EXISTENCE AND UNIQUENESS FOR SINGULAR LOGARITHMIC
DOUBLE PHASE PROBLEMS

GIUSEPPE FAILLA®, LESZEK GASINSKI , AND PATRICK WINKERT

ABSTRACT. In this work we study singular elliptic equations driven by the logarithmic double
phase operator. We first establish the existence of at least one positive bounded weak solution
under general structural conditions. Subsequently, we refine this result by proving unique-
ness of a positive solution for a class of problems involving mild singularities at the origin
and perturbed by sublinear growth nonlinearities. Our approach relies on the framework of
pseudomonotone operators along with a new weak maximum principle specifically developed
for the logarithmic double phase setting, which plays a key role in our analysis. To the best of
our knowledge, this is the first contribution dealing with logarithmic double phase problems
that include singular terms.

1. INTRODUCTION AND MAIN RESULTS

Recently, Arora—Crespo-Blanco-Winkert [2] introduced the so-called logarithmic double phase
operator, defined as
Vul
div ( |Vul[P~2Vu + p(x <log e+ |Vul|) + |) Vu q2Vu), 1.1
(1vuP=29u-+ ute) (togte-+ ¥y + L) ol (1)

where the unknown function u belongs to the Musielak-Orlicz Sobolev space VV1 Hiog (Q) gener-
ated by the nonlinear function

Hiog(w,t) = 7 + p(z)t?log(e +t) for all (z,t) € Q x [0, 00).

Here 1 < p < N, p < ¢, e denotes Euler’s number, and the weight satisfies 0 < u(-) € L>=(9Q).
The corresponding energy functional associated with (1.1) is given by

u»—)/ (Vup u(z )|V ult log(e+|Vu|)> (1.2)

which has been analyzed in special cases in recent years. In particular, we mention the contri-

butions of Baroni-Colombo-Mingione [7], Byun—Oh [12], and De Filippis—Mingione [19], who

studied local Holder regularity of the gradient of local minimizers for functionals of type (1.2).
This operator can be regarded as a generalