ) +b_0 \Phi ^{\vartheta -1} (u) \left ( \frac {1}{\vartheta q} + \frac {q-r+\gamma -1}{r(1-\gamma )} + \frac {q(\vartheta -1)}{r(1-\gamma )} \right ) \right ] \| \nabla u \|_{q,\mu }^q \\ & =\left ( a_0 \tilde A_1 + b_0 \Phi ^{\vartheta -1} (u) \tilde B_1 \right ) \| u \|_{1,p}^p + \left ( a_0 \tilde A_2 + b_0 \Phi ^{\vartheta -1} (u) \tilde B_2 \right ) \| \nabla u \|_{q, \mu }^q,\end {align*}


$\tilde A_1$


$\tilde A_2$


$\tilde B_1$


$\tilde B_2$


\begin {align*}\begin {aligned} \tilde A_1 & := \frac {1}{p} +\frac {p-r+\gamma -1}{r(1-\gamma )}, \quad & \tilde B_1 &:= \frac {1}{\vartheta p} + \frac {p-r+\gamma -1}{r(1-\gamma )} + \frac {q(\vartheta -1)}{r(1-\gamma )}, \\ \tilde A_2 & := \frac {1}{q} +\frac {q-r+\gamma -1}{r(1-\gamma )}, & \tilde B_2 &:= \frac {1}{\vartheta q} + \frac {q-r+\gamma -1}{r(1-\gamma )} + \frac {q(\vartheta -1)}{r(1-\gamma )}. \end {aligned}\end {align*}


$r-p>0$


$1-\gamma -p<0$


$1-\gamma >0$


\begin {align*}\tilde A_1= \frac {(r-p)(1-\gamma -p)}{pr(1-\gamma )}< 0\quad \text {and}\quad \tilde A_2 = \frac {(r-q)(1-\gamma -q)}{qr(1-\gamma )} < 0.\end {align*}


$\tilde B_1$


$\tilde B_2$


$r-\vartheta p > 0$


$r-\vartheta q > 0$


$1-\gamma >0$


$1-\gamma -\vartheta q<0$


$1-\vartheta \leq 0$


\begin {align*}\tilde B_1=\frac { (r-\vartheta p)(1-\gamma -p) + p(r-\vartheta q)(1-\vartheta ) } { \vartheta p r(1-\gamma ) }<0,\qquad \tilde B_2=\frac { (r-\vartheta q)(1-\gamma -\vartheta q) } { \vartheta q r(1-\gamma ) }<0.\end {align*}


$u \neq 0$


$u \in \mathcal {N}_\lambda ^+$


\begin {align*}J_\lambda (u) < \left ( a_0 \tilde {A}_1 + b_0 \Phi ^{\vartheta -1} (u) \tilde {B}_1 \right ) \| u \|_{1,p}^p + \left ( a_0 \tilde {A}_2 + b_0 \Phi ^{\vartheta -1} (u) \tilde {B}_2 \right ) \| \nabla u \|_{q, \mu }^q < 0,\end {align*}


$\lambda >0$


$u_\lambda \in \mathcal {N}_\lambda ^+$


$\Theta _\lambda ^+ = \inf _{u \in \mathcal {N}_\lambda ^+} J_\lambda (u)=J_\lambda (u_\lambda )$


$\lambda \in (0, \min \{\Lambda _1,\Lambda _2\})$


$\Lambda _1>0$


$\Lambda _2>0$


$u_\lambda \in \mathcal {N}_\lambda ^+$


$J_\lambda (u_\lambda ) = \Theta _\lambda ^+$


$u_\lambda \geq 0$


$\Omega $


$J_\lambda (u_\lambda )=\Theta _\lambda ^+ < 0$


$\lambda < \Lambda _2$


$\mathcal {N}_\lambda ^+$


$\Theta _\lambda ^+ <0$


$\mathcal {N}_\lambda ^+$


$\{u_n\}_{n \in \mathbb {N}}$


$\mathcal {N}_\lambda ^+$


$J_\lambda $


$\{J_\lambda (u_n)\}_{n \in \mathbb {N}}$


\begin {align}\label {lemma_2-1} \lim _{n \to \infty } J_\lambda (u_n) = \Theta _\lambda ^+<0.\end {align}


$\{u_n\}_{n \in \mathbb {N}}$


$W^{1,\mathcal {H}}(\Omega )$


$\lim _{n \to \infty } J_\lambda (u_n) = \infty $


$\{u_n\}_{n \in \mathbb {N}}$


$W^{1,\mathcal {H}}(\Omega )$


$W^{1,\mathcal {H}}(\Omega )$


$\{u_n\}_{n \in \mathbb {N}}$


\begin {align*}\begin {aligned} u_n &\to u_\lambda \quad \text {in } L^r(\Omega ), \qquad & u_n &\rightharpoonup u_\lambda \quad \text {in } L_\beta ^{p_\ast }(\partial \Omega ),\\ u_n &\rightharpoonup u_\lambda \quad \text {in } W^{1,p}(\Omega ), & \nabla u_n &\rightharpoonup \nabla u_\lambda \quad \text {in } L_\mu ^q(\Omega ), \end {aligned}\end {align*}


$n \to \infty $


\begin {align*}u_n \rightarrow u_\lambda \quad \text {a.e.\,in } \Omega \quad \text {and}\quad |u_n| \leq f \quad \text {for all } n \in \mathbb {N} \text { and a.e.\,in } \Omega \end {align*}


$n \to \infty $


$f \in L^1(\Omega )$


\begin {align}\label {lemma_2-2} \lim _{n \to \infty } \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x = \int _\Omega |u_\lambda |^{1-\gamma } \,\mathrm {d} x.\end {align}


$u_\lambda \neq 0$


$u_n \to u_\lambda $


$L^r(\Omega )$


$n \to \infty $


\begin {align*}\liminf _{n\to \infty } J_\lambda (u_n) & =\liminf _{n \to \infty } \Bigg ( a_0 \Phi (u_n) + \frac {b_0}{\vartheta } \Phi ^\vartheta (u_n) + \frac {1}{p_\ast } \| u_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }- \frac {\lambda }{1-\gamma } \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \|u_n\|_r^r \Bigg )\\ & \geq \liminf _{n\to \infty } \left ( a_0 \Phi (u_n) \right ) + \liminf _{n\to \infty } \left ( \frac {b_0}{\vartheta } \Phi ^\vartheta (u_n) \right ) + \liminf _{n\to \infty } \left ( \frac {1}{p_\ast } \|u_n\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right ) \\ & \qquad + \liminf _{n\to \infty } \left ( - \frac {\lambda }{1-\gamma } \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x \right ) + \liminf _{n\to \infty } \left ( - \frac {1}{r} \| u_n \|_r^r \right )\\ & \geq a_0 \left ( \frac {1}{p} \liminf _{n\to \infty } \| u_n\|_{1,p}^p + \frac {1}{q} \liminf _{n\to \infty } \|\nabla u_n\|_{q,\mu }^q \right ) + \frac {b_0}{\vartheta } \left ( \frac {1}{p} \liminf _{n\to \infty } \| u_n\|_{1,p}^p + \frac {1}{q} \liminf _{n\to \infty } \|\nabla u_n\|_{q,\mu }^q \right )^\vartheta \\ & \qquad + \frac {1}{p_\ast } \liminf _{n\to \infty } \|u_n\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {\lambda }{1-\gamma } \lim _{n\to \infty } \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \lim _{n\to \infty } \| u_n \|_r^r\\ & \geq a_0 \left ( \frac {1}{p} \| u_\lambda \|_{1,p}^p + \frac {1}{q}\|\nabla u_\lambda \|_{q,\mu }^q \right ) + \frac {b_0}{\vartheta } \left ( \frac {1}{p} \| u_\lambda \|_{1,p}^p + \frac {1}{q} \|\nabla u_\lambda \|_{q,\mu }^q \right )^\vartheta \\ & \qquad + \frac {1}{p_\ast } \| u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {\lambda }{1-\gamma } \int _\Omega |u_\lambda |^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \| u_\lambda \|_r^r \\ & =J_\lambda (u_\lambda ).\end {align*}


\begin {align*}J_\lambda (u_\lambda ) \leq \liminf _{n\to \infty } J_\lambda (u_n) = \lim _{n\to \infty } J_\lambda (u_n) = \Theta _\lambda ^+ < 0 = J_\lambda (0).\end {align*}


$u_\lambda \neq 0$


$\lambda < \Lambda _2$


$t_1^{u_\lambda } > 0$


$t_1^{u_\lambda } u_\lambda \in \mathcal {N}_\lambda ^+$


$\lim _{n \to \infty } J_\lambda (u_n) = J_\lambda (u_\lambda )$


\begin {equation}\label {lemma_2-3} \begin {aligned} \liminf _{n \to \infty } \| u_n \|_{1,p}^p = \| u_\lambda \|_{1,p}^p,\qquad \liminf _{n \to \infty } \| \nabla u_n \|_{q,\mu }^q= \| \nabla u_\lambda \|_{q,\mu }^q,\qquad \liminf _{n \to \infty } \| u_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }= \| u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }. \end {aligned}\end {equation}


\begin {equation}\label {lemma_2-4} \begin {aligned} \liminf _{n \to \infty } \| u_n \|_{1,p}^p > \| u_\lambda \|_{1,p}^p\qquad \text {or}\qquad \liminf _{n \to \infty } \| \nabla u_n \|_{q,\mu }^q > \| \nabla u_\lambda \|_{q,\mu }^q\qquad \text {or}\qquad \liminf _{n \to \infty } \| u_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } &> \| u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }. \end {aligned}\end {equation}


\begin {align*}\liminf _{n \to \infty } \Phi ^{\vartheta -1} \left ( t_1^{u_\lambda } u_n \right )\geq \left ( \frac {1}{p} \left ( t_1^{u_\lambda } \right ) ^p \liminf _{n\to \infty } \| u_n\|_{1,p}^p + \frac {1}{q} \left ( t_1^{u_\lambda } \right ) ^q \liminf _{n\to \infty } \|\nabla u_n\|_{q,\mu }^q \right ) ^{\vartheta -1}\end {align*}


\begin {align*}\liminf _{n \to \infty } \rho \left ( t_1^{u_\lambda } u_n \right )\geq \left ( t_1^{u_\lambda } \right ) ^p \liminf _{n\to \infty } \| u_n\|_{1,p}^p + \left ( t_1^{u_\lambda } \right ) ^q \liminf _{n\to \infty } \|\nabla u_n\|_{q,\mu }^q.\end {align*}


$u_n \to u_\lambda $


$L^r(\Omega )$


$n \to \infty $


\begin {align*}&\liminf _{n\to \infty } \psi _{u_n}' \left ( t_1^{u_\lambda } \right )\\ & =\liminf _{n\to \infty } \left ( \left ( a_0 + b_0 \Phi ^{\vartheta -1} \left ( t_1^{u_\lambda } u_n \right ) \right ) \left ( t_1^{u_\lambda } \right ) ^{-1} \rho \left ( t_1^{u_\lambda } u_n \right )+ \left ( t_1^{u_\lambda } \right ) ^{p_\ast - 1} \|u_n\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda \left ( t_1^{u_\lambda } \right ) ^{-\gamma } \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x- \left ( t_1^{u_\lambda } \right ) ^{r-1} \| u_n \|_r^r \right ) \\ & \geq \liminf _{n\to \infty } \Big ( \left ( a_0 + b_0 \Phi ^{\vartheta -1} \left ( t_1^{u_\lambda } u_n \right ) \right ) \left ( t_1^{u_\lambda } \right ) ^{-1} \rho \left ( t_1^{u_\lambda } u_n \right ) \Big ) + \liminf _{n\to \infty } \left ( t_1^{u_\lambda } \right ) ^{p_\ast - 1} \|u_n\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda \left ( t_1^{u_\lambda } \right ) ^{-\gamma } \lim _{n\to \infty } \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x - \left ( t_1^{u_\lambda } \right ) ^{r-1} \lim _{n\to \infty } \| u_n \|_r^r \\ & >\left ( a_0 + b_0 \Phi ^{\vartheta -1} \left ( t_1^{u_\lambda } u_\lambda \right ) \right ) \left ( t_1^{u_\lambda } \right ) ^{-1} \rho \left ( t_1^{u_\lambda } u_\lambda \right ) + \left ( t_1^{u_\lambda } \right ) ^{p_\ast - 1} \|u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda \left ( t_1^{u_\lambda } \right ) ^{-\gamma } \int _\Omega |u_\lambda |^{1-\gamma } \,\mathrm {d} x - \left ( t_1^{u_\lambda } \right ) ^{r-1} \| u_\lambda \|_r^r \\ & =\psi _{u_\lambda }' \left ( t_1^{u_\lambda } \right )=(t_1^{u_\lambda })^{-1}\psi '_{t_1^{u_\lambda }u_\lambda }(1)=0.\end {align*}


$n \in \mathbb {N}$


$\psi _{u_n}' \left ( t_1^{u_\lambda } \right ) >0$


$\lambda < \Lambda _2$


$u_n \neq 0$


$t_1^{u_n}>0$


$t_1^{u_n} u_n \in \mathcal {N}_\lambda ^+$


$u_n \in \mathcal {N}_\lambda ^+$


$t_1^{u_n}=1$


$\lambda < \min \{\Lambda _1,\Lambda _2\}$


$\psi _{u_n}'(t) \leq 0$


$t \in (0,t_1^{u_n}]=(0,1]$


$t_1^{u_\lambda } > 1$


$u_\lambda \neq 0$


$\psi _{u_\lambda }$


$[0,t_1^{u_\lambda }] \supseteq [1,t_1^{u_\lambda }]$


\begin {align*}\Theta _\lambda ^+ \leq J_\lambda \left ( t_1^{u_\lambda } u_\lambda \right ) = \psi _{u_\lambda } \left ( t_1^{u_\lambda } \right ) \leq \psi _{u_\lambda } (1) = J_\lambda (u_\lambda ) < \liminf _{n \to \infty } J_\lambda (u_n) = \Theta _\lambda ^+.\end {align*}


$\{u_n\}_{n \in \mathbb {N}}$


$u_n \to u_\lambda $


$L^r(\Omega )$


$n \to \infty $


\begin {align*}\Theta _\lambda ^+ & =\lim _{n \to \infty } J_\lambda (u_n) =\lim _{n \to \infty } \bigg ( a_0 \Phi (u_n) + \frac {b_0}{\vartheta } \Phi ^\vartheta (u_n) + \frac {1}{p_\ast } \| u_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {\lambda }{1-\gamma } \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \|u_n\|_r^r \bigg ) =J_\lambda (u_\lambda ) .\end {align*}


$u_\lambda \in \mathcal {N}_\lambda ^+$


$n \in \mathbb {N}$


\begin {align*}\psi _{u_n}'(1)& =\left (a_0 + b_0 \Phi ^{\vartheta -1}(u_n) \right ) \left ( \|u_n\|_{1,p}^p + \| \nabla u_n \|_{q,\mu }^q \right ) + \| u_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x - \|u_n\|_r^r\end {align*}


\begin {align*}\psi _{u_n}''(1) & =\left (a_0 + b_0 \Phi ^{\vartheta -1}(u_n) \right ) \left ((p-1) \|u_n\|_{1,p}^p + (q-1) \| \nabla u_n \|_{q,\mu }^q \right ) + b_0 (\vartheta -1) \Phi ^{\vartheta -2}(u_n) \left ( \|u_n\|_{1,p}^p + \| \nabla u_n \|_{q,\mu }^q \right )^2\\ & \qquad + (p_\ast -1) \| u_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |u_n|^{1-\gamma } \,\mathrm {d} x - (r-1) \|u_n\|_r^r.\end {align*}


$u_n \in \mathcal {N}_\lambda ^+$


$\psi _{u_n}'(1)=0$


$\psi _{u_n}''(1)>0$


$n \in \mathbb {N}$


$n \to \infty $


$\psi _{u_n}'$


$\psi _{u_n}''$


$\lim _{n \to \infty } J_\lambda (u_n) = J_\lambda (u_\lambda )$


$\psi _{u_\lambda }'(1)=0$


$\psi _{u_\lambda }''(1) \geq 0$


$\lambda < \Lambda _1$


$\mathcal {N}_\lambda ^\circ =\emptyset $


$\psi _{u_\lambda }''(1)>0$


$u_\lambda \in \mathcal {N}_\lambda ^+$


$u_\lambda \geq 0$


$\Omega $


$|u_\lambda | \in W^{1,\mathcal {H}}(\Omega )$


\begin {align*}J_\lambda (|u_\lambda |)=J_\lambda (u_\lambda ) = \Theta _\lambda ^+,\quad \psi _{|u_\lambda |}'(1)= \psi _{u_\lambda }'(1) = 0,\quad \text {and}\quad \psi _{|u_\lambda |}''(1)= \psi _{u_\lambda }''(1) > 0,\end {align*}


$|u_\lambda | \in \mathcal {N}_\lambda ^+$


$u_\lambda \geq 0$


$\Omega $


$\lambda >0$


$u \in \mathcal {N}_\lambda ^+$


$\varepsilon >0$


$\zeta \colon B_\varepsilon (0) \to (0,\infty )$


\begin {align*}\zeta (0)=1\quad \text {and}\quad \zeta (v)(u+v) \in \mathcal {N}_\lambda ^+ \quad \text {for all } v \in B_\varepsilon (0),\end {align*}


$B_\varepsilon (0)\subset W^{1,\mathcal {H}}(\Omega )$


$0$


$\varepsilon $


$\mathcal {N}_\lambda ^+$


$\mathcal {N}_\lambda ^-$


$u \in \mathcal {N}_\lambda ^+$


\begin {align*}F\colon W^{1,\mathcal {H}}(\Omega ) \times (0,\infty ) \to \mathbb {R},\quad (v,t) \mapsto t^\gamma \psi _{u+v}'(t).\end {align*}


$F$


\begin {align}\label {lemma_3-1} \frac {\partial F}{\partial t} (v,t) = \gamma t^{\gamma - 1} \psi _{u+v}'(t) + t^\gamma \psi _{u+v}''(t)\quad \text {for all }(v,t) \in W^{1,\mathcal {H}}(\Omega ) \times (0,\infty ).\end {align}


$u \in \mathcal {N}_\lambda ^+$


\begin {align*}F(0,1) = \psi _u'(1)=0 \quad \text {and}\quad \frac {\partial F}{\partial t} (0,1) = \psi _u''(1) > 0.\end {align*}


$\varepsilon >0$


$\zeta \colon B_\varepsilon (0) \to (0,\infty )$


$v \in B_\varepsilon (0)$


$t \in \zeta (B_\varepsilon (0))$


\begin {align*}F(v,t)=0\quad \text {if and only if}\quad t=\zeta (v).\end {align*}


\begin {align}\label {lemma_3-2} \zeta (0)=1\quad \text {and}\quad \psi _{u+v}'(\zeta (v)) = F(v,\zeta (v))=0\quad \text {for all } v \in B_\varepsilon (0).\end {align}


$F$


$\zeta (v)(u+v) \in \mathcal {N}_\lambda $


$v \in B_\varepsilon (0)$


\begin {align*}\frac {\partial F}{ \partial t}(v,\zeta (v)) = \zeta ^\gamma (v)\psi _{u+v}''(\zeta (v)) \quad \text {for all } v \in B_\varepsilon (0).\end {align*}


$\partial _t F(0,1) > 0$


$\zeta (0)=1$


$\partial _t F$


$\varepsilon $


$\zeta ^\gamma (v)\psi _{u+v}''(\zeta (v)) > 0$


\begin {align*}\zeta (v)(u+v) \in \mathcal {N}_\lambda ^+ \quad \text {for all } v \in B_\varepsilon (0),\end {align*}


$\lambda \in (0, \min \{\Lambda _1,\Lambda _2\})$


$\Lambda _1 > 0$


$\Lambda _2 > 0$


$h \in W^{1,\mathcal {H}}(\Omega )$


$\delta _h>0$


\begin {align*}J_\lambda (u_\lambda ) \leq J_\lambda (u_\lambda +th) \quad \text {for all } t \in [0,\delta _h),\end {align*}


$u_\lambda \in W^{1,\mathcal {H}}(\Omega ) \setminus \{0\}$


$h \in W^{1,\mathcal {H}}(\Omega )$


$u_\lambda \in \mathcal {N}_\lambda ^+$


$\psi _{u_\lambda }''(1)>0$


$\delta _h>0$


$\eta _h \in (0,1)$


$t \in [0,\delta _h)$


$\psi _{u_\lambda +th}$


$(1-\eta _h,1+\eta _h)$


$\psi _{u_\lambda +th}''(s)>0$


$t \in [0,\delta _h)$


$s \in (1-\eta _h,1+\eta _h)$


$(s,t) \mapsto \psi _{u_\lambda +th}''(s)$


$(1,0)$


$\frac {1}{2}\psi _{u_\lambda }''(1)>0$


$\delta _0 >0$


$t\geq 0$


$s>0$


\begin {align}\label {lemma_4-1} |\psi _{u_\lambda +th}''(s) - \psi _{u_\lambda } ''(1) | < \frac {1}{2} \psi _{u_\lambda }''(1)\end {align}


$|(s,t)-(1,0)|<\delta _0$


\begin {align}\label {lemma_4-2} \delta _h:= \frac {\delta _0}{2} > 0\quad \text {and}\quad \eta _h:= \min \left \{ \sqrt {\delta _0^2-\delta _h^2} , \frac {1}{2} \right \} \in (0,1).\end {align}


$t \in [0,\delta _h)$


$s \in (1-\eta _h,1+\eta _h)$


\begin {align*}|(s,t)-(1,0)| = \sqrt {(s-1)^2+t^2 } < \sqrt { \eta _h^2 + \delta _h^2 } \leq \delta _0.\end {align*}


\begin {align*}\psi _{u_\lambda +th}''(s) > \psi _{u_\lambda }''(1) - \frac {1}{2} \psi _{u_\lambda }''(1) = \frac {1}{2} \psi _{u_\lambda }''(1) > 0.\end {align*}


$\varepsilon >0$


$h$


$\zeta \colon B_\varepsilon (0) \to (0,\infty )$


\begin {align*}\zeta (0 \cdot h)=1\quad \text {and}\quad \zeta (th)(u_\lambda + th) \in \mathcal {N}_\lambda ^+ \quad \text {for all } t \in [0,\delta _h),\end {align*}


$\delta _h$


$th \in B_\varepsilon (0)$


$t \in [0,\delta _h)$


$\zeta (th)(u_\lambda + th) \in \mathcal {N}_\lambda ^+$


$\psi _{u_\lambda + th}'(\zeta (th))=0$


$\psi _{u_\lambda + th}''(\zeta (th))>0$


$\psi _{u_\lambda + th}$


$\zeta (th)$


$t \in [0,\delta _h)$


$\eta _h$


$\eta _h$


$\delta _h$


$t \mapsto \zeta (th)$


$\zeta (0 \cdot h)=1$


$\delta _h$


$\zeta (th) \in (1-\eta _h,1+\eta _h)$


$t \in [0,\delta _h)$


$t \in [0,\delta _h)$


$\psi _{u_\lambda +th}$


$(1-\eta _h,1+\eta _h)$


$\zeta (th) \in (1-\eta _h,1+\eta _h)$


$J(u_\lambda )=\Theta _\lambda ^+$


$t \in [0, \delta _h)$


\begin {align*}J_\lambda (u_\lambda ) = \Theta _\lambda ^+ \leq J_\lambda (\zeta (th)(u_\lambda +th)) = \psi _{u_\lambda +th}(\zeta (th)) \leq \psi _{u_\lambda +th} (1) = J_\lambda (u_\lambda +th),\end {align*}


$u_\lambda $


$\lambda \in (0, \min \{\Lambda _1,\Lambda _2\})$


$\Lambda _1 > 0$


$\Lambda _2 > 0$


$u_\lambda $


$u_\lambda \geq 0$


$\Omega $


$u_\lambda \neq 0$


$\Omega $


$K \subseteq \Omega $


$|K|>0$


$u_\lambda = 0$


$K$


$h \in W^{1,\mathcal {H}} (\Omega )$


$h>0$


$\gamma <1$


$t > 0$


$(u_\lambda +th)^{1-\gamma } > u_\lambda ^{1-\gamma }$


$\Omega \setminus K$


\begin {align}\label {lemma_5-1} \int _{\Omega \setminus K} \left ( (u_\lambda + th)^{1-\gamma } - u_\lambda ^{1-\gamma } \right ) \,\mathrm {d} x \geq 0.\end {align}


$\delta _h>0$


$t \in [0,\delta _h)$


$J_\lambda (u_\lambda ) \leq J_\lambda (u_\lambda +th)$


$u_\lambda =0$


$K$


$t \in [0,\delta _h)$


\begin {align*}0 & \leq J_\lambda (u_\lambda +th) - J_\lambda (u_\lambda ) \\ & =M \left ( \Phi (u_\lambda +th) \right ) - M \left ( \Phi (u_\lambda ) \right ) - \frac {\lambda }{1-\gamma } \int _\Omega \left ( (u_\lambda + th)^{1-\gamma } - u_\lambda ^{1-\gamma } \right ) \,\mathrm {d} x + \frac {1}{p_\ast } \left ( \| u_\lambda + th \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right ) - \frac {1}{r} \left ( \| u_\lambda + th \|_r^r - \|u_\lambda \|_r^r \right ) \\ & =M \left (\Phi (u_\lambda +th) \right ) - M \left ( \Phi (u_\lambda ) \right ) - \frac {\lambda }{1-\gamma } \int _{\Omega \setminus K} \left ( (u_\lambda + th)^{1-\gamma } - u_\lambda ^{1-\gamma } \right ) \,\mathrm {d} x - \frac {\lambda }{1-\gamma } \int _K \left ( (u_\lambda + th)^{1-\gamma } - u_\lambda ^{1-\gamma } \right ) \,\mathrm {d} x \\ & \qquad + \frac {1}{p_\ast } \left ( \| u_\lambda + th \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right ) - \frac {1}{r} \left (\| u_\lambda + th \|_r^r - \|u_\lambda \|_r^r \right ) \\ & \leq M \left (\Phi (u_\lambda +th) \right ) - M \left (\Phi (u_\lambda ) \right ) - \frac {\lambda t^{1-\gamma }}{1-\gamma } \int _K h^{1-\gamma } \,\mathrm {d} x + \frac {1}{p_\ast } \left ( \| u_\lambda + th \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right ) - \frac {1}{r} \left ( \| u_\lambda + th \|_r^r - \|u_\lambda \|_r^r \right ).\end {align*}


$t>0$


$t \searrow 0$


$1-\gamma > 0$


$\lim _{t \searrow 0} t^{-\gamma }=\infty $


$\int _K h^{1-\gamma } \,\mathrm {d} x > 0$


\begin {align*}0 \leq \lim _{t \searrow 0} \frac {J_\lambda (u_\lambda + th)-J_\lambda (u_\lambda )}{t} = -\infty .\end {align*}


$u_\lambda >0$


$\Omega $


$h \in W^{1,\mathcal {H}}(\Omega )$


$h \geq 0$


$\Omega $


$u_\lambda ^{-\gamma }h \in L^1(\Omega )$


\begin {equation}\label {lemma_5-2} \begin {aligned} &m(\Phi (u_\lambda )) \left ( \int _\Omega \mathcal {L}(u_\lambda ) \cdot \nabla h \,\mathrm {d} x+ \int _{\Omega } \alpha (x) u_\lambda ^{p-1} h \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} h \,\mathrm {d} \sigma \geq \lambda \int _\Omega u_\lambda ^{-\gamma } h \,\mathrm {d} x + \int _\Omega u_\lambda ^{r-1} h \,\mathrm {d} x. \end {aligned}\end {equation}


$h \in W^{1,\mathcal {H}}(\Omega )$


$h \geq 0$


$\{t_n\}_{n \in \mathbb {N}}$


$\lim _{n \to \infty } t_n=0$


$\{\zeta _n\}_{n \in \mathbb {N}}$


\begin {align*}\zeta _n\colon \Omega \to \mathbb {R},\quad \zeta _n(x) := \frac { (u_\lambda (x)+t_nh(x))^{1-\gamma } - u_\lambda (x)^{1-\gamma } } { t_n }.\end {align*}


$h \geq 0$


$\zeta _n$


$n \in \mathbb {N}$


$x \in \Omega $


\begin {align}\label {lemma_5-3} \lim _{n \to \infty } \zeta _n(x) = (1-\gamma )u_\lambda (x)^{-\gamma }h(x).\end {align}


$n \in \mathbb {N}$


\begin {align*}0 & \leq \frac { J_\lambda (u_\lambda +t_n h)-J_\lambda (u_\lambda ) } { t_n }\\ & =\frac { M \left ( \Phi (u_\lambda +t_nh) \right ) - M \left ( \Phi (u_\lambda ) \right ) } { t_n } - \frac {\lambda }{1-\gamma } \int _\Omega \zeta _n \,\mathrm {d} x + \frac {1}{p_\ast } \frac { \| u_\lambda + t_n h \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } } { t_n } - \frac {1}{r} \frac { \| u_\lambda + t_n h \|_r^r - \|u_\lambda \|_r^r } { t_n }.\end {align*}


$n \to \infty $


\begin {align*}0 & \leq \limsup _{n \to \infty } \Bigg ( \frac { M \left ( \Phi (u_\lambda +t_nh) \right ) - M \left ( \Phi (u_\lambda ) \right ) } { t_n } - \frac {\lambda }{1-\gamma } \int _\Omega \zeta _n \,\mathrm {d} x + \frac {1}{p_\ast } \frac { \| u_\lambda + t_n h \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } } { t_n } - \frac {1}{r} \frac { \| u_\lambda + t_n h \|_r^r - \|u_\lambda \|_r^r } { t_n } \Bigg )\\ & \leq \lim _{n \to \infty } \frac { M \left ( \Phi (u_\lambda +t_nh) \right ) - M \left ( \Phi (u_\lambda ) \right ) } { t_n } + \limsup _{n \to \infty } \left ( - \frac {\lambda }{1-\gamma } \int _\Omega \zeta _n \,\mathrm {d} x \right ) \\ & \qquad + \lim _{n \to \infty } \frac {1}{p_\ast } \frac { \| u_\lambda + t_n h \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|u_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } } { t_n } - \lim _{n \to \infty } \frac {1}{r} \frac { \| u_\lambda + t_n h \|_r^r - \|u_\lambda \|_r^r } { t_n } \\ & =m(\Phi (u_\lambda )) \left ( \int _\Omega \mathcal {L}(u_\lambda ) \cdot \nabla h \,\mathrm {d} x + \int _{\Omega } \alpha (x) u_\lambda ^{p-1} h \,\mathrm {d} x \right ) - \frac {\lambda }{1-\gamma } \liminf _{n \to \infty } \int _\Omega \zeta _n \,\mathrm {d} x + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast -1} h \,\mathrm {d} \sigma - \int _\Omega u_\lambda ^{r-1} h \,\mathrm {d} x.\end {align*}


\begin {align*}\lambda \int _\Omega u_\lambda ^{-\gamma } h \,\mathrm {d} x & \leq \frac {\lambda }{1-\gamma } \liminf _{n \to \infty } \int _\Omega \zeta _n \,\mathrm {d}x \leq m(\Phi (u_\lambda )) \left ( \int _\Omega \mathcal {L}(u_\lambda ) \cdot \nabla h \,\mathrm {d} x + \int _{\Omega } \alpha (x) u_\lambda ^{p-1} h \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast -1} h \,\mathrm {d} \sigma - \int _\Omega u_\lambda ^{r-1} h \,\mathrm {d} x.\end {align*}


$u_\lambda ^{-\gamma }h \in L^1(\Omega )$


$\varphi \in W^{1,\mathcal {H}} (\Omega )$


$\varphi =\varphi ^+-\varphi ^-$


$u_\lambda ^{-\gamma }\varphi \in L^1(\Omega )$


$\varphi \in W^{1,\mathcal {H}}(\Omega )$


\begin {equation}\label {lemma_5-4} \begin {aligned} m(\Phi (u_\lambda )) & \left ( \int _\Omega \mathcal {L}(u_\lambda ) \cdot \nabla \varphi \,\mathrm {d} x+ \int _{\Omega } \alpha (x) u_\lambda ^{p-1} \varphi \,\mathrm {d} x \right )+ \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} \varphi \,\mathrm {d} \sigma =\lambda \int _\Omega u_\lambda ^{-\gamma } \varphi \,\mathrm {d} x + \int _\Omega u_\lambda ^{r-1} \varphi \,\mathrm {d} x. \end {aligned}\end {equation}


$\varphi \in W^{1,\mathcal {H}}(\Omega )$


$\varepsilon > 0$


$w_\varepsilon := u_\lambda + \varepsilon \varphi $


$h=w_\varepsilon ^+ \geq 0$


$u_\lambda \in \mathcal {N}_\lambda $


$w_\varepsilon ^+=w_\varepsilon +w_\varepsilon ^-$


$w_\varepsilon ^-=0$


$\{w_\varepsilon >0\}$


$w_\varepsilon ^-=-w_\varepsilon $


$\{w_\varepsilon \leq 0\}$


$u_\lambda > 0$


$\Omega $


$\Omega = \{ w_\varepsilon > 0 \} \cup \{ w_\varepsilon \leq 0 \}$


\begin {align*}0 & \leq m \left ( \Phi (u_\lambda ) \right ) \left ( \int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla w_\varepsilon ^+ \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} w_\varepsilon ^+ \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} w_\varepsilon ^+ \,\mathrm {d} \sigma - \lambda \int _\Omega u_\lambda ^{-\gamma } w_\varepsilon ^+ \,\mathrm {d} x - \int _\Omega u_\lambda ^{r-1} w_\varepsilon ^+ \,\mathrm {d} x\\ & =m \left (\Phi (u_\lambda ) \right ) \left ( \int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla w_\varepsilon \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} w_\varepsilon \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} w_\varepsilon \,\mathrm {d} \sigma - \lambda \int _\Omega u_\lambda ^{-\gamma } w_\varepsilon \,\mathrm {d} x - \int _\Omega u_\lambda ^{r-1} w_\varepsilon \,\mathrm {d}x \\ & \qquad +m \left ( \Phi (u_\lambda ) \right ) \left ( \int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla w_\varepsilon ^- \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} w_\varepsilon ^- \,\mathrm {d} x \right ) + \int _{ \partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} w_\varepsilon ^- \,\mathrm {d} \sigma - \lambda \int _\Omega u_\lambda ^{-\gamma } w_\varepsilon ^- \,\mathrm {d} x - \int _\Omega u_\lambda ^{r-1} w_\varepsilon ^- \,\mathrm {d} x \\ & =m \left ( \Phi (u_\lambda ) \right ) \left ( \int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla (u_\lambda +\varepsilon \varphi ) \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} (u_\lambda +\varepsilon \varphi ) \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} (u_\lambda +\varepsilon \varphi ) \,\mathrm {d} \sigma - \lambda \int _\Omega u_\lambda ^{-\gamma } (u_\lambda +\varepsilon \varphi ) \,\mathrm {d} x\\ &\qquad - \int _\Omega u_\lambda ^{r-1} (u_\lambda +\varepsilon \varphi ) \,\mathrm {d} x -m \left ( \Phi (u_\lambda ) \right ) \left ( \int _{ \{w_\varepsilon \leq 0\} } \mathcal {L} (u_\lambda ) \cdot \nabla w_\varepsilon \,\mathrm {d} x + \int _{ \{w_\varepsilon \leq 0\} } \alpha (x) u_\lambda ^{p-1} w_\varepsilon \,\mathrm {d} x \right )\\ & \qquad - \int _{ \{w_\varepsilon \leq 0\} } \beta (x) u_\lambda ^{p_\ast - 1} w_\varepsilon \,\mathrm {d} \sigma + \lambda \int _{ \{w_\varepsilon \leq 0\} } u_\lambda ^{-\gamma } w_\varepsilon \,\mathrm {d} x + \int _{ \{w_\varepsilon \leq 0\} } u_\lambda ^{r-1} w_\varepsilon \,\mathrm {d} x\\ & =m \left ( \Phi (u_\lambda ) \right ) \left ( \int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla ( \varepsilon \varphi ) \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} (\varepsilon \varphi ) \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} ( \varepsilon \varphi ) \,\mathrm {d} \sigma - \lambda \int _\Omega u_\lambda ^{-\gamma } ( \varepsilon \varphi ) \,\mathrm {d} x - \int _\Omega u_\lambda ^{r-1} ( \varepsilon \varphi ) \,\mathrm {d} x\\ & \qquad -m \left ( \Phi (u_\lambda ) \right ) \Bigg ( \int _{ \{w_\varepsilon \leq 0\} } \mathcal {L} (u_\lambda ) \cdot \nabla ( u_\lambda + \varepsilon \varphi ) \,\mathrm {d} x + \int _{ \{w_\varepsilon \leq 0\} } \alpha (x) u_\lambda ^{p-1} (u_\lambda + \varepsilon \varphi ) \,\mathrm {d} x \Bigg ) \\ & \qquad - \int _{ \{w_\varepsilon \leq 0\} } \beta (x) u_\lambda ^{p_\ast - 1} ( u_\lambda + \varepsilon \varphi ) \,\mathrm {d} \sigma + \lambda \int _{ \{w_\varepsilon \leq 0\} } u_\lambda ^{-\gamma } w_\varepsilon \,\mathrm {d} x + \int _{ \{w_\varepsilon \leq 0\} } u_\lambda ^{r-1} w_\varepsilon \,\mathrm {d} x \\ & \leq m \left ( \Phi (u_\lambda ) \right ) \left ( \int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla ( \varepsilon \varphi ) \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} (\varepsilon \varphi ) \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} (\varepsilon \varphi ) \,\mathrm {d} \sigma - \lambda \int _\Omega u_\lambda ^{-\gamma } (\varepsilon \varphi ) \,\mathrm {d} x - \int _\Omega u_\lambda ^{r-1} (\varepsilon \varphi ) \,\mathrm {d} x \\ & \qquad - m \left ( \Phi (u_\lambda ) \right ) \left ( \int _{ \{w_\varepsilon \leq 0 \} } \mathcal {L} (u_\lambda ) \cdot \nabla (\varepsilon \varphi ) \,\mathrm {d} x + \int _{ \{w_\varepsilon \leq 0\} } \alpha (x) u_\lambda ^{p-1} (\varepsilon \varphi ) \,\mathrm {d} x \right ) - \int _{ \{w_\varepsilon \leq 0 \} } \beta (x) u_\lambda ^{p_\ast - 1} (\varepsilon \varphi ) \,\mathrm {d} \sigma \\ & =\varepsilon \Bigg [m \left ( \Phi (u_\lambda ) \right ) \left (\int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla \varphi \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} \varphi \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} \varphi \,\mathrm {d} \sigma - \lambda \int _\Omega u_\lambda ^{-\gamma } \varphi \,\mathrm {d} x - \int _\Omega u_\lambda ^{r-1} \varphi \,\mathrm {d} x \\ & \qquad \quad - m \left ( \Phi (u_\lambda ) \right ) \left ( \int _{ \{w_\varepsilon \leq 0 \} } \mathcal {L} (u_\lambda ) \cdot \nabla \varphi \,\mathrm {d} x + \int _{ \{w_\varepsilon \leq 0\} } \alpha (x) u_\lambda ^{p-1} \varphi \,\mathrm {d} x \right ) - \int _{ \{w_\varepsilon \leq 0 \} } \beta (x) u_\lambda ^{p_\ast - 1} \varphi \,\mathrm {d} \sigma \Bigg ].\end {align*}


$u_\lambda >0$


$\Omega $


\begin {align*}\lim _{\varepsilon \searrow 0} | \{w_\varepsilon \leq 0\} | = \lim _{\varepsilon \searrow 0} | \{u_\lambda + \varepsilon \varphi \leq 0\} | & = 0\end {align*}


\begin {align*}\lim _{\varepsilon \searrow 0} \int _{ \{w_\varepsilon \leq 0\} } \mathcal {L} (u_\lambda ) \cdot \nabla \varphi \,\mathrm {d} x = 0,\qquad \lim _{\varepsilon \searrow 0}\int _{ \{w_\varepsilon \leq 0\} } \alpha (x) u_\lambda ^{p-1} \varphi \,\mathrm {d} x=0,\qquad \lim _{\varepsilon \searrow 0} \int _{ \{w_\varepsilon \leq 0\} } \beta (x) u_\lambda ^{p_\ast - 1} \varphi \,\mathrm {d} \sigma = 0.\end {align*}


$\varepsilon $


$\varepsilon \searrow 0$


\begin {align*}m \left ( \Phi (u_\lambda ) \right ) & \left ( \int _\Omega \mathcal {L} (u_\lambda ) \cdot \nabla \varphi \,\mathrm {d} x + \int _\Omega \alpha (x) u_\lambda ^{p-1} \varphi \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) u_\lambda ^{p_\ast - 1} \varphi \,\mathrm {d} \sigma \geq \lambda \int _\Omega u_\lambda ^{-\gamma } \varphi \,\mathrm {d} x + \int _\Omega u_\lambda ^{r-1} \varphi \,\mathrm {d} x.\end {align*}


$\varphi $


$-\varphi $


$\varphi $


$v_\lambda \in \mathcal {N}_\lambda ^-$


$J_\lambda (v_\lambda )=\Theta _\lambda ^-$


$J_\lambda $


$\mathcal {N}_\lambda ^-$


$\lambda $


$\Lambda _3>0$


$\lambda \in (0,\Lambda _3)$


$v \in \mathcal {N}_\lambda ^-$


$J_{\lambda }(v) > 0$


$\mathcal {N}_\lambda ^-$


$\lambda \in (0, \Lambda _3)$


$\Theta _\lambda ^->0$


$\Lambda > 0$


$\lambda \in (0,\Lambda )$


$v \in \mathcal {N}_\lambda ^-$


$J_\lambda (v) \leq 0$


$J_\lambda $


\begin {align}\label {lemma_6-1} a_0 \Phi (v) +\frac {b_0}{\vartheta } \Phi ^\vartheta (v) + \frac {1}{p_\ast } \| v \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \leq \frac {\lambda }{1-\gamma } \int _\Omega |v|^{1-\gamma } \,\mathrm {d} x + \frac {1}{r} \| v \|_{r}^r\end {align}


$\psi _v'(1)=0$


\begin {align}\label {lemma_6-2} \left ( a_0 + b_0 \Phi ^{\vartheta - 1}(v) \right ) \rho (v) + \| v \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } = \lambda \int _\Omega |v|^{1-\gamma } \,\mathrm {d} x + \| v \|_{r}^r.\end {align}


$-r$


$\lambda \frac {r-1+\gamma }{r(1-\gamma )}>0$


$\int _\Omega |v|^{1-\gamma } \,\mathrm {d} x \leq | \Omega |^{1-\frac {1-\gamma }{p^\ast }} \| v \|_{p^\ast }^{1-\gamma }$


$\| v \|_{p^\ast } \leq S^{-\frac {1}{p}} \| v \|_{1,p}$


\begin {align*}&a_0 \Phi (v) +\frac {b_0}{\vartheta } \Phi ^\vartheta (v) + \frac {1}{p_\ast } \| v \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } -\frac {1}{r} \left ( \left ( a_0 + b_0 \Phi ^{\vartheta - 1}(v) \right ) \rho (v) + \| v \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right ) \\ & \leq \frac {\lambda }{1-\gamma } \int _\Omega |v|^{1-\gamma } \,\mathrm {d} x + \frac {1}{r} \| v \|_{r}^r - \frac {1}{r} \left ( \lambda \int _\Omega |v|^{1-\gamma } \,\mathrm {d} x + \| v \|_{r}^r \right ) \\ & =\lambda \frac {r-1+\gamma }{r(1-\gamma )} \int _\Omega |v|^{1-\gamma } \,\mathrm {d} x\leq \lambda \frac {r-1+\gamma }{r(1-\gamma )} | \Omega |^{1-\frac {1-\gamma }{p^\ast }} \| v \|_{p^\ast }^{1-\gamma } \\ & \leq \lambda \frac {r-1+\gamma }{r(1-\gamma )} | \Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} \| v \|_{1,p}^{1-\gamma }.\end {align*}


$a_0 \geq 0$


$b_0 > 0$


$\frac {1}{p}-\frac {1}{r}>0$


$\frac {1}{q}-\frac {1}{r}>0$


$\frac {1}{p_\ast }-\frac {1}{r}>0$


$\frac {1}{\vartheta q}-\frac {1}{r}>0$


$\vartheta - 1 \geq 0$


$\Phi (v) \geq \frac {1}{p} \|v\|_{1,p}^p$


\begin {align*}&a_0 \Phi (v) +\frac {b_0}{\vartheta } \Phi ^\vartheta (v) + \frac {1}{p_\ast } \| v \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } -\frac {1}{r} \left (\left ( a_0 + b_0 \Phi ^{\vartheta - 1}(v) \right ) \rho (v) + \| v \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right )\\ & =a_0 \left ( \frac {1}{p} - \frac {1}{r} \right ) \|v\|_{1,p}^p + a_0 \left ( \frac {1}{q} - \frac {1}{r} \right ) \| \nabla v \|_{q,\mu }^q + b_0 \Phi ^{\vartheta -1}(v) \left ( \frac {1}{\vartheta p} - \frac {1}{r} \right ) \|v\|_{1,p}^p + b_0 \Phi ^{\vartheta -1}(v) \left ( \frac {1}{\vartheta q} - \frac {1}{r} \right ) \| \nabla v \|_{q,\mu }^q + \left ( \frac {1}{p_\ast } - \frac {1}{r} \right ) \| v \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \\ & \geq b_0 \Phi ^{\vartheta -1}(v) \left ( \frac {1}{\vartheta p} - \frac {1}{r} \right ) \|v\|_{1,p}^p\geq \frac {b_0}{p^{\vartheta -1}} \|v\|_{1,p}^{p(\vartheta -1)} \left ( \frac {1}{\vartheta p} - \frac {1}{r} \right ) \|v\|_{1,p}^p \\ & =\frac {b_0(r-\vartheta p)}{\vartheta p^{\vartheta } r} \|v\|_{1,p}^{\vartheta p}.\end {align*}


\begin {align*}\frac {b_0(r-\vartheta p)}{\vartheta p^{\vartheta } r} \|v\|_{1,p}^{\vartheta p} \leq \lambda \frac {r-1+\gamma }{r(1-\gamma )} | \Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}} \| v \|_{1,p}^{1-\gamma }.\end {align*}


\begin {align}\label {lemma_6-3} \|v\|_{1,p}^{\vartheta p -1 +\gamma } \leq D_3\lambda ,\end {align}


$D_3$


\begin {align*}D_3:= \frac { (r-1+\gamma ) \vartheta p^\vartheta r } {r(1-\gamma )b_0(r-\vartheta p) } | \Omega |^{1-\frac {1-\gamma }{p^\ast }} S^{-\frac {1-\gamma }{p}}.\end {align*}


$D_2$


$\lambda $


\begin {align}\label {lemma_6-4} \|v\|_{1,p}^p > D_2.\end {align}


\begin {align*}\Lambda := \frac { D_2^{ \vartheta p - 1 + \gamma } } { D_3 } > 0 .\end {align*}


$\lambda < \Lambda $


\begin {align*}D_2^{ \vartheta p - 1 + \gamma } < \| v \|_{1,p}^{\vartheta p -1 +\gamma } \leq D_3\lambda < D_3 \Lambda = D_2^{ \vartheta p - 1 + \gamma },\end {align*}


$\lambda >0$


$v_\lambda \in \mathcal {N}_\lambda ^-$


$\Theta _\lambda ^- = \inf _{u \in \mathcal {N}_\lambda ^-} J_\lambda (u)=J_\lambda (v_\lambda )$


\begin {align}\label {Lambda_hat} \hat {\Lambda }:=\min \{\Lambda _1, \Lambda _2, \Lambda _3\},\end {align}


$\Lambda _1$


$\Lambda _2$


$\Lambda _3$


$\lambda \in (0, \hat {\Lambda })$


$v_\lambda \in \mathcal {N}_\lambda ^-$


$J_\lambda (v_\lambda )=\Theta _\lambda ^-$


$v_\lambda \geq 0$


$\Omega $


$\Theta _\lambda ^-=J_\lambda (v_\lambda )>0$


$\lambda < \Lambda _2$


$\mathcal {N}_\lambda ^-$


$\lambda < \Lambda _3$


$\Theta _\lambda ^- >0$


$\mathcal {N}_\lambda ^-$


$\{v_n\}_{n \in \mathbb {N}}$


$\mathcal {N}_\lambda ^-$


$J_\lambda $


$\{J_\lambda (v_n)\}_{n \in \mathbb {N}}$


\begin {align}\label {lemma_7-1} \lim _{n \to \infty } J_\lambda (v_n)=\Theta _\lambda ^- >0.\end {align}


$\{v_n\}_{n \in \mathbb {N}}$


$W^{1,\mathcal {H}}(\Omega )$


$\lim _{n \to \infty } J_\lambda (v_n) = \infty $


$\{v_n\}_{n \in \mathbb {N}}$


$W^{1,\mathcal {H}}(\Omega )$


$W^{1,\mathcal {H}}(\Omega )$


$\{v_n\}_{n \in \mathbb {N}}$


\begin {align*}\begin {aligned} v_n &\rightarrow v_\lambda \quad \text {in } L^r(\Omega ),\qquad & v_n &\rightharpoonup v_\lambda \quad \text {in } L_\beta ^{p_\ast }( \partial \Omega ),\\ v_n &\rightharpoonup v_\lambda \quad \text {in } W^{1,p}(\Omega ),& \nabla v_n &\rightharpoonup \nabla v_\lambda \text { in } L_\mu ^q(\Omega ), \end {aligned}\end {align*}


$n \to \infty $


\begin {align*}v_n \rightarrow v_\lambda \text { a.e.\,in } \Omega \quad \text {and}\quad |v_n| \leq f \text { for all } n \in \mathbb {N} \text { a.e.\,in } \Omega \end {align*}


$n \to \infty $


$f \in L^1(\Omega )$


\begin {align}\label {lemma_7-2} \lim _{n \to \infty } \int _\Omega |v_n|^{1-\gamma } \,\mathrm {d} x = \int _\Omega |v_\lambda |^{1-\gamma } \,\mathrm {d} x.\end {align}


$v_\lambda \neq 0$


$n \in \mathbb {N}$


$a_0 \geq 0$


$b_0>0$


$p-1>0$


$q-1>0$


$p_\ast -1>0$


$\Phi (v_n) \geq \frac {1}{p} \| v_n \|_{1,p}^p$


$\| v_n \|_r^r \leq |\Omega |^{1-\frac {r}{p^\ast }} \| v_n \|_{p^\ast }^r$


$\psi _{v_n}''(1)<0$


$\| v_n \|_{p^\ast } \leq S^{-1} \| v_n \|_{1,p}$


\begin {align*}&\frac { b_0 (p-1) S^{\vartheta p} } { p^{\vartheta - 1} |\Omega | ^{ \left ( 1-\frac {r}{p^\ast } \right ) \frac {\vartheta p}{r}}} \| v_n \|_r^{\vartheta p} \leq \frac {b_0(p-1)} {p^{\vartheta -1}} \| v_n \|_{1,p}^{\vartheta p}\\ &\leq b_0 (p-1) \frac { \Phi ^{\vartheta -1}(v_n) } { \| v_n \|_{1,p}^{p(\vartheta -1)} } \| v_n \|_{1,p}^{\vartheta p}=b_0 \Phi ^{\vartheta -1}(v_n) (p-1) \| v_n \|_{1,p}^{p} \\ & \leq (\vartheta -1) b_0 \Phi ^{\vartheta -2} (v_n) \rho ^2(v_n) + \left ( a_0 + b_0 \Phi ^{\vartheta -1}(v_n) \right ) \left ((p-1) \| v_n \|_{1,p}^{p} + (q-1) \| \nabla v_n \|_{q,\mu }^q \right ) + (p_\ast - 1) \|v_n\|_{p_\ast , \beta , \partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |v_n|^{1-\gamma } \,\mathrm {d} x\\ & =\psi _{v_n}''(1) + (r-1) \| v_n \|_r^r <(r-1) \| v_n \|_r^r.\end {align*}


$\| v_n \|_r$


\begin {align*}\|v_n\|_r > \left ( \frac { b_0 (p-1) S^{\vartheta p } } { (r-1) p^{\vartheta -1} |\Omega | ^ { \left ( 1 - \frac {r}{p^\ast } \right ) \frac {\vartheta p}{r} } } \right )^\frac {1}{r-\vartheta p} > 0.\end {align*}


$v_n \to v_\lambda $


$L^r(\Omega )$


$n \to \infty $


$v_\lambda \neq 0$


$\lambda < \Lambda _2$


$t_2^{v_\lambda } > 0$


$t_2^{v_\lambda } v_\lambda \in \mathcal {N}_\lambda ^-$


$\lim _{n \to \infty } J_\lambda (v_n) = J_\lambda (v_\lambda )$


\begin {equation}\label {lemma_7-3} \begin {aligned} \liminf _{n \to \infty } \| v_n \|_{1,p}^p = \| v_\lambda \|_{1,p}^p,\qquad \liminf _{n \to \infty } \| \nabla v_n \|_{q,\mu }^q = \| \nabla v_\lambda \|_{q,\mu }^q,\qquad \liminf _{n \to \infty } \| v_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } = \| v_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }. \end {aligned}\end {equation}


\begin {align*}\liminf _{n \to \infty } \| v_n \|_{1,p}^p > \| v_\lambda \|_{1,p}^p,\qquad \text {or}\qquad \liminf _{n \to \infty } \| \nabla v_n \|_{q,\mu }^q > \| \nabla v_\lambda \|_{q,\mu }^q,\qquad \text {or}\qquad \liminf _{n \to \infty } \| v_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } &> \| v_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast }.\end {align*}


$v_n \to v_\lambda $


$L^r(\Omega )$


$n \to \infty $


\begin {align*}J_\lambda \left ( t_2^{v_\lambda } v_\lambda \right ) & = a_0 \left ( \frac {1}{p} \left ( t_2^{v_\lambda } \right ) ^{p} \| v_\lambda \|_{1,p}^p + \frac {1}{q} \left ( t_2^{v_\lambda } \right ) ^{q} \|\nabla v_\lambda \|_{q,\mu }^q \right ) + \frac {b_0}{\vartheta } \left ( \frac {1}{p} \left ( t_2^{v_\lambda } \right ) ^{p} \| v_\lambda \|_{1,p}^p + \frac {1}{q} \left ( t_2^{v_\lambda } \right ) ^{q} \|\nabla v_\lambda \|_{q,\mu }^q \right ) ^\vartheta \\ & \qquad + \frac {1}{p_\ast } \left ( t_2^{v_\lambda } \right ) ^{p_\ast } \| v_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac { \lambda \left ( t_2^{v_\lambda } \right ) ^{1-\gamma } } { 1-\gamma } \int _\Omega |v_\lambda |^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \left ( t_2^{v_\lambda } \right ) ^{r} \| v_\lambda \|_r^r \\ & <a_0 \left ( \frac {1}{p} \left ( t_2^{v_\lambda } \right ) ^{p} \liminf _{n \to \infty } \| v_n \|_{1,p}^p + \frac {1}{q} \left ( t_2^{v_\lambda } \right ) ^{q} \liminf _{n \to \infty } \|\nabla v_n\|_{q,\mu }^q \right ) + \frac {b_0}{\vartheta } \left ( \frac {1}{p} \left ( t_2^{v_\lambda } \right ) ^{p} \liminf _{n \to \infty } \| v_n \|_{1,p}^p + \frac {1}{q} \left ( t_2^{v_\lambda } \right ) ^{q} \liminf _{n \to \infty } \|\nabla v_n\|_{q,\mu }^q \right ) ^\vartheta \\ & \qquad + \frac {1}{p_\ast } \left ( t_2^{v_\lambda } \right ) ^{p_\ast } \liminf _{n \to \infty } \| v_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac { \lambda \left ( t_2^{v_\lambda } \right ) ^{1-\gamma } } { 1-\gamma } \lim _{n \to \infty } \int _\Omega |v_n|^{1-\gamma } \,\mathrm {d} x- \frac {1}{r} \left ( t_2^{v_\lambda } \right ) ^{r} \lim _{n \to \infty } \| v_n \|_r^r \\ & \leq \liminf _{n \to \infty } \Bigg (a_0 \left ( \frac {1}{p} \left ( t_2^{v_\lambda } \right ) ^{p} \| v_n \|_{1,p}^p + \frac {1}{q} \left ( t_2^{v_\lambda } \right ) ^{q} \|\nabla v_n\|_{q,\mu }^q \right ) + \frac {b_0}{\vartheta } \left ( \frac {1}{p} \left ( t_2^{v_\lambda } \right ) ^{p} \| v_n \|_{1,p}^p + \frac {1}{q} \left ( t_2^{v_\lambda } \right ) ^{q} \|\nabla v_n\|_{q,\mu }^q \right ) ^\vartheta \\ & \qquad \qquad \qquad + \frac {1}{p_\ast } \left ( t_2^{v_\lambda } \right ) ^{p_\ast } \| v_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac { \lambda \left ( t_2^{v_\lambda } \right ) ^{1-\gamma } } { 1-\gamma } \int _\Omega |v_n|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \left ( t_2^{v_\lambda } \right ) ^{r} \| v_n \|_r^r \Bigg ) \\ & =\liminf _{n \to \infty } J_\lambda \left ( t_2^{v_\lambda } v_\lambda \right ).\end {align*}


$n \in \mathbb {N}$


$\lambda < \Lambda _3$


$v_n \in \mathcal {N}_\lambda ^-$


$\psi _{v_n}(1)=J_\lambda (v_n)>0$


$\lambda < \Lambda _2$


$v_n \in \mathcal {N}_\lambda ^-$


$t_{2}^{v_n}=1$


$t_{2}^{v_n}>0$


$t_2^{v_n} v_n \in \mathcal {N}_\lambda ^-$


\begin {align}\label {lemma_7-4} \max _{t \geq 0} \psi _{v_n}(t) = \psi _{v_n}(1).\end {align}


\begin {align*}\Theta _\lambda ^- \leq J_\lambda \left ( t_2^{v_\lambda } v_\lambda \right ) < \liminf _{n \to \infty } J_\lambda \left ( t_2^{v_\lambda } v_n \right )= \liminf _{n \to \infty } \psi _{v_n} \left ( t_2^{v_\lambda } \right ) \leq \liminf _{n \to \infty } \psi _{v_n} \left ( 1 \right ) = \liminf _{n \to \infty } J_\lambda (v_n)= \Theta _\lambda ^-.\end {align*}


$\{v_n\}_{n \in \mathbb {N}}$


$v_n \to v_\lambda $


$L^r(\Omega )$


$n \to \infty $


\begin {align*}\Theta _\lambda ^-& =\lim _{n \to \infty } J_\lambda (v_n) =\lim _{n \to \infty } \bigg (a_0 \Phi (v_n) + \frac {b_0}{\vartheta } \Phi ^\vartheta (v_n) + \frac {1}{p_\ast } \| v_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \frac {\lambda }{1-\gamma } \int _\Omega |v_n|^{1-\gamma } \,\mathrm {d} x - \frac {1}{r} \|v_n\|_r^r \bigg ) =J_\lambda (v_\lambda ) .\end {align*}


$v_\lambda \in \mathcal {N}_\lambda ^-$


$n \in \mathbb {N}$


\begin {align*}\psi _{v_n}'(1) & =\left ( a_0 + b_0 \Phi ^{\vartheta -1}(v_n) \right ) \left ( \|v_n\|_{1,p}^p + \| \nabla v_n \|_{q,\mu }^q \right ) + \| v_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \lambda \int _\Omega |v_n|^{1-\gamma } \,\mathrm {d} x - \|v_n\|_r^r\end {align*}


\begin {align*}\psi _{v_n}''(1) & = \left ( a_0 + b_0 \Phi ^{\vartheta -1}(v_n) \right ) \left ( (p-1) \|v_n\|_{1,p}^p + (q-1) \| \nabla v_n \|_{q,\mu }^q \right ) + b_0 (\vartheta -1) \Phi ^{\vartheta -2}(v_n) \left ( \|v_n\|_{1,p}^p + \| \nabla v_n \|_{q,\mu }^q \right )^2\\ &\qquad + (p_\ast -1) \| v_n \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } + \lambda \gamma \int _\Omega |v_n|^{1-\gamma } \,\mathrm {d} x - (r-1) \|v_n\|_r^r.\end {align*}


$v_n \in \mathcal {N}_\lambda ^-$


$\psi _{v_n}'(1)=0$


$\psi _{v_n}''(1)<0$


$n \in \mathbb {N}$


$n \to \infty $


$\psi _{v_n}'$


$\psi _{v_n}''$


$\lim _{n \to \infty } J_\lambda (v_n) = J_\lambda (v_\lambda )$


$\psi _{v_\lambda }'(1)=0$


$\psi _{v_\lambda }''(1) \leq 0$


$\lambda < \Lambda _1$


$\mathcal {N}_\lambda ^\circ =\emptyset $


$\psi _{v_\lambda }''(1)<0$


$v_\lambda \in \mathcal {N}_\lambda ^-$


$|v_\lambda | \in W^{1,\mathcal {H}}(\Omega )$


\begin {align*}J_\lambda (|v_\lambda |)= J_\lambda (v_\lambda ) = \Theta _\lambda ^-,\quad \psi _{|v_\lambda |}'(1)= \psi _{v_\lambda }'(1) = 0, \quad \text {and}\quad \psi _{|v_\lambda |}''(1)= \psi _{v_\lambda }''(1) < 0,\end {align*}


$|v_\lambda | \in \mathcal {N}_\lambda ^-$


$v_\lambda \geq 0$


$\Omega $


$v_\lambda $


$\lambda \in (0,\hat {\Lambda })$


$\hat {\Lambda }$


$v_\lambda $


$v_\lambda \geq 0$


$\Omega $


$v_\lambda \neq 0$


$\Omega $


$K \subseteq \Omega $


$|K|>0$


$v_\lambda = 0$


$K$


$h \in W^{1,\mathcal {H}} (\Omega )$


$h>0$


$v_\lambda \in \mathcal {N}_\lambda ^-$


$\varepsilon > 0$


$\zeta \colon B_\varepsilon (0) \to (0,\infty )$


\begin {align*}\zeta (0 \cdot h)=1\quad \text {and}\quad \zeta (th)(v_\lambda + th) \in \mathcal {N}_\lambda ^- \quad \text {for all } t \in [0,\delta _h),\end {align*}


$\delta _h>0$


$th \in B_\varepsilon (0)$


$t \in [0,\delta _h)$


\begin {align}\label {lemma_8-1} J_\lambda (v_\lambda ) = \Theta _\lambda ^- \leq J_\lambda (\zeta (th)(v_\lambda + th)) \quad \text {for all } t \in [0,\delta _h).\end {align}


$v_\lambda $


\begin {align}\label {lemma_8-2} \max _{t \geq 0} \psi _{v_\lambda } (t) = \psi _{v_\lambda }(1).\end {align}


$h > 0$


$\gamma <1$


$(\zeta (th)(v_\lambda +th))^{1-\gamma } > (\zeta (th)(v_\lambda ))^{1-\gamma }$


$\Omega \setminus K$


\begin {align}\label {lemma_8-3} \int _{\Omega \setminus K} \left ( (\zeta (th)(v_\lambda +th))^{1-\gamma } - (\zeta (th)(v_\lambda ))^{1-\gamma } \right ) \,\mathrm {d} x \geq 0 \quad \text {for all } t \geq 0 .\end {align}


$v_\lambda =0$


$K$


$t \in [0,\delta _h)$


\begin {align*}0 & \leq J_\lambda (\zeta (th)(v_\lambda +th)) - J_\lambda (v_\lambda )=J_\lambda (\zeta (th)(v_\lambda +th)) - \psi _{v_\lambda }(1)\\ & \leq J_\lambda (\zeta (th)(v_\lambda +th)) - \psi _{v_\lambda }(\zeta (th))=J_\lambda (\zeta (th)(v_\lambda +th)) - J_\lambda (\zeta (th)v_\lambda ) \\ & =M \left ( \Phi (\zeta (th)(v_\lambda +th)) \right ) - M \left ( \Phi (\zeta (th)v_\lambda ) \right ) - \frac {\lambda }{1-\gamma } \int _\Omega \left ( (\zeta (th)(v_\lambda + th))^{1-\gamma } - (\zeta (th)(v_\lambda ))^{1-\gamma } \right ) \,\mathrm {d} x \\ & \qquad + \frac {1}{p_\ast } \left ( \| \zeta (th)(v_\lambda +th) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|\zeta (th)(v_\lambda ) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right ) - \frac {1}{r} \left ( \| \zeta (th)(v_\lambda +th) \|_r^r - \|\zeta (th)(v_\lambda ) \|_r^r \right ) \\ & =M \left ( \Phi (\zeta (th)(v_\lambda +th)) \right ) - M \left ( \Phi (\zeta (th)v_\lambda ) \right ) - \frac {\lambda }{1-\gamma } \int _{\Omega \setminus K} \left ( (\zeta (th)(v_\lambda +th))^{1-\gamma } - (\zeta (th)(v_\lambda ))^{1-\gamma } \right ) \,\mathrm {d} x \\ & \qquad - \frac {\lambda }{1-\gamma } \int _K \left ( (\zeta (th)(v_\lambda +th))^{1-\gamma } - (\zeta (th)(v_\lambda ))^{1-\gamma } \right ) \,\mathrm {d} x + \frac {1}{p_\ast } \left ( \| \zeta (th)(v_\lambda +th) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|\zeta (th)(v_\lambda ) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right )\\ &\qquad - \frac {1}{r} \left ( \| \zeta (th)(v_\lambda +th) \|_r^r - \|\zeta (th)(v_\lambda ) \|_r^r \right ) \\ & \leq M \left ( \Phi (\zeta (th)(v_\lambda +th)) \right ) - M \left ( \Phi (\zeta (th)v_\lambda ) \right ) - \frac {\lambda (\zeta (th))^{1-\gamma } t^{1-\gamma }}{1-\gamma } \int _K h^{1-\gamma } \,\mathrm {d} x + \frac {1}{p_\ast } \left ( \| \zeta (th)(v_\lambda +th) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|\zeta (th)(v_\lambda ) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } \right )\\ &\qquad - \frac {1}{r} \left ( \| \zeta (th)(v_\lambda +th) \|_r^r - \|\zeta (th)(v_\lambda ) \|_r^r \right ).\end {align*}


$t>0$


$t \searrow 0$


$1-\gamma > 0$


$\lim _{t \searrow 0} \zeta (th)=1$


$\lim _{t \searrow 0} t^{-\gamma }=\infty $


$\int _K h^{1-\gamma } \,\mathrm {d} x > 0$


\begin {align*}0 \leq \lim _{t \searrow 0} \frac {J_\lambda (\zeta (th)(v_\lambda +th))-J_\lambda (v_\lambda )}{t} = -\infty ,\end {align*}


$v_\lambda >0$


$\Omega $


$h \in W^{1,\mathcal {H}}(\Omega )$


$h \geq 0$


$\Omega $


$v_\lambda ^{-\gamma }h \in L^1(\Omega )$


\begin {equation}\label {lemma_8-4} \begin {aligned} m(\Phi (v_\lambda )) & \left ( \int _\Omega \mathcal {L}(v_\lambda ) \cdot \nabla h \,\mathrm {d} x + \int _{\Omega } \alpha (x) v_\lambda ^{p-1} h \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) v_\lambda ^{p_\ast - 1} h \,\mathrm {d} \sigma \geq \lambda \int _\Omega v_\lambda ^{-\gamma } h \,\mathrm {d} x + \int _\Omega v_\lambda ^{r-1} h \,\mathrm {d} x. \end {aligned}\end {equation}


$h \in W^{1,\mathcal {H}}(\Omega )$


$h \geq 0$


$\{t_n\}_{n \in \mathbb {N}}$


$\lim _{n \to \infty } t_n=0$


$\{\varphi _n\}_{n \in \mathbb {N}}$


\begin {align*}\varphi _n\colon \Omega \to \mathbb {R},\quad \varphi _n(x) := \frac { ( \zeta (t_n h) (v_\lambda (x)+t_nh(x)))^{1-\gamma } - (\zeta (t_n h)v_\lambda (x))^{1-\gamma } } { t_n }.\end {align*}


$\zeta > 0$


$h \geq 0$


$\varphi _n$


$n \in \mathbb {N}$


$\lim _{t \searrow 0} \zeta (th)=1$


$x \in \Omega $


\begin {align}\label {lemma_8-5} \lim _{n \to \infty } \varphi _n(x) = (1-\gamma )v_\lambda (x)^{-\gamma }h(x).\end {align}


$\zeta $


$n \in \mathbb {N}$


\begin {align*}0 & \leq \frac { J_\lambda ( \zeta (t_n h) (v_\lambda +t_n h))-J_\lambda (v_\lambda ) } { t_n }\\ & \leq \frac { M \left ( \Phi ( \zeta (t_n h) (v_\lambda +t_nh) ) \right ) - M \left ( \Phi (\zeta (t_n h)v_\lambda ) \right ) } { t_n } - \frac {\lambda }{1-\gamma } \int _\Omega \varphi _n \,\mathrm {d} x + \frac {1}{p_\ast } \frac { \| \zeta (t_n h) (v_\lambda + t_n h) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|\zeta (t_n h)v_\lambda \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } } { t_n } \\ & \qquad - \frac {1}{r} \frac { \| \zeta (t_nh)(v_\lambda + t_n h) \|_r^r - \|\zeta (t_n h) v_\lambda \|_r^r } { t_n }.\end {align*}


$n \to \infty $


$\lim _{t \searrow 0} \zeta (th)=1$


\begin {align*}0 & \leq \limsup _{n \to \infty } \Bigg (\frac {M \left ( \Phi (\zeta (t_nh)(v_\lambda +t_nh)) \right ) - M \left ( \Phi (\zeta (t_nh)v_\lambda ) \right ) } { t_n } - \frac {\lambda }{1-\gamma } \int _\Omega \varphi _n \,\mathrm {d} x + \frac {1}{p_\ast } \frac { \| \zeta (t_nh)(v_\lambda +t_nh) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|\zeta (t_nh)(v_\lambda ) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } } { t_n } \\ & \qquad \qquad \qquad - \frac {1}{r} \frac { \| \zeta (t_nh)(v_\lambda +t_nh) \|_r^r - \|\zeta (t_nh)(v_\lambda ) \|_r^r } { t_n } \Bigg ) \\ & \leq \lim _{n \to \infty } \frac { M \left ( \Phi (\zeta (t_nh)(v_\lambda +t_nh)) \right ) - M \left ( \Phi (\zeta (t_nh)v_\lambda ) \right ) } { t_n } + \limsup _{n \to \infty } \left (-\frac {\lambda }{1-\gamma } \int _\Omega \varphi _n \,\mathrm {d} x \right ) \\ & \qquad + \lim _{n \to \infty } \frac {1}{p_\ast } \frac {\| \zeta (t_nh)(v_\lambda +t_nh) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } - \|\zeta (t_nh)(v_\lambda ) \|_{p_\ast , \beta , \partial \Omega }^{p_\ast } } { t_n } - \lim _{n \to \infty } \frac {1}{r} \frac { \| \zeta (t_nh)(v_\lambda +t_nh) \|_r^r - \|\zeta (t_nh)(v_\lambda ) \|_r^r } { t_n } \\ & =m(\Phi (v_\lambda )) \left ( \int _\Omega \mathcal {L}(v_\lambda ) \cdot \nabla h \,\mathrm {d} x + \int _{\Omega } \alpha (x) v_\lambda ^{p-1} h \,\mathrm {d} x \right ) - \frac {\lambda }{1-\gamma } \liminf _{n \to \infty } \int _\Omega \varphi _n \,\mathrm {d} x + \int _{\partial \Omega } \beta (x) v_\lambda ^{p_\ast -1} h \,\mathrm {d} \sigma - \int _\Omega v_\lambda ^{r-1} h \,\mathrm {d} x.\end {align*}


\begin {align*}\lambda \int _\Omega v_\lambda ^{-\gamma } h \,\mathrm {d} x & \leq \frac {\lambda }{1-\gamma } \liminf _{n \to \infty } \int _\Omega \varphi _n \,\mathrm {d} x \leq m(\Phi (v_\lambda )) \left ( \int _\Omega \mathcal {L}(v_\lambda ) \cdot \nabla h \,\mathrm {d} x + \int _{\Omega } \alpha (x) v_\lambda ^{p-1} h \,\mathrm {d} x \right ) + \int _{\partial \Omega } \beta (x) v_\lambda ^{p_\ast -1} h \,\mathrm {d} \sigma - \int _\Omega v_\lambda ^{r-1} h \,\mathrm {d} x.\end {align*}


$v_\lambda ^{-\gamma }h \in L^1(\Omega )$


$\varphi \in W^{1,\mathcal {H}} (\Omega )$


$\varphi =\varphi ^+-\varphi ^-$


$v_\lambda ^{-\gamma }\varphi \in L^1(\Omega )$


$v_\lambda $
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H) @) 1<p<N,p<q<p =3Land0<u) e LQ);

(i) 0<y<l;

(i) 9> 1, p, < r < p* and max{2,9}q < r, where p, = %;
(iv) ag >0, by > 0 and m: [0, ) — [0, 00) is a function given by m(r) = ag + byt*~!;
v) a € L*(Q)\ {0} with a > 0 a.e.in &;

(vi) p € L®(0Q) with g > 0 a.e.on 0Q.

A function u € W (Q) is said to be a weak solution of problem (K,) if u > 0 a.e.in Q, u ¢ € L'(Q) and if

m(CI)(u))</ £(u)‘Vrpdx+/a(x)u"_1(pdx> +/ ﬁ(x)up*_](pdo=/1/u_y(pdx+/u’_1(pdx, (1.1)
Q Q Q Q Q

is satisfied for all test functions ¢ € W(Q), where W *(Q) denotes an appropriate Musielak—Orlicz Sobolev space, see Section 2
for more details.
Our main result is the following one.

Theorem 1.1. Let hypotheses (1) be satisfied. Then there exists A > 0 such that forall 4 € (0, A problem (K ) has at least two weak solutions
u,, v, € WIH(Q) with opposite energy sign.

The proof of Theorem 1.1 relies on an appropriate usage of the fibering function together with the associated Nehari manifold
corresponding to problem (K). To be more precise, the idea is the splitting of the Nehari manifold into three disjoint subsets and
then we minimize the associated energy functional over two of them to get the claimed solutions whereby the first solution turns out
to have negative energy sign while for the second one it is positive. We also make use of an equivalent norm in W " (Q) given by

inf {r >0: / ((@)1’ +;4(x)<@>q +a(x)<M>p> dx < l}, (1.2)
a T T T

which has been recently proved by Amoroso—Crespo-Blanco-Pucci-Winkert [1]. It should be noted that the fibering method is a
very powerful tool, not only applicable for singular problems but also for superlinear right-hand sides with subcritical and crit-
ical growth. As a starting point, the works of Drabek-Pohozaev [2] and Sun-Wu-Long [3] should be mentioned and later, this
technique has been applied to different problems of singular and nonsingular type. We refer to the papers by Alves—-Santos-Silva
[4], Arora-Fiscella-Mukherjee-Winkert [5], Chen-Kuo-Wu [6], Crespo-Blanco-Papageorgiou-Winkert [7], Fiscella—-Mishra [8],
Kumar-Radulescu-Sreenadh [9], Liu-Dai-Papageorgiou-Winkert [10], Papageorgiou—-Repovs-Vetro [11], Tang—Chen [12], Wang-
Zhao-Zhao [13], see also the references therein.

We point out that problem (K,) combines several interesting phenomena. First the appearing differential operator in (K ) is the
so-called double phase operator defined by

V- (IVulP=2Vu + u(x)|Vul 772 Vu),

whose energy functional is given by
wb—>/ <1|Va)|”+M|Vco|q> dx. (1.3)
Q\P q

We emphasize that functionals of the shape (1.3) first appeared in the works of Marcellini [14,15] concerning general (p, g)-growth. It
is used to characterize models for strongly anisotropic materials in the context of homogenization and elasticity, and it also appears in
duality theory and in the study of the Lavrentiev gap phenomenon, see the works of Zhikov [16-18]. First mathematical treatments of
functionals given in (1.3) have been done in a remarkable series of papers about the regularity of local minimizers of such functionals,
see the works by Baroni—-Colombo-Mingione [19,20] and Colombo-Mingione [21,22].

A second fascinating phenomenon arises due to the appearance of the nonlocal Kirchhoff term in (K,) which is given by the
function m(f) = ay + byt*~! for ay > 0, by > 0 and 9 > 1. The issues associated with this type of problem can be traced back to a model
initially proposed by Kirchhoff [23] in 1883 which is a generalization of the D’Alembert equation and has the form

2 2 2
a”—(”o £ dx)u=0.
0x?

vor \h 2L,

It is noteworthy that problem (K ) is a generalization of several models that describe intriguing phenomena studied in the field
of mathematical physics. Note that in our setting, the constant q, in the definition of the Kirchhoff function m may be zero which
makes problem (K ) degenerate and which leads to the most intriguing models in practical applications. There is also a long list of
references dealing with different types of Kirchhoff problems, we refer, for example, to the papers by Alves-Corréa-Ma [24], Autuori—
Pucci-Salvatori [25], D’Ancona-Spagnolo [26], Figueiredo [27], Fiscella-Valdinoci [28], He-Zou [29], Lions [30], Mao—Zhang [31],
Minggi-Radulescu-Zhang [32], Perera-Zhang [33], Pucci-Xiang-Zhang [34], and Xiang-Zhang-Radulescu [35].

In contrast, there are only a few works dealing with Kirchhoff problems of double phase type. As far as we know the first work
in this direction has been published by Fiscella—Pinamonti [36] who obtained a mountain-pass type solution of Kirchhoff problems
given by

—m[/ <M+ﬂ(x)M>dx]Vv£(u):f(x,u) inQ, uly=0,
Q p q

L ou

ox

2
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supposing the Ambrosetti-Rabinowitz condition and a subcritical growth on the nonlinearity f: QxR — R. We also refer to the
work by Arora-Fiscella-Mukherjee-Winkert [5] (see also [37] by the same authors in the critical case) who studied a singular double
phase problem with Kirchhoff function given by

Vu|P Vul? .
—m[/ <ﬂ +;4(x)ﬂ>dx]V~£(u):/1u_7+1/_1 inQ, uly=0,
Q p q

whereby the existence of two solutions has been shown. Further results for Kirchhoff double phase problems have been obtained in
the papers by Cen-Vetro-Zeng [38], Cheng-Bai [39], Crespo-Blanco-Gasiniski-Winkert [40], Ho-Winkert [41], and Yang-Liu-Meng
[421.

A further noteworthy aspect of problem (K) is the presence of a nonlinear Neumann boundary condition which renders the
treatment of problem (K ) more complex. The first work for a Kirchhoff double phase problem with a nonlinear Neumann boundary
condition has been published by Fiscella-Marino-Pinamonti-Verzellesi [43] who proved various existence results based on variational
tools and a version of the fountain theorem of the problem given by

-M [/ <M +M(X)M>dx]v-£(u)=hl(x,u) in Q, -M [/ <M +M(X)M>dx]£(u)-v=h2(x,u) on 0L,
Q p q Q p q

where h; and h, fulfill different structure conditions. Recently, Borer-Pimenta-Winkert [44] proved the existence of a least energy
sign-changing solution based on variational tools in combination with the quantitative deformation lemma and the Poincaré-Miranda
existence theorem to the degenerate Kirchhoff problem

~pEW)(V - L) — [ul"u) = f(x,u) inQ, GE)L@w) - v=g(x,u) onoQ,

where f: QX R - R and g: 0Q X R — R are Carathéodory functions that grow superlinearly and subcritically. Existence results for
double phase problems with nonlinear Neumann boundary condition but without a nonlocal Kirchhoff term can be found in the
papers by Cui-Sun [45], El Manouni-Marino-Winkert [46], Gasinski-Winkert [47], Guarnotta-Livrea-Winkert [48], Papageorgiou—
Radulescu-Repovs [49], Papageorgiou-Vetro—Vetro [50], Papageorgiou-Zhang [51], and Zeng-Radulescu-Winkert [52,53].

The paper is organized as follows. In Section 2 we introduce Musielak-Orlicz Sobolev spaces and its properties as well as a new
equivalent norm as given in (1.2). Section 3 gives a detailed analysis of the fibering map and presents several results about suitable
subsets of the Nehari manifold. Finally, Section 4 is devoted to the proof of Theorem 1.1 which is made by several lemmas and
propositions.

2. Preliminaries

In this section we will present all the necessary tools that will be needed for the proof of our main result stated in Theorem 1.1. To
this end, for s € [1, co] we denote by L(Q) and L*(Q;R") the standard Lebesgue spaces and by L*(dQ) the boundary Lebesgue spaces
equipped with their usual norms || - ||; and || - ||; 5o, respectively. Denoting by M(Q) and M (0Q) the sets of all measurable functions
Q — R and 9Q — R, respectively, and suppose from now on hypotheses (1), we introduce the following seminormed Lebesgue spaces

1
Lh(Q) = {u EMQ): / a(x)|ul? dx < oo}, llull,o = </ a(x)|ul? dx) p,
Q Q

1

L7 (02 = {u e Mo [ poolurdo < oo}, el .00 = ( [ st do)”*,
0Q 0Q

1
Lymz{ueM«n:/ﬂumwm<w}, umwz</ﬂumwm>ﬂ
Q Q

where ¢ is the (N — 1)-dimensional Hausdorff surface measure. Further, for 1 < p < co we denote by W!-?(Q) the usual Sobolev space
and equip it with the equivalent norm

1
= p p P
Ml = (vl + el )

In addition, due to the continuous embedding W '»(Q) < L (Q), we denote the best embedding constant by S, i.e.,

14

lal?
S .= in .
uew 2@\ (0} [lull?,

This implies

_1
lullo < S77lull;, forallue W' (Q).

Next, we introduce the needed Musielak-Orlicz Sobolev space based on the monographs by Harjulehto-Héasté [54] and
Papageorgiou-Winkert [55] as well as the paper by Crespo-Blanco-Gasinski-Harjulehto-Winkert [56]. Under the assumption (1),
we introduce the nonlinear map

H: Qx[0,00) > [0,00), (x,1) P+ u(x)t?
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and py () is given by
Py = / Hx, ul) dx = / (ul? + uolul ) dx = ull? + [lull2 .
Q Q
The Musielak-Orlicz Lebesgue space is defined as

LHQ) = {ue MQ): pyu) < oo}

endowed with the Luxemburg norm given by

llullyg :inf{r>0: pH(”) < 1}.

T
The corresponding Musielak-Orlicz Sobolev space W1*(Q) is then given by
wH@Q) = {ue L"Q): |Vul € L"(Q)}
and equipped with the norm

leally 20 = WV ullz + Nuellz»

where ||Vully; = || |Vu| ||l;- We know that both spaces L*(Q) and W (Q) are reflexive Banach spaces.
Using Proposition 3.1 by Amoroso-Crespo-Blanco-Pucci-Winkert [1], we can equip the space W " (Q) with the equivalent norm

p q »
||u||:inf{r>0: /<<M> +/4(x)<ﬂ> +a(x)<M> >dx$1}
a T T T

and the related modular p to || - || is given by

pw = [ AVl 4 uCoIVal)dx + [ @Gl ax = IVl + 1V, + W, = (Vo) +
Q Q

q.4

for all u € W1 (Q).
The next proposition is taken from Amoroso-Crespo-Blanco-Pucci-Winkert [1, Proposition 3.2].

Proposition 2.1. Let hypotheses (1)(?1), (?v) be satisfied, u € W'-"(Q) and 1 € R. Then the following hold:

(1) If u# 0, then ||u|| = A if and only ifp(%) =1
@) |lull <1 (resp.> 1, = 1) if and only if p(u) < 1 (resp. > 1, = 1);
(D) If lull < 1, then [jull? < p(u) < [|ull’;
@iv) If llull > 1, then [lull? < p(u) < [lull%;
(V) llull = 0 if and only if p(u) — 0;
(vi) ||lu|| = oo if and only if p(u) — oo.

The next proposition summarizes the main embeddings related to the spaces L™(Q) and W' (Q), see Crespo-Blanco-
Gasiriski-Harjulehto-Winkert [7, Proposition 2.16].

Proposition 2.2. Let hypotheses (1)(?1), (?v) be satisfied. Then the following hold:

() L"(Q) o L5(Q) and WHH(Q) o W5(Q) are continuous for all s € [1, p];

(ii) WH(Q) & L%(Q) is continuous for all s € [1, p*] and compact for dll s € [1, p*);
(iii) WH(Q) < L*(0Q) is continuous for all s € [1, p,] and compact for all s € [1,p,);
(iv) LH(Q) < L} (Q) is continuous;

) LY(Q) & LM (Q) is continuous.

For s € R, we set s* = max{=s,0} and for a function u € W " (Q) we define u*(-) = u(-)*. It holds |u| =u* +u~ and u = u* —u".
Moreover, we know that u* € W"(Q) whenever u € W7 (Q), see Crespo-Blanco-Gasiiski-Harjulehto-Winkert [56, Proposition
2.17]. The Lebesgue measure of a set ¥ C RN will be denoted by |V|.

3. Analysis of the fibering function

In this section, we give a detailed study of the fibering map. To this end, we first introduce the energy functional J, : W1(Q) - R
related to problem (K ) given by

_ 1 Py A 1- Lyor
130 = M@+ Ll 0= 2 [ ™7 0= Ly,
where M : [0, 00) — [0, o0) is defined by

_ [ _ bo 9
M((t) = m(t)dr = agt + —1°.
0 19
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Recall that

1 1 1
W = Oy (Vi) + iy, and @y = -l + 2l

It is clear that J; is not C! because of the appearance of the singular term. Next, for u € W(Q)\ {0}, we introduce the fibering
function v, : [0, ) = R by y,(t) = J,(tu) for all t > 0, that is
by g the o p, Al - t'
y, (1) = ag@(tu) + ECD (tu) + leul A S A Jul 7" dx — 7||u||:

We observe that y, € C*(0, ). For all 7 > 0 the first and second derivatives are given by

wa(t) = agr™ p(tu) + bo®” ! (e~ plau) + 1P Nl o — AT / Jual =7 dx — £ ful
o Q
(3.1)
_ 9—1 p—1 P q-1 q i1 P _ a7 I-y _ -1 r
= (ag + by® (tu))(t lal? 4+ ||Vu||W)+t Nl , o, = A1 /Q|u| dx — " Jull”
and
2
w0 = (a9 + bo®"~ () (= D2l + (q = D21 Vull?, ) + bo(9 - 1><1>3‘2<m>(r'"1 lll?, + 147 Val?, )
(3.2)

= D g 4t [ it e = Dl
ol Q
Next, we define the Nehari manifold related to problem (K ) which is given by
N, i={ue w"H@\{0}: w/(D) =0},

where q/,i is stated in (3.1). By the definition of W) it is clear that N, contains all weak solutions of problem (K). On the contrary,
if we suppose u € N, then (1.1) holds true for u, if ¢ = u. Moreover, we split N, into three disjoint sets given by

N ={ueN;:y/1)>0}, N7 ={ueN;:y/1)<0}, Ny ={ueN;:y/1)=0}
with y/;’ as in (3.2).

Remark 3.1. Letu € W (Q)\ {0} and ¢ > 0. Then the following hold:

(i) It holds ru € W if and only if y/(t) = 0 since

9—1 —1 —1 -1 Ps — 1- —1
w0 = (ao + by® (tu))(t” llallf, + 17 ||Vu||3,,)+t”* lull? m—/w/lul 7 dx =t ull”

1 9—1 14 q P 1-y r _1 !
?<(a0+b0<1> (1) (Nl + Weval?, ) + a0 = 2 [ ' dx =l ) = Sy, 0.

(ii) It holds r« € N if and only if y(r) = 0 and +y/ () > 0. Also, ru € N7 if and only if y/ () = 0 and v () = 0. These facts follow
from the simple calculation

2
w0 = (ag + bo®" ) (= D2 ulf + (@ = D21 Vulld, ) + bo® = DO (7l + 47 |Vl )

# 0= D2l + 27 [l b= 2l

1 _ . 2
3 ((“0 + 5@ 1) ((p = Dllwl?, + (g = DIeVallg, ) + b = DO aall], + l1Val?, )

= DI 0+ 7 [ 0! = = Dl )
o Q

1 "
t_2w”‘(1)'
The following lemma shows that J, restricted to WV is coercive.

Lemma 3.2. Suppose hypothesis (1) is satisfied and let A > 0. Then, J, restricted on N, is coercive and bounded from below.

Proof. Taking u € N, with ||u|| > 1, the definition of W yields

1 1 9-1 A 1- Lyps
—;||u||;= (ag + by® ("))ﬂ(u)+;/glu| de—;llulll,*yﬁym- (3.3)

-
By Proposition 2.2 the embedding W (Q) < L(Q) is continuous. This implies

llully < Gy llull G4
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for some constant C, > 0. Using ay >0, by >0, 9 —1>0, % - % >0, L -150 L — % > 0, along with [, |u|'7 dx < |Q|7||u||177,

D(u) > ép(u), (3.3), (3.4), and Proposition 2.1 we obtain o -
J(u) = ay®(u) + @cbl"’(un ||u||p oo~ fy /Q e "7 dx — %Ilulli
= 0@+ B0 W+ L 0 = A [ 0r= Lo+ b0 @)+ & [ o= L
= ap(®) = 30 ) + by @) 50 = 19| + <pi - —) el o~ <ﬁ - ;) [t ax
%(ép(u) - }p(u)) + b0¢9—1<u><8—1qp(u>— }p(u)) + <Z - —)ll al” oo (l—iy - %) /Q ' dx
aoe - }) (u)+bo<1>"’-1(u><;—q - });a(u)—i(%y - —>|9VII I
2 by 3y <9iq - _>,, @~ <ﬁ - %)mvc“;"nunl-r

1 1 1 39 1 1 ~1— 1—
>bp— | — -~ oA — -2 )1QIrEl v
> oq&,1<8q r)uun (1_y r>| 1€, lul

= llulle(|luD,

\%

v

where
w@®) :=171(C, = ') forallt >0,

and C, and C, are positive constants given by

1 11 1 1 Al
Ci=by— | —-- d C =i —-=)IQ"C".
1 0q3—1(19q r> an ) (1_)/ r)l I"C,

Since 9p—1>0and 1 — y — Ip < 0 we have lim,_, , @(t) = 0. Hence, J’l)/\f is coercive.
i

Next, we define
h(t) = to(r) = Cy1% — Cyt'™7 forall £ > 0.

By computing the first and second derivatives of i, we see that A is strictly convex and attains a unique global minimum in

1
- <C2(1 - 7)) Op=T+y
0 C,9p '

Therefore, J *‘N is bounded from below. O
A
In the next lemma we are going to show the emptiness of A7 for 4 > 0 sufficiently small.

Lemma 3.3. Suppose hypothesis (1) is satisfied. Then there exists A; > 0 such that for all 1 € (0, A;) we have N7 = 6.

Proof. Let A> 0 and suppose u € N?. Then we have u € W' (Q) \ {0} with y/(1) =0 and v/ (1) =0, i.e.

(a9 + by®*~ @)p(u) = / lual' 7 dox o+ Jlull; = lully” o, (3.5)

and

(ag + bp®* " @)((p = Dllull] , + (g = DIVullg )+ bo(8 = N> w)p*w) = —zy/ lul '™ dx + (r = Dllully = o = DIl 5 o0
(3.6)
Now, we multiply (3.5) by y, add the result to (3.6) and obtain
(@ +bo®@" ' @) = 1+ Pllull] , + (@ = L+ IVull )+ by = D2’ w) = (r = L+ Pllull] = . = L+l ;o0 (3.7)
Next, multiplying (3.5) by r — 1 and subtracting (3.6) gives
(ag + by®" ' W)((r —p)llulllf,p + (= lVulll ) = by - DO 2w)p* () = (r— 1 + }')/1/ lul' ™" dx + (p, — r)llullp o0 (3.8)
We consider the functional 7, : N; — R defined by

@0+ bo®" @)(p = L+ Pllull], + @ 1 DIV 5@~ 10" 2py | e = T+ P g

T =
@) r—14+y r—1+y r—1+y

= llully-
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Equation (3.7) implies
T,u)=0 forallue N; (3.9)
By using the estimates ay > 0,6y > 0,p—1+y,g—1+y>0,p, —1+7>0,r—1+y>0andd — 1 > 0together with ®(u) > i”””fp’

1-L _1
llull; < 1QI # |lull}, and [lufl,» < S 2 |lull; , we get

, (@ + 0@ @)@ = 1+ lull] , + @ =1+ DIVullg,) o9 = DOO2wyp2w) @« = DIl o0 .
= =+ —_
@) r—1+y r—1+y r—1+y el
p—1l+y 9-1 p
> mbo‘b @llully, = Ny
p=1+y by PO-1) 11 1p | LA
> —Fllulll,p llully , = 1Q1° 7" lull

e g (3.10)

p=1+y by 9
> ———=|lull}"
r—=1+yp P

p=l+y by o opr 1o %
||u||q’p<mlﬁ||u||li,r—5 r|Qf

_r 1-L -
=
—S el

9p—
= lully,(Allal”” - B),
where A and B are positive constants given by

by(p—1+
A= o(p 7)

=0 77 and B:=srQF.
Pl —1+7y)

Furthermore, from a; > 0, by >0,9-1>0,r—39¢>0,r—p>0,r—g>0,r—1+y >0, and g — p > 0 along with ®(x) > i”ull’l’p,

_ly _ _1 .
q®W) > p(w), fo |ul'=" dx < |Q|1 »” ||u||I1)*Y, llull» <" 7lull; , and (3.8) we infer that

p 9-1
bo(r=9q+q=p) g, p e,
e, = botr = B+ g = plal | —

< 0@ @)(r = 9g+q - pllullf,

< a0<(r = pllull} +(r— q)||Vu||Z’”) + b0d>‘9"1(u)<(r = 9q+q-pllulf, + - 19q)I|Vu|IZ,”)
= (ag + bo®" @) (= Il + (= DIVallL, ) = bo(® = DO @Wg®p(w)

< (ap + bo®"~ @) (= plall?, + = IVl ) = by(8 — DO

_ _ 1-y _ Py
=(r 1+7)/1/Q|u| dx + (o, = Dllell? 50
-k

Sr=1+pAQl 7 flull .7
T
SE=1+ndQ » S vl )

Solving this inequality for ||u||, , and taking r > 8¢ and ¢ > p into consideration yields

1
llully,, < CAS=1er,

where C is a positive constant given by
P
117

=y 1y
r=—1+piQ" 7 577 p!
bo(r—98q +q—p)

Since r > 9p, this implies
1 —(r=9p) —(r=8p)
a7~ > <c,1m> = = jaey
and together with (3.10) we get
r —(r=9p) r —(r=9p) ﬁ
T,(w) > ||u||1’p(A||u||1‘p - B) > |lully, ( AC A _B).

Finally, we define

Ip—1+y

L B —(r=9p)
A= (Ac-<’—3ﬂ>> > 0.
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But then we have T, (u) > 0 for 4 € (0, A,) which contradicts (3.9). This shows the assertion. O

For the next result we introduce the function o, : (0, ) - R given by
0,(1) = YD) + /1/ 17 dx = (ag + @ tw) (71 a5 IVaD, ) P a2 = (3.11)
Q K > L2l

From (3.11) we observe that o, does not depend on the parameter A. Also, by (3.11) and the following Remark 3.1, for all u €
wLH@)\ {0}, 2> 0and t > 0, we have

we N, if and only if o, (1) = /1/ [u]'~7 dx. (3.12)
Q

Lemma 3.4. Suppose hypothesis (1) is satisfied. Then, for u € WM (Q) \ {0}, there exists a unique t* > 0 such that

max

u —
0, (1) = ntl>aox o, ().

Furthermore, we can find A, > 0 such that for all A € (0, A,) and u € WH(Q) \ {0} there exist unique 0 < 1 <thw <1 with

max
u + u —
fue N} and tueNj.

> 0 such that 6,(¢i | ) = max,, 6,(t). For this purpose

Proof. Letu € W'H(Q)\ {0}. First, we will show that there exists a unique “
we define a function T, : (0, c0) — R via

T, = ol )+ (r =1+ p)llull.

1r=2+y
For all 7 > 0 we have
ol (1) = (ay + boé”—l(ru»((p =L+l + (g -1+ V)t"‘“’IIVuIIZ,,,)
_ 9-2 p—1+y P q—1+y q p—1 )4 q—1 q
+ O = D@2 (=l + 0Vl ) (07l + 0 Va2, )
+ (o = L e = O = 14 )2 Jull]
and so
Tu(0) = (ay + bo®" @) (0 = 1+ " ull}, + (a = 1+ 70 [ Vall?, )
_ 9-2 p—r+1 P q—r+l1 q p—1 P q-1 q
+ (9= D@2 (1 )+ 0Vl ) (7 a0 Va2, )

+ @ = LTl o

= (g + bp®" @) (0 = 1+ P ul?, + (g = 1+ P Vull?, )

+ (8 = Dhy®" @™ p*(tw) + (p = L+ " Mlull?” oo

Using ®(tu) > i’p”””[;p along withp—1+4+y>0,g—1+y>0,p,—1+y>0and 9 > 1, we find for all 7 > 0 that
T, (1) = (ag + bp®"~ () (0 = 1+ P lull? +(q = 1+ |Vull? )

+ (8 = Dby@* 2 (tuyt™ p*(tu) + (p, — 1 + y)tP=="||u]| ™

PisPB.0Q
Lo\ P— (3.13)
2 by ;f llully, =1+ lully,
N
p-1 p 4 Lp :
Because of u # 0, ]%(p —1+y)>0and 9p —r <0, the estimate (3.13) implies

limT,(t) = . 3.14
lim (1) = o0 (3.14)

Sinceay >0,b,>0,p—1+y>0,g—1+y>0,p,—1+y>0and 9 > 1 together with ||u||’l’p < p(u) and ||Vull] , < p(u) as well as
q
<! and ®(tu) < lp(tu) < I—p(u) ifr>1,
p p

we obtain for all r > 1
[T, 0| =T,

=(ap+ b0<1>9*1(zu»(<p = L+l + (@ = 1+ |Vl ) + (8 = Db®* 2wy~ p (1) + (p, = 1+ 1)t Jull}”

qu 5,09
9
- p2(tu)

D2(tu)

9-1
S (ao +bo < %p(u)> >((q =L+ pw) + (g = 1+ )" p(w) + (9 — Dby <§p(u)> + (. = T+l ;oo™

8
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that is,

IT.(0] < 2ay(@ — 1+ P)p@i—" + 22 g -1+ T + @ — 1 ) 0 59wy 22 2(14) g Ty (p, = 1+ Pl T (3.15)

(D] < 2a0(q P EErACC % 2w P. Dl 5 oot ™" .
Because of g —r < 0, p, —r <0, 9 — r < 0 and

2

i 2200 VG, {zﬁ if [Vl #

ey 2 T - 2

TR (Lt )+ bivag, | e lf"V””q’”‘O’
the estimate (3.15) implies

lim T, = 0, (3.16)

Thus, by the intermediate value theorem, there exists # = > 0 such that

T, = (= 1+ p)llulll.

max) -
In order to verify o,(t4 )= max,,c,(r) and obtain the uniqueness of ¢ , we show via calculating the first derivative that 7, is

strictly decreasing. For 7 > 0 we have

max’

70 = < (@@ + 8@ ) (0= 1+ 0l + (g = 1+ e | Valt,)
+ (9 = Dby® 2 (eu) ™ p?(tu) + (p, — 1+ r)t"*‘rllullp 5 ,,Q)
= (ag + bp®" ' (@)(p = )(p = L+ )" Hlull] |+ (ag + bp®*~" (1w))(q = r)q = 1+~ | Vull?,
+(8 = Dbg®" > (wy ™ p(tu)((p = 1+ P ull} , + (g = L+ Vull? )
+ (9 = D = 2)by @3 ()™ p(tuye™ pP(tu) + (9 — Dby @2 (tu)(—r)t "1 p*(tu)
+ (9 = D@2t~ 2p(u) (pr~ Nl + ar VA, ) + (b = (o = 1 0 a2 o

After usingay >0,p—r<0,9—r<0,p, —r<0,p—14+y>0,9g—1+y >0,and p, — 1 +y > 0 to find a first estimate from above and
then splitting off common positive factors we get

Ty < b@ " e (o= o = T+l + (@ = i@ = 1+ i IVulld,
+ @ = D0~ pe) (o = 1+ PNl + (@ = 1+ i)Vl )
( Lp o (3.17)
+ (9 = (O — 20 (tu)p* (tu)p(tu) — (9 — D™ (1) p(tu) p(tu)r
+ @ = DO~ @pe2(pr ull), + I Vull?, ) )-
Inthecase 9=1,byu#0,by>0,p—r<0,g—r<0,p—1+y>0and g—1+y >0 we immediately observe from (3.17) that
T)(1) < byt~ ((p =@ =1+ rull]  + (@ —r)g—1+ y)t"IIVMIIZ,,,> <0.

So, let us consider the case 9 > 1. We continue with splitting off common positive factors in (3.17) and derive that

_ 9-1 p(tu) e O(tu) p—r _ » D(tu) q — _
T, (1) < by(9 — DO~ (tu )CI)(I ) <—p(m) 91 L+ llull} , + ) 9= (q L+ )| Vall] ,
= 1+ DN, + (g = 1+ IVl + B = 2000 = rpt) +2( ] +qﬂ||Vu||gﬂ)>
We obtain
SN () -1 - , 3 D(tu) p—r » B D(tu) g —r
<b0(19 DO o ) /)< 1+y)<1+ o 19_1>t”||u||1,p+(q (14 s g )iV,
p(tu) p(tu) (3.18)
+ (d)(tu)(& -2) —r+2p>t”||u||‘l”p + (d)(tu)(& -2) —r+2q>t‘7||Vu||Z,M

= Ayl + At IVulL, + Byl + Byt | Vul?,

where A;, A,, B, and B, are given by

N O(tu) p—r . p(tuw) o

A =0 1+y)<l+ p(tu)19—1> B, = (I)(tu)(s 2)—r+2p,
o O(tu) g —r L p(tu) oy
=(@-1+ }/)<1 + ) 9= > B, := o) 9-2)—r+2q.
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By considering p—r <0, p—¢<0,9—1>0,9¢—r <0and g —r <0 along with ®(tu) > ép(lu) we find the estimates

D(tu) p— - 99 —r+p—
Alz(p_1+y)<1+ (”)”_:)<(p—1+y)<1+ P=r ):(p_1+y)“7q’#<07

p(tu) 9 q@d -1 @-1
D(tu) g —r dq—r
Ay =(g—1 1+ — -1 1+ =(@-l+y)——— <0
2=(q +y)< +p(m)19_1><(q +7)< (& 1)> (g +y)q(19_1)<
Then, by using 9 — 1 > 0, 9g — r < 0, and p — ¢ < 0 accompanied by p®(tu) < p(tu) < q®(tu), we furthermore get
p(tu) p(tu) p(tu)
= 9-2)— 2p = -1)- - 2 9—-1)—p— 2p = - - R
1 ¢(lu)(l )—r+2p= o )( 1) o) r+2p < q(f )—p—r+2p=39—-r+p—q<0
In order to show B, < 0 there are two distinct cases. First, let 9 — 2 > 0. Then, by using similar arguments as before we obtain
t
, = (/I;((tl;))(19—2)—r+2q<q(z9—2)—r+2q=19q—r<0.
On the other hand, if 9 — 2 < 0, we recall that r > max{2, 9}q = 2¢g and conclude that
p(tu)

= 9-2)— 2g < —-r+2¢<0.

H CD(lu)( )—r+2qg<-r+2q<

Now, applying A; <0, A, <0, B; <0, and B, <0 in (3.18) results in 7,/(r) < 0. Hence, T,, is strictly decreasing. Then, because T, is
injective, we have that % is unique. We recall from the definition of Tu that

o) =1 (T (1) = (r = 1+ p)llull”). (3.19)
Then, from T, (t

max

)= (r—1+p)llull; and (3.19), we obtain o (1

max
max> - (3.20)

Therefore, o, is strictly increasing on (0,7 ) and strictly decreasing on (¢ ., c0). We conclude that ¢, (# | ) = max,( 6,(?).

Next we will show, for small 4 > 0, the existence of unique 0 < < <14 with f{u € N} and #ju € N} . Taking into account
1-L

7 lull7, and Jlull - <

) = 0. Moreover, since T, is strictly decreasing, (3.19) yields

a(t)>() forallr € (0,7 ) and 6(t)<0 forallr € (¢

max

ay20,by>0,(p—14y)>0,(g—14+y)>0,(p, —14+y)>0,(r—1+y)>0and -1 >0 as well as [lu|. < |Q]
1
S”7|lully , we derive for all > 0 that
010 = (a + bo®' () (= 1+ P2l + (g = 1+ it [ Vul?, )
_ 9-2 p—1+y P q—1+y q p—1 P q—1 q
+ 0= D@2 (7l + 1 IValE, ) (7 ], + 0 Va2, )

+ (e = L+ u) — 14+ Jull]

4,00 —
> by@" (@w)(p = L+ )P ull] = (r = L4+ ) Jull;

IV

9-1 —2 9-1 2 1-=
pm,ﬂ =T+ lull? ullf 0™ = = 14 2 1Q1 T ful

v

by _ 9 _ -4 L
o= 1+ P~ = 1+ 2 |QI T ST ul
I , .
Thus, by requiring

by Ip—2+ 9p r—2+ I== =20 r
(0= 1+ P2 % — (= 14 ) 2191 T SR full], 2 0
- » P
and solving this inequality for ¢ = ¢ > 0, we observe that for

1

r =7
bo(p—1+7y)S»

t(“)Z: 1 0(p 7) i >0,

||14||1,p pP-lr =1+ J,)|Q|1_pT

we have
by Ip—2+ 9 2+ -& -t
o;og)zlﬁ(p—lw)(zg)” lally = =14+ p)(rg) 7117 ST P ullf , 2 0

Applying (3.20) yields # > r“, and since o, is increasing on (0,

max = (0’ max
0 () 2 04 (15)
_ (ao+boq"H(’gu))((fg)pflﬂllullf,p (c )q 1*’||V e ) (o)p* l+y“ |,, e (t(,,))rqw”u”:

> by @ (t“u)(t”)p_1+y||u||p — ()l

) together with the same arguments as before we infer that

1 pO-1) 9-1) [ u\ =147 =147 o= o=
Zbolﬁ(’o) (| II”( >(0) IIMIIT‘I,—(IS) 1" 7.8 rllully,

10
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b() Ip—1+y 9 r—1+y -4 -t
=T (5) Nl = (15) Q" =S rllully,

=147, op [ Do N I A 1
= () llull} T - ()T s 7 lull,

B L T
_ (Iu)‘gp,pry”u”lgp by B bolp=1+7)Sr|Q »S » ”ulll,p
— VYo Lp| ,9-1 9 -5

p =1 = 1+ )l
_ (Iu)x‘)p—1+‘y”u”19p( by b(p=1+7) >

0 Lp p&—l ps—l(r -1+ }')
9p—1+ 9 by(r — p)
= (IS) ! y”ulllp 9—1
PpPir—1+7)

N =T
_ bp—14p57 |7 ] — 2o =)
Nall >\ po-1(r = 14 1T Pl r=14y)
N =2
__h=p [ hestinse |
PRI D i 14 i) v
1-y r ‘Wr):.lo;y
> N bo(r — p) bo(p—1+p)S» /|u|1’7dx
@'~ P D i 14 ple) 2
=A2/ ul'7 dx,
Q
where A, is a positive constant given by

N by(r —p) bolp—1+1)S?

1-Lr

fei= P14 oo I
Q7 prir=1+pnIQ| #

Let 4 € (0, A,). From the above estimate we observe that

oulthe) > 4 [ ul! ax.
Q
Note that a similar proof can be done as in (3.14) and (3.16) in order to show that

,ILTO 0,(H)=—00 and }1{% o, =0.

Thus, because of ¢, (t | ) = max,, ¢,(1), the continuity of ¢, and the injectivity of ¢, in (0,7 ) and (7}, ,co) we find unique

0<ty <t <1 (3.21)

max

such that

o, () = ,1/ [u]'7 dx = 6, (#%).

Q

Recalling (3.12) this implies tlu, tu € N ;. From (3.21) and (3.20) we infer that

o1 <0 < al(Y). (3.22)
Using the formula ¢, (t) = "y (t) + 4 /Q |u|'7 dx given in (3.11), we compute

o=y Ny O+ (1) forallt>0.
This calculation along with (3.22) and #{u, fyu € N, leads to

W, (D) = DT o, () > 0,y (6g) = (1) T oy (t) < 0.
We conclude that /{u € N and tju e N7. O

Remark 3.5. Let A € (0,min{A;,A,})andu € W (Q)\ {0}. From 4 < A, and Lemma 3.4 we obtain the existence of unique 0 < t‘f < t;
such that #{u € ./\/';r and #ju € N, which by Remark 3.1 means we have v, (1) = 0 = w/(#;) and y,'(#{) > 0 > y//(t}). Since A < A},
from Lemma 3.3 and Remark 3.1 we know that there is no # > 0 such that y/(r) = 0 = /(). Due to the uniqueness of t‘l‘ and tg, this
implies that the map y has besides those two numbers no other zeros. From elementary calculus, we derive the following properties:

(i) We have y < 01in (0, tbl‘), i.e. the map vy, is strictly decreasing in (0, t‘l‘).

11
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(ii) We have y/ > 0 in (¢}, 1), i.e. the map y,, is strictly increasing in (¢", ).
(iii) We have y, < 0 in (74, ), i.e. the map v, is strictly decreasing in (¢}, co).

Furthermore, from the above properties and the fact that y,(0) = 0, we see that y,(r) < 0 for all ¢ € [0, t'f] as well as MaX e ] w,(t) =
w,(t5). Hence, we obtain the following property:

(iv) If wu(t‘z‘) > 0, then we have max, (v, (1) = y/u(t‘zf).

In the next lemma we will prove that on A the modulus p is bounded from above while on N} it is bounded from below. We

will see that the lower bound on N ; does not depend on the parameter 4, which will be useful in the proof of Lemma 4.6, where we

will show that on N} the energy functional J, is strictly positive for small A.

Lemma 3.6. Suppose hypothesis (1) is satisfied. Then for all 4 > 0 there are constants D, = D;(4) > 0 and D, > 0 such that
pw)< Dy fordlue N} and ||u||’1”p >D, fordlue N;,

where D, is independent of A.

Proof. Let >0 and u € V. Then we have y/(1) = 0 and y;/(1) > 0, i.e.

(ag + bo®" ™! ) p() + ull?” 5 5 = 4 /9 lul ' dx = [ull” (3.23)
and

(= Dllally < (a9 + bo®" @) (0 = Dllal}, + (@ = DIValE, ) + (9 = Dh@” 22w + (2, = DIl o0+ 37 /Q lul' 7 dx.
This implies

r= 1)<(ao + bg®" @) p(w) + lull}” 5 o0 = 4 /Q lul~ dx)

= (= Dllull]

< (“0+boq’8_l(u))((17— 1>||u||‘;p+<q—1)||Vu||gﬂ)+<8—1>bo<1>8‘2(u)p2(u)+<p*— Dll?” 5 o0 + 47 / lu| '~ dx.

We bring (ay + b0d>‘9*1(u))((p - 1)“”“117,,; +(q— 1)||Vu||g,ﬂ) and (p, — U”“”Z;ﬂﬁQ to the left-hand side and put —A(r — 1) [, |u|'~7 dx to

the right-hand side, apply ®(u) > 5 p(u) together with 9 — 1 > 0 and obtain

(a0 + 5@ @) (¢ = Pl + = DIValZ, ) + 0 = p )l 5 0 < A= 1+7) /Q ' dx + (9 — D@ ~2(w)p(w)
=Ar—1 +y)/ [u]'~7 dx + (9 = 1)by®@?~ ()@ (u)p* ()
Q
<Mr-1 +y)/ [u]'77 dx + (9 = 1)by®@* ! ()gp(u).
Q
_lr
Subtracting (8 — 1)by®°~!(u)gp(u) from this inequality and using A(r—1+y) >0 together with [, |u|!=7 dx < |Q|l G ||u||;;7 and
_1 .
lull » <S5 #lully, yield
p q -1 14 q P
ao (=PIl + = DIVale,, ) + 5@ (¢ = 9+ g =PIl + (= 9 IVall, ) + (= pllall” 5 1
</1(r—1+y)/ u|'™7 dx (3.24)
Q
- -y
SMr=1+plQF S e flull

First, we are concerned with finding an upper bound for ”””f » Since ay >0, by >0, r—p>0,r—g>0,r—p,>0,r—9¢>0,

q—p>0,9>1and A(r — 1 +y) > 0 as well as ®(u) > ﬁllull"p, we conclude from (3.24) that

bO Ip
F(r =9q+q-pllully,

9-1
llulf, ,
=by (r=9q+q-pllully,

p
<@ W)(r = 9¢+q - pllullf,

<ao( =PIl + = DIVll?, ) + @~ @ = 9g + q = plul?, +bo®*~ @ = IIVullL, + (= p )l 50

12
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I I-y

<AMr=T+plQl =S 2 ul S

Solving this inequality for ||u||‘1’ , results in
llullf, < Ay, (3.25)

where A, is a positive constant given by
_»
9-1 1=lzr oy \9p-14y
prTAr=1+p)|Q| S »
bo(r—9q+4q—p)

A =
In order to find an upper bound for [|Vul|{ ,, we use once more the estimate (3.24) along with (3.25), and apply similar arguments
as before to obtain

by 9
—_—(r - q
oo (= S0Vl

9-1
IVullf
= bO(T‘“‘ (r = 9a)IVull?,

< by®w)*~! (r = 99| Vull?,

<ap(r =l + ¢ = DI Vull?,, ) + 5@ @((r = 8a + g = Pl + ¢ = IDIVall?, ) + (= p Nl

e
<=1+l F ST lull];

T
<Mr=1+p)IQ T ST AT
This yields
IVulll , < Ay, (3.26)

where A, is a positive constant given by

1
1-y L=r\s

I
¢ -1+plQ T 5T A7
by(r — 9q)

Ay 1=

So, with (3.25) and (3.26) we get that
— 1ull? -
p) = llull? +1IVull?, < A, + 4, :=D;.

In order to prove the second assertion let u € N I Then we have y/(1) = 0 and y'(1) < 0, i.e. (3.23) still holds, but this time we
have

(ao + bo®"~'@) (0 = DIl + (a = DIIVall, )
+(9 = Dbg®* @) + (b = Dllll?” 5 o + A7 / |ul'7 dx (3.27)
o Q

< (r=Dllully.

r 1
Multiplying (3.23) by 7, adding the result to (3.27) and applying » — 1 +y > 0 together with ||u||” < |Q|1_7* ||u||;* and ||uf|» < S |ull 1Lp
gives

(a0 +b0®" @) (= 1+ DI}, + (@ = 1+ PIVulE, )+ = D@2 @AW + (. = 1+ DIl 5 0

=L -
<=1+l < =1+pIQ1 7S 7 ull, )
Therefore, with the same arguments as we used in the proof of (3.25), we get

p
Nal?

9-1
2 _ P
; > =1+l

b
ps—?1<p— L+l = bo(
<@ '@ =1+l
9-1 P q 9-2 2 Dy
< (ag + bp®"' @) (0 = T+ Plall], + (@ = 1+ DIVal, ) + O = Db 2@ + . = 1+ DIl o0

]—L* _1lzr 1—
<@=1+nIQl 7S ull,)

13
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- . P .
We solve this inequality for ||u|| 1 and end up with
p
lull? > Dy,
where D, is a positive constant, independent of 4, given by

P
[

1-r
bylp—1+y)S »

D, = 1
pPrir-1+p0Q »*

This finishes the proof. O
4. Existence of weak solutions

In this section, we are going to apply the results of Section 3 in order to prove Theorem 1.1, i.e. we will show that there are at
least two weak solutions u,; and v, of problem (K ) with opposite energy sign. In addition, we will see that

Jy(u;)= min J,(u) and J,(v;)= min J,(v).
2(uy) e (W) 20 o 2(0)

For simplification of the notation, we define

+
©;

= inf J,(w) and O := inf J,(v).
ueN; #w) 4 vENT #©)
In the first lemma of this section, we will show that for all 4 > 0 the energy functional J, is strictly negative on N}

Lemma 4.1. Suppose hypothesis (1) is satisfied. Then for all A > 0 and all u € N} we have J,(u) < 0. In particular, if N} is nonempty for
some A > 0, then ®} < 0.

Proof. Let A>0andu € N';' Then we have y/(1) = 0 and v/ (1) > 0, i.e.

(a0-+ B0 @) o)+ W] 0= 4 [ 17 = (4.1)
and

(r=Dlull} < (ao+b0<1>3*1(u))((p— Dllullf , + (g~ 1>||Vu||3,,,) + (8 = Dhy®* et @) + (p, = Dllully muy/g lu' 7 dx.

(4.2)

Multiplying (4.1) by y and adding the result to (4.2) implies

)+ bo(@ = DO 2@ + (b, — 1+ Pl 0

(r= 1+ Pllull < (a0 + @'~ @) (= 1+ DIl + @ =1+ DIVull?,

Using this estimate and (4.1) together with by >0,9-1>0,p—1+y>0,p,—1+7y>0,1 -y >0, % — ‘—l) <0, % — pi < 0and ép(u) <
@(u) we infer that

, /1 - 1
J3w) = ag®u) + — <I>"( )+—||u||p s0 " T / Ju)! 7 dx = ully
- Q

1 1
= ay®w) + — (1)'9(14)+ ||u||p 500 :(nun; (ag + bo®" " ) o) = llull} ﬁdg)—;llulli

=a0<p(u>+b qr"wn%n T lly(ao+b0<l>'9 w)ot + 1”” I

< ay® -+ Lot )+%n 12 o0 = T (a0 + 80" @)t
+ r(l;_y)(ao + 0@ @) (= 1+ PNl + @ = 1+ DI Vull?,)
+ﬁ<bo(t9— DO 2w + (b, = T+ NIl 00 )

= 6@+ 20 + 8y 2= L0 0 w0 + (ag + 0™ 1<u>>( =+ A g, )
+"*%y”<}——)u al” e

Saoq)(u)+%(I)‘q(u)+bo%d)8—1(u)p(u)+(a0+b0(1)'9_1(u))< r(’+y [lu |I r(r1+ IIV IIZ,¢>

1 p—rt+r-1 9-1 porty-1  a@-
[“"(H M=7 >+b°® (”)<8p M=p - >]” I

14
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1, a-r+y-1 o1, (1, a-r+y—=1 q@-1 .
+[ao<q+ r(1=7) >+b0<l> (u)<'9q+ r(l—=y) +r(l—y)>]|lvu”q,ﬂ

= (agA; +bg®" "' @By ) lull] , + (ag Ay + bp®*~' ) By ) [ Vull{ .

where A,, A,, B, and B, are defined as

. - -1 < - -1 q®¥-1
i L porty-1 B, L porty a@-b

P r(l=7) Ip r(l=7y) r(l=y)
iooolpaz-rty=1 5 1 _g-rty-1 q@-D

A, - , y 1= — )

q r(1=7) 9q r(1=7) r(1-7)

Wetaker—p>0,1 -y —p<0and |l —y > 0 into account and compute

_=pld-r-p r-—al-r-a _
pr(l—y) qr(l—y)

In order to take care of B, and B,, we recall that r — 9p > 0,r—9¢>0,1—-y >0, 1 —y -9 <0and 1 — 9 <0 and calculate

B _(r—19p)(1—7—p)+p(r—8q)(1—8)<0 B _(r—19q)(1—7—8q)<
b Ipr(L—7) ’ 2T 9gr(l-y)

Since u # 0 we conclude that for all u € N ; we have

A, <0 and 4,= 0.

0.

J;) < (agAy +bg®" '@ By ) ull] , + (ag Ay + by®”~' ) By ) I Vull? , <0,
which concludes the proof. O

Next we will prove that for A > 0 small enough there exists a function u; € N such that ©F = inf N Jw) = Jy(uy).

Proposition 4.2. Suppose hypothesis (1) is satisfied and A € (0,min{A,A,}), where A; > 0 is from Lemma 3.3 and A, > 0 is from
Lemma 3.4. Then there exists u; € N} such that J,(u;) = ©F with u; > 0 a.e.in Q. In particular, by Lemma 4.1 we have J,(u;) = ©7 <0.

Proof. Since 1 < A, we know from Lemma 3.4 that N is nonempty. Applying Lemma 4.1 yields ©} < 0. Because N is nonempty,
we are allowed to choose a sequence {u,},cy in N which minimizes the energy functional J, i.e. {J;(u,)},ey i decreasing and we
have

lim J,(u,) = 0 < 0. (4.3)
n—oo
If {u, } e was unbounded in W (Q), Lemma 3.2 would imply lim,,_, , J,(u,) = oo for a subsequence in contradiction to (4.3). Thus,
{u,}nen is bounded in W1 (Q). By the reflexivity of W 17{(Q) we obtain a subsequence, still denoted by {u,},cn, Such that
u, - u,; in L'(Q), u, = u, in LZ* (0Q),

u

g —u, IMWQ),  Vu, = Vu, in LYQ),
as n —» co. We can also assume that
u, »>u; aeinQ and |u,| <f forallneNanda.e.inQ

as n — oo and for some f € L'(Q). Applying Lebesgue’s dominated convergence theorem to the latter property gives

lim/|un|1_}'dx=/|u,l|l_7dx. (4.4
n—oo Q Q

Next, we will show that u; # 0. From the weak lower semicontinuity of the corresponding norms and seminorms, the fact that
u, > u, in L"(Q) as n - oo, and (4.4) we derive that

. - by g 1 P A 1-y 1 r
l‘ﬁgf Jy(w,) = llrrlr_llgf (aod)(u,,) + E(I) (u,) + p—*llunl g0 m A Ju, |77 dx — ;“"n”,
> lim inf (a D(u )) + liminf b—O(I)‘g(u ) ) + liminf i||u [P
T noo 0 n n—o00 9 n n—oo Ds " p,.B.0Q
. p! . . 1, .
+liminf [ ——— [ |u,| 7" dx ) + liminf (——||un|| )
n—o0o 1-— v Jao n—oo r r

9
1. . p 1. . q by (1. . » 1. . q
> a0<; hrrlrlgolf ||u,,||1’p + 5 hrrggolf ||Vu,,||q,y> + ] ;h;rlgolf ||u,,||1,p + ghzrlg}f ||Vu,,||w

'«

. _ 1 ..
— lim u "7 dx — = lim |ju, |
18,02 1—ynoo Jo | nl r n—o I ﬂ”r

+ L timinf [let,, 117
Py N p.
9
1 » 1 q by (1 » 1 q
2 ao<;||“/1||1’p + EHV’U”W) + 3 ;HW”LI, + 5||Vu/1||q,ﬂ

1 Pa A - 1
+ —||u, ||* - u Vdx — =||u,||”
s = T2 | b gl
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= J,(uy).
Therefore
Jy(uy) < liminf J,(,) = lim J,(u,) = ©F < 0= J,(0).
n—-oo n—oo
Thus, we have shown that u, # 0. By taking further into account that A2 < A,, we obtain by Lemma 3.4 the existence of t‘l” > 0 such

that /{*u, € N7
The next step is to show that we have lim,_, . J,(u,) = J,(u,) for a subsequence. For this purpose we will prove that

imi P _ P i q Py Py
timinf flu, 17 = lgll? . liminf Va9, = Vg2, liminf 12 o0 = g2 o0 4.5)

Using the weak lower semicontinuity of the corresponding norms and seminorms, we assume by contradiction that one of the

following statements is true:
P P P P q q Ps
timinf lla, 17, > ], or  minf [V, I2, > 1Vapllg,  or  Hminf 17 o > Nl oo (4.6)

It is clear that

9—1
liminf ! (£{*u,) > <1(”ﬂ) lim inf [Ju, |1, l(”ﬂ) lim inf | Vs, |4 )
n—oo p q
and

1igglfp(z‘l‘*un) > (z‘l‘*)pligicgf ||un||ip (“4) lim inf ||V, e,

These two estimates together with (4.4), (4.6), the weak lower semicontinuity of the corresponding norms and seminorms, and the
fact that u, — u; in L"(Q) as n — oo yield

liminf y;, (£*)
:li’rlxlioglf<(a0+bOCD‘g’l(t':‘u,‘))(tl;‘)_lp(t';‘un)+(t'1”)p*_l||u 12 ae = A1) / |un|1’7dx—(tl;‘)r_llluﬂH:)
> timin ((ay + 6o~ (17u,)) (1)~ p(1'w,) ) +timint (1) W0, o = A ”‘m/Iu ' dx = (1) lim |

> (ag + 6@~ (1u,)) (1) ™ o) + (1) Nl o = A(6) /Q g |17 doe = (¢44)" ™ g |17

=y, (i) =@ u/” (=0

Thus, there exists n € N with the property that v ( #) > 0. Since 1 < A, and u, # 0, there exists a unique t > 0 with the property
that tl u, € .N';r Note that u, € j\f; implies tl” = 1. Then, from A < min{A,A,} and Remark 3.5 we know y/,:n(t) <0 for all r €
(, t'I"] = (0, 1]. This implies t'I‘ > 1. By Remark 3.5 and u, # 0 we infer that y, is decreasing on [0, t‘l"] 211, t‘f‘]. Hence, we obtain
the contradiction

0F <J,(f}u;) = W, (1) < W, (1) = J;(uy) <liminf J;(u,) =

In consequence, (4.5) holds for a subsequence, which we still denote by {u,},cy. Taking further into consideration that u, — u, in
L"(Q) as n —» oo along with (4.3) and (4.4), we conclude that

b A 1
+ — i T 0 pd 1- -
O} = lim J,(u,) = lim <a0®(un)+ 5@ (uﬂ)+ ||u (A = /9 lu, |17 dx — ;||un||:> =J,(u,).
In the next step, we will prove u; € V. We recall that for all n € N we have
vl (D) = (a+ bo®" ) (I, + 173,12, ) + 17 50, = /Q oty |17 dlx = I
and
2
vl () = (ag + bo®" @) (= Dl 1, + (@ = DIVt 2, )+ 5O = DOl 7, + 172,12, )
1—
A A M a2

Since u, € N * we have v, (1) =0and y; (1) > 0 for all n € N. Thus, by taking the limit as n — oo in the above representations of v/
and y/ , we 1nfer from the same arguments as we used in the proof of lim,_,, J,(u,) = J,(u;) that y/ ( 1) =0 and w” (1) >0. Takmg
into account A< A, and Lemma 3.3 we get J\/ ° = ¢ and therefore Wz:; (1) > 0. Hence, we obtain u, € j\f

It remains to show that u; > 0 a.e.in Q. We know that |u;| € W!(Q) and since

Jiuyl) = J,(uy) = O3, W(u4|(1)=w1:4(1)=0’ and ll/|,,|(1)=lll,;:(1)>0,
we get |u;| € N . Hence, we can assume u; > 0 a.e.in Q. O

16
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The next two results are needed later in order to prove Theorem 1.1.

Lemma 4.3. Suppose hypothesis (1) is satisfied. Let 2 > 0 and u € N';\. Then there are € > 0 and a continuous function { : B(0) — (0, %)
with the property that

¢0)=1 and () u+v)€E NS forallve B.(0),
where B,(0) ¢ W1(Q) denotes the open ball at 0 with radius e. The same assertion holds true if we replace N° by N
Proof. We only show the proof for the case u € N ;f The other case works in a similar way. We consider the map
F: W@ x(0,00) > R, (v,0) - 'y, ().

Then F is continuous and has a continuous partial derivative with respect to the second variable which is given by

‘;—f(v, N=yty! O+ 0 forall (v,1) € WHH(Q)x (0, ). 4.7)

u+v

Because of u € N it holds
! aF "
FO, D)=y, (1)=0 and E(O,l):y/u (1)> 0.

By the aforementioned considerations and the implicit function theorem (see, for example, Fusco-Marcellini-Sbordone [57, p. 569])
we get the existence of £ > 0 and a continuous function ¢ : B,(0) — (0, o) such that for all v € B,(0) and 7 € {(B,(0)) we have

F(uv,t)=0 ifand only if 7= {(v).
This implies
(=1 and ., (&W®)=F@{w)=0 forallve B.(0). (4.8)

Recalling the definition of F, we obtain ¢(v)(u + v) € N, for all v € B,(0). Moreover, combining (4.7) with (4.8) gives

%(U,C(U)) =, (W) forallv e B,(0).

Hence, by taking into account 9, F(0, 1) > 0 along with {(0) = 1 and applying the continuity of o, F, we can choose ¢ small enough to
establish that {7 (v)y),  ({(v)) > 0 and therefore

{W)u+v)e N forall ve B,(0),
which concludes the proof. O

Proposition 4.4. Suppose hypothesis (1) is satisfied and let A € (0, min{A,A,}), where A; > 0 is from Lemma 3.3 and A, > 0 from
Lemma 3.4. Then, for all h € W7T(Q), there exists 5, > 0 such that

Ty < Ty, +1h) forallt € [0,6,),
where u; € WH(Q) \ {0} is from Proposition 4.2.

Proof. Let h € W (Q). Because of u, € J\//;r we have 1//4{ (1) > 0. First we show the existence of 5, > 0 and 7, € (0, 1) such that for
all € [0, 5,), the map W, +ih is strictly convex in (1 —n,,1 +#,), i.e., Wl:;+th(s) >0 forallte[0,6,) and s € (1 —ny, 1 +n,). Since the

"

map (s,1) = "’uﬁm

(s) is continuous in (1, 0), for %y/;; (1) > 0, there exists 5, > 0 with the property that for all 7 > 0 and s > 0 we have

1
Wi 4an() =, (DI < Jy7 (1) (4.9)

whenever |(s,1) — (1,0)] < &,. We define

5
b= 2>0 and :=min{,/5§—5§,%}e(o,1). (4.10)

Then, for all t € [0,6,) and s € (1 — 5, 1 + 1) we find

[(s,0) = (1L,O) = V(s = 12+ 12 < /2 + 62 < 6.

Applying (4.9) yields

1 1
W () > w (1) = Ew;;(l) = zt//”(l) > 0.

uy
By Lemma 4.3 we obtain the existence of € > 0, independent of 4, and a continuous map ¢ : B,(0) — (0, o) such that
(0-h)=1 and ¢@th)(u, +th) e N;’ for all 7 € [0, 5,),

where we choose &, small enough in order to ensure th € B,(0) for all ¢ € [0, 5,,). The property {(th)(u, + th) € N ;“ gives u/; - ACh) =
0and y/,: ; (@) >0, ie. Vi, +th attains in ¢(th) a local minimum for all ¢ € [0, 6,). Note that the definition of #,, given in (4.10) implies

that #,, increases if we choose §, to be smaller. Thus, as a consequence of the continuity of 7 -~ {(th) along with £(0- h) = 1, we can

17
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choose 5, even smaller to ensure that {(th) € (1 —n;,, 1+ n,) for all ¢ € [0, §,). Putting all the arguments mentioned above together, we
know that for all € [0, 6,,) the map y,,, ., is strictly convex and attains in (1 - #, 1 +#,) a global minimum in {(th) € (1 — 5, 1 + 7).
Hence, by remembering J(u,) = @1’ from Proposition 4.2, we conclude for all 7 € [0, §,) that

Ji(uy) = 0F < JHEAuy +th) = 4w (CE) < Wy n (D) = T, (u, + th),
which completes the proof. [
Now, we are able to prove that u, is a weak solution of problem (K ).

Proposition 4.5. Suppose hypothesis (1) is satisfied and let A € (0, min{A,A,}), where A; > 0 is from Lemma 3.3 and A, > 0 from
Lemma 3.4. Then, u, from Proposition 4.2 is a weak solution of problem (K ).

Proof. Since we already know from Proposition 4.2 that u; >0 a.e.in Q, it is sufficient to prove u, # 0 a.e.in Q. We argue by
contradiction and assume there is a measurable set K C Q with |[K| >0 and u, =0 in K. Let h € W*(Q) with 4 > 0. Because of
y < 1, for all t > 0, we infer that (u; +th)!"7 > u;_’ a.e.in Q \ K and therefore

/ (@47 =7 )ax > 0. (4.11)
Q\K

By Proposition 4.4, there exists 6, > 0 such that for all 7 € [0, 6,), we have the estimate J,(u;) < J,(u, + th). Using this estimate at the
same time as u; =0 in K and (4.11), for all ¢ € [0, §,,), we obtain

0 < J,(u; +th) — J,(uy)

A L I I
= M (@G, + 1) = M () - 17 /Q (s + o' =l Yax + p—*(nw IR 5 = 311 500 ) = 5 (Il + 181l = 1)
= M (®(u, +th)) — M (P(u,)) - ﬁ /Q\K <(uA + )7 _u;—r) dx — % /K ((u,l A u;ﬂ)dx

1 Pa Pu 1 r r
+ E(llua Al a0 ||MA||p*ﬁ,m) - ;(llua +th||” = lluyll?)

At 1- 1 P Pe 1
< M (Duy +1h)) — M (Duy)) - = /e A dx + Z(nw +th||p*’ﬂm - ||u,1||p*vﬁ’m> - ;(||u4 + th||” = luyll?).

Dividing this estimate by ¢ > 0, taking the limit as 7 \, 0 and applying Lebesgue’s dominated convergence theorem along with
1—y>0,lim\#7 =oo0 and [, 177 dx > 0, we derive the contradiction

OslimM=—
™NO t

Hence, u; > 0 a.e.in Q.
Next, for all » € W'H(Q) with & > 0 in Q, we will show u;”h € L'(Q) and

m(d)(u,l))(/ £(ul)~Vhdx+/a(x)u‘;_lhdx> +/ ﬂ(x)ui*_lhdazi/u;yhdx+/uﬁ_lhdx. (4.12)
Q Q 0Q Q Q

Let h € WM (Q) with h > 0. We consider a decreasing sequence of real numbers {1, } oy satisfying lim,_, ., ¢, = 0 and define a sequence
of measurable functions {,},en by

1=y _ -
6o R, g = WO T o T

n

Since h > 0, it is obvious that ¢, is nonnegative for all » € N. Furthermore, for a.a. x € Q we observe that
nlingo () = (1 = )y ()7 h(x). (4.13)

Using Proposition 4.4 once again, for n € N large enough , we get
0< Jy(uy +t,h)—J,(uy)
tl'l

P+ P
M(®(u, +1,h) — M (@) /C 1 ez + 1l pag = Wally poa 1 lluy + 1,007 = Nl
; :

' T 1-y ! r t

n

n n

Taking the limit superior of this estimate as n — oo and recalling Lebesgue’s dominated convergence theorem results in

Py Py
(M(d><u1+tnh>)—M(<I><uﬂ>) B / Cans ] sz + 1Rl o = Wally poa 1 llug + 10117 = Nyl
l-y Jo™"

0 < lim sup
n—oo t ! r In

n n

M (D h)) — M (D
< lim ( s + L )) ( (“A)) + lim sup <——1 Ay/é},dx)
-7 Ja

n—oo 1, n— oo

P P
It I poa = Wl o il el

n—co p. ln n—oo r tn
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=m(q>(uﬁ))</ E(u/l)‘Vhdx+/a(x)ui_lhdx> S 1irninf/4,’,,dx+/ ﬂ(x)u’;*‘lhda—/u;—‘hdx.
Q Q L=y n=e Jo 0 Q

By rearranging this inequality and applying Fatou’s Lemma coupled with (4.13) we infer that

A/u;yhdxg A liminf/{,,dxﬁm(@(uﬁ)(/ £(ul)~Vhdx+/a(x)ui71hdx>+/ ﬂ(x)uﬁ*_lhda—/u;_lhdx.
Q l—y e Jo Q Q 0Q Q

Hence, we conclude thatu,” h € L'(Q) and (4.12) holds. For arbitrary ¢ € W'*(Q) we consider ¢ = ¢* — ¢~ and obtainu,” ¢ € L'(Q).
Finally, for all ¢ € W (Q) we will verify

m(tb(ul))</ E(u4)~V(pdx+/a(x)ui_l(pdx> +/ ﬂ(x)ui*_l(pdcf:ﬂ/u;7¢dx+/u:1_l(pdx. (4.14)
Q Q oQ Q Q

Let ¢ € W!H(Q) and let € > 0. We define w, :=u, + p. We apply (4.12) to h = w! > 0 and along with u; € N}, wh = w, + w_,
w; =01in {w, >0}, w, = —w, in {w, <0}, u; >0 a.e.in Q, and Q = {w, > 0} U {w, < 0} we obtain

OSm(CD(uA))(/QE(ul)-Vw:dx+/ga(x)ufflw:dx> +/)gﬁ(x)ui*_lw:do—A/ﬂufwjdx—/ﬂu;_lwzrdx

=m(d>(u4))</ E(uﬂ)-Vwde+/a(x)ui_lwfdx> +/ ﬂ(x)u’;*_lwgdo—lfu?wgdx—/u;_]wg dx
Q Q 0Q Q Q
+m(®(ui))</9£(u/1)4Vw;dx+/ga(x)ui_]w;dx> +Aﬂﬁ(x)ui*_lw:da—A/Qu;}'w;dx—/guz_lwgdx

= m(Duy)) </Q L(uy) - V(u, +ep)dx + /Q a(x)ui_l(uA + @) dx> + /ag ﬂ(x)ui*_l(u,{ +e@)do — /1/9147(14,1 +e@)dx

_ / u:l—l(u,l +ep)dx — m(<D(u,l))</ L(uy) - Vw, dx + / a(x)ul;—l w, dx)
Q {w, <0} {w, <0}

_/ /}(x)uiflI,UE d6+ﬂ/ u w, dx+/ W hw, dx
{we<0} {we<0} {we<0}

= m(d)(u,l)) </ L(uy) - V(ep)dx + / a(x)ui_l(g(p) dx> + / ﬂ(x)ui*71(£¢) do — A/ uzy(srp) dx — / u;_l(eqo) dx
Q Q 0Q Q Q
— m(d)(uﬂ))(/ Luy) - V(uy+ep)dx + / a(x)uifl(u,l + @) dx>
{we<0} {w,<0}

- / ﬂ(x)ui*_l(uj +ep)do + A/ u?ws dx + / u:flwE dx
{w,<0} {w,<0} {w,<0}

< m(CD(uA)) </Q L(u,;)- V(ep)dx + /Q a(x)ui_l(e(p) dx> + /052 ﬂ(x)u‘;*_l(e(p) do — /1/9147(6@ dx — /Qu;_l(g(p) dx

—m(D(uy)) (/ L(u,) - V(ep)dx +/ a(x)u‘;_l(e(p) dx) —/ ﬂ(x)ui*_l(sqz) do
{w, <0} {10, <0} {10, <0}
=¢ [m(d)(u,l)) </ L(uy) - Vedx + / a(x)u‘;_lrpdx> +/ ﬂ(x)ui*_l(pda - /1/ u;y(pdx - / u;_l(pdx
Q Q Q Q Q

—m(<l>(u,l)) / E(ul)-V(pdx+/ a(x)ui_l(pdx —/ ﬁ(x)ui*_l(pda .
(10, <0} (w0, <0} (10, <0}

€= €= €=
Thanks to u; > 0 a.e.in Q we observe that

li w, <0} =1 u, +ep <0}|=0
and therefore

. . - . —1
lim Lw;) - Vedx =0, hm/ a(x)u’ 1(pdx =0, hrn/ B @do = 0.
N0 S, <0} g N0 Jw, <0} 4 eNO0 S, <0) 4

Thus, dividing the above estimate by ¢ and taking the limit as € \, 0 results in

m(@(ul)) (/ E(uﬁ)-qudx+/a(x)uifl(pdx> +/ ﬁ(x)uﬁ*_l(pdazﬂ/u;ycpdx+/u;_lcpdx.
Q Q 0Q Q Q

Since ¢ is arbitrary, we are allowed to consider the same estimate with —¢ instead of ¢. Therefore, we conclude that (4.14) is true. O

In the remaining part of this section, we will prove that there exists a second solution v, € N| of problem (K,) such that J,(v,) =
©;. We start by stating a lemma, which establishes that the energy functional J, is strictly positive on N}, but in contrast to Lemma 4.1
this time we have to choose 4 to be small enough.
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Lemma 4.6. Suppose hypothesis (1) is satisfied. Then there exists A; > 0 such that for all 4 € (0,A;) and v € N7 we have J,(v) > 0. In
particular, if N  is nonempty for some A € (0, A3), then ©; > 0.

Proof. In order to prove the assertion we will argue by contradiction. Let A > 0. We assume there are 1 € (0,A) and v € N’ ; with the
property that J,(v) < 0. Then the definition of J, implies

A
4o ®(0) + —<I>'9(v)+ PR 1—/ jol' 7 dx+ Lo, (4.15)
and from ‘l/u(l) =0 we get

(ag + 5@~ () p(0) + Il0ll?* m—z/ﬂ|v|1*7dx+||v||:. (4.16)

Dividing (4.16) by —r and adding the result to (4.15) as well as applying the estimates /1:(_11_7) > 0, /Q [o]'~7 dx < |Q| p* ||u|| - 7 and

_1 }
loll,« <8 v ||vI|1p yields

ay®) + — <I>'9<v>+ o115 oo i((ao+bo<1>"" L)@ + 1017 50

<= /|u|‘ Tdt o ||v||’——< fwi 7dx+||v||’>
-Y

r—1+y/ - r—1+y 1-Lr -y
=A———— [ oI TTdx < A———1Q 7 vl
r(l-y) r(l1-y) P

-1+ L .
ket AT e P T
r1—7) L

Furthermore, we remember that a, > 0, b, > 0, 115091 1509 1_15 0, L_1ls0and9-120 along with ®(v) > 1||v||p s
P r q r Ps r 9q r P Lp
and obtain

1
ay®(©) + —<1>“<v>+ —||v||”* " poa— 3 ((@0+ 5@ ©)p0) + 011, 0 )

1 1 -1 1 1\, .» -1 11 1
=g =-= == 2 )IVolle + by® - by @ — — 2 )|volje
ao(p >IIUI| +ao<q )II ol + bo (U)<19p r>I|v|I1,p+ 0 () % r Ivellg , + P lv Ip .00
Zbo<b'9‘1(v)< o )u I7,> = 20 o ”( o )n 17

_ bO(r 9p) llo ”817
Tt
We combine the aforementioned estimates and derive that
bo(r—9p) L+y Lo
o I| ||” P 4T R ST loll, "
Ip r(l—y) P
Rearranging this inequality results in
ol < Dy, (4.17)

where D5 is a positive constant given by

— 14 p)9p? ey
Dy 1= LT LEPOPT o1- TE
r(1 = 7)by(r — 9p)

From Lemma 3.6 we know there exists a positive constant D,, independent of 4, such that

llollf, > Ds. (4.18)
With the aim of deriving a contradiction we define

D.‘Jp—H—y
A= 2 > 0.
D;

Then, by considering 4 < A and putting (4.17) and (4.18) together, we end up with

DY < oll{7T < Dy < DyA = DY

which is a contradiction. O

Next we will prove that for A > 0 small enough there exists a function v, € N} such that ©; = inf ¢ Ny L) = 3. To this end,
let

A :=min{A}, Ay, Az}, (4.19)
where A, is from Lemma 3.3, A, from Lemma 3.4, and A; from Lemma 4.6.
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Proposition 4.7. Suppose hypothesis (1) is satisfied and let A € (0, A). Then there exists v, € N T such that J,(v,) = © withv, > 0 a.e.in
Q. In particular, by Lemma 4.6 we have 07 = J,(v) >0.

Proof. Because of A < A,, by Lemma 3.4, the set N/ . is nonempty. Together with 4 < A; and Lemma 4.6 this implies ©; > 0. Since

N[ is nonempty, we are allowed to choose a sequence {v,},ey in ] which minimizes the energy functional J,, i.e. {J;(©,)},en 18

decreasing and we have

lim J,(v,) = ©} > 0. (4.20)
If {v,},.en Was unbounded in W 7 (Q), Lemma 3.2 would imply lim,,_,, J,(v,) = oo for a subsequence in contradiction to (4.20). Thus,
{v,}en is bounded in W7 (Q). By the reflexivity of W1 (Q) we obtain a subsequence, still denoted by {v,},n, such that

v, = v, inL(Q), v, =~ v, in LZ*(@Q),

v, = v, InWYQ), Vo, = Vu,in LYQ),
as n — oo. We can also assume

v, > v,aeinQ and |v,| < fforallneNae.inQ

as n — oo and for some f € L'(Q). Applying Lebesgue’s dominated convergence theorem to the latter property gives

hm/lv |- ydx—/lu,lll 7 dx. (4.21)

Next, we will argue that v; # 0. Let n € N. By using a; >0, by >0, p—1>0, g—1>0, p, —1> 0 as well as ®(v,) > illvnllf[’,

1-L -
loally <1217 llo,lI7., w,) (1) <0 and IIUnllp* < S7Mlv,lly,, we get

by(p = S (p P
— iy < =D oI
poi(77) ¥
(DH—I(U ) P 5
< by(p — 1>T;'Dnvn||]§, = by®" "' w,)(p = Dllv,|If,
n |'p

< 9= Dbg® 2 (v,)*(v,) + (ag + be®* ' (v,)) (P - Dllo,lIf, + @ = DIVe,lE, ) + @, = D, 17 s oq+ 47 [ vl dx
a1 P02 o

=y, (D + = Dllv,lly < (= Dllo, |7

Solving this inequality for ||v,||, leads to

1
bo(p — 1)S% o

o, > >0.

I
(r=Dp®~ IIQI( Sk
Since we have the strong convergence v, — v, in L"(Q) as n — oo, we conclude from this estimate that v, # 0. Thus, by taking further
into account that 4 < A,, we obtain by Lemma 3.4 the existence of a unique t;‘ > 0 such that t;‘ v, € NT.
The next step is to show that we have lim,_,, J,(v,) = J;(v,) for a subsequence. To this end we are going to prove that

. » » . g _ q Ps Ps
timinf (10,17, = lo;117 . Hminf Vo, 12, = Vo2, Hminf o, 07" ;0 = 10417 5 0 (4.22)

We argue by contradiction. Thanks to the weak lower semicontinuity of the corresponding norms and seminorms, it is sufficient to
assume that one of the following statements is true:

s P P s q q P Ps
timinf flo, [ ;> lloglly . or  Hminf{|Vo,[Ig /> IVollg ., or  liminfly, || > oIl

X PO

This assumption in addition to v, — v, in L"(Q) as n - oo, (4.21), and the weak lower semicontinuity of the corresponding norms
and seminorms implies

) 1, o, 1 by (1,0, 1
Tyt 0;) = ao<;(t;‘)p||vi||fvp + 5(z§4)4||VuA||g#> +5 (;(z;)"nulnjp + 5(r§*)"||v%||g#>

9

I-y
1 A1) I P
+p—(T;A) ||U,1||p £.0Q ﬁ/ﬂw/ﬂl de_;(t;ﬂ) lloally

£

9
1, v, Py . 1,0 . bo (1, v\py. . 1,0 .
< a0<;(t; )pllrr,rig}f ”Un”ip"" E(t;/l)thrlgg}f ”VU"”Z:M> + 5(;(% )ph’r,r_l){gf ||U,,||Fllyp+ E(t;/l)’?h'rlrig}f ”VU"”;M>

| A

Py 2 . - 1o\ . N
+ —(t hmmf v —=— lim v,|"Tdx— —(t lim ||v
(1) R - Y AL L(157)” Jim N,

9
. 1/ v,\p p | Y q bo (1 v,\p » [CAY q
< lim inf <ao(;(12 Jeally, + 2 () IV0ullg,, )+ (5 (51 el + 2 (57) VeI,
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| A |
Uy \ Px 2 — U\
L ) N =~ [ 1enlt ax= 2 nvnn:>

s

—hmmeA( vy).

Let n € N. Since A < A3 and v, € N, by Lemma 4.6 we know y, (1) = J,(v,) > 0. Furthermore, from 4 < A, and v, € N we
know 7" = 1, where #;" > 0 is the unique number from Lemma 4.6 such that #,"v, € N;. Thus, Remark 3.5 implies

maxy, (t) =y, (1). (4.23)
>0 " "

Putting the aforementioned considerations together we obtain the contradiction
0; < JA( UA) < llmmf JA( ) = llmmfwv ( ) < llmmfwv ()= llmme 2(v,) =07

In consequence, (4.22) holds for a subsequence, which we again denote by {v,},cn. Taking further into consideration that v, — v,
in L"(Q) as n —» oo along with (4.20) and (4.21), we conclude that

- ‘ by A - 1
0 = lim J,(v,) = lim <a0®(v")+ 3<D‘9(vn)+ ||u |p oo _y/glvnll 7 dx — ;||vn||: =J,(v)).
Next, we are going to prove that v, € N . For all n € N we have

wh, (D) = (a+ bo®" 0,)) (10,17, + IV, 12, ) + N2 500 = /|un|1-7dx—||vn||:
, , A
and
2
0L (a0+b0‘l>‘9_l(vn))<(l)— Dliw,lIf , + (g = DIV, IIZ},) +by(9 — 1)<I>“"2(u,,)(||v,,||’l’yp+ ||vun||gyu)
s 1-
0= DI g+ 47 [ 101" dx == Dl I

Because of v, € N it holds 1// (1)=0and y/’ (1) < 0 for all n € N. Hence, taking the limit as n — oo in the above equations of q/
and x// ,we 1nfer 51m11ar to the proof of hm,,_,oc J,;(v,) = J,(vy), that y] (1) =0and y/” (1) < 0. Then, applying 4 < A; and Lemma 3. 3

gives J\f © = ¢ which implies w[; (1) < 0. Thus, v, € N} . Furthermore, we have |v,| € Wl H(Q) and because of
Jilv, ) = J,(vy) =07, W(U“(l) = W;A(l) =0, and W|U (= WL;(I) <0,
we have |v,| € J\f; Therefore, we can assume v, > 0 a.e.in Q. O
Now, we can prove that v, is indeed a weak solution of problem (X ).

Proposition 4.8. Suppose hypothesis (1) is satisfied and let A € (0, A), where A is given in (4.19). Then, v, from Proposition 4.7 is a weak
solution of problem (K ).

Proof. From Proposition 4.7 we know that v, > 0 a.e.in Q, so it is sufficient to prove v, # 0 a.e.in Q. Arguing by contradiction,
suppose there is a measurable set K C Q with |K| > 0 and v, =0 in K. Taking h € WHH(Q) with h > 0, as well as v; € N, from
Lemma 4.3 we can find ¢ > 0 and a continuous mapping ¢ : B,(0) — (0, o) such that

¢0-my=1 and ¢(th)(v, +th)e Ny forallt e [0,6,),
where §, > 0 is a number, chosen small enough such that th € B,(0) for all t € [0, §,,). This implies

J,(v)) = ©7 < J,(C(th) (v, +1th) forall 1 € [0,8)). (4.24)
Note that a similar argumentation as in (4.23) can be done for v, in order to derive from Remark 3.5 that

TPZaOX v, O =y, (1). (4.25)
Because of 4 > 0 and y < 1, we infer that ((th)(v, + th))'™" > ({(th)(v;))! " a.e.in Q \ K and therefore
/ (€Y, +th)'™" = ((@th)(v,)' 77 )dx >0 forallt> 0. (4.26)
Q\K

By applying (4.24), (4.25), and (4.26) together with v, = 0 in K, for all t € [0, §,,) we obtain
0 < JH(€h)(v; + th)) — Jy(v;) = J(E@h) (v, + th) —w,, (1)
S TEh)(w; +th) =y, (E@h) = J,(E(th)(v; + th) — Jy(E(th)v;)

= M (D (th)(v; +th))) — M (D (th)v,)) — ﬁ /Q (€h) (W, + th)' 7 — (C(th)(w,)' ) dx
+p—(||c<zh>(ui+zh)|p o = IEEW@DIZ o0 ) = (16, + I~ @@ IL)
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= M (DE(th)(w; +1h)) = M (®(E(th)w,) - ﬁ /Q i (€M + )17 = C ;) 7) dx
- K
- ﬁ /K (€h)w, +th)' 7 = () ) dx + pi*(llé(th)(va I o0 = IECRODIL 00
= (o, + ), = IEaRwI)

ME@h) ety
< M{@Ehv, + 1) — M(0(C(thyoy) - 2EUD T /
K

= W7 - (IR + I o = IR )

= Lo, + ;= IEERYw ).

We divide this estimate by 7 > 0, take the limit as 7 \, 0 and from Lebesgue’s dominated convergence theorem together with 1 —y > 0,
lim;\ o {(th) = 1, limn ™7 = o0, and [ A'~7 dx > 0 we obtain
JEah)(, +1th) — J;(vy)

0 <lim —00,
™NO t

that is a contradiction. We conclude that v; > 0 a.e.in Q.
In the next step we will show that, for all 2 € W'"(Q) with 2 > 0 in Q, we have v;"h € L(Q) and

m(@(v,ﬁ)(/ L(v,)- Vhdx+/a(x)u§*‘hdx> +/ P hdo > ,1/ vjhdx+/ v hdx. (4.27)
Q Q oQ Q Q

We take h € W7 (Q) with h > 0 and consider a decreasing sequence of real numbers {t,},cy such that lim,_, ¢, = 0. We define a
sequence of measurable functions {¢, },cy by

(M), () + 1, AN = (W, h)v(x) 7
. )

@, Q-oR, @,x) =

n
Since ¢ >0 and h > 0, it is clear that ¢, is nonnegative for all » € N. Furthermore, applying lim,\ , {(th) = 1 and the mean value
theorem, for a.a. x € Q, we observe that

Jim ¢, (x) = (1 - ;07" h(x). (4.28)
Similar as in the first part of this proof, by recalling the properties of ¢, for n € N large enough we get
< Jy&@, ), +t,h)—J,(v,)

0 t
o M@, +1,1) = M(PEEM0)) 4 / s L €@ @, + 1,015, 00 = 1EERUT ;o0
- t, 1-7v Ja @n » t,
_ 1€M@, + DI~ 1IEE, Rl
r 1, '

Taking the limit superior of this estimate as n — co and using Lebesgue’s dominated convergence theorem as well as lim,\ o {(th) = 1
results in
M(®E,h) (v, + 1,h)) = M (®E (1, h,) 4 ey L 1@, + W 5 40 = IE@RODI 5 o0
—_—— (pn X + —_—
t -7 Jo

* trl

n—oo n

R R ||¢(rnh><ul>||;>

0 < lim sup <

r t”
M (D (,h)(w, +1,h)) — M(DE(,hwy) < 1 / )
< lim +limsup [ ——— @, dx
n—oo t, n—oo 1- Y Ja
oy N0+ DI g0 =GN poo 1 IEEAN@, + LI = IR
+ fim - : - fim > :

=m((1>(v,1))</ E(UA)~Vhdx+/a(x)Uiflhdx> —Lliminf/(pndx+/ ﬂ(x)U';*_lth'—/lehdx.
Q Q l—y noeo Jo 0 Q

From Fatou’s Lemma and (4.28) it follows that

A/U;yhdxs A liminf/rp,,dxﬁm(@(v,l))(/ £(v,1)‘Vhdx+/a(x)vi_]hdx>+/ ﬂ(x)ui*_lhda—/ug_lhdx.
Q L—y nmeo Jo Q Q 00 Q

Therefore, v,"h € L'(Q) and (4.27) holds. For arbitrary ¢ € W'*(Q) consider ¢ = ¢* — ¢~ which gives v;"p € L'(Q).
The rest of this proof can be done repeating the same arguments for v, as we have seen in the last part in the proof of Proposi-
tion4.5 O

The proof of Theorem 1.1 follows now from Propositions 4.5 and 4.8.
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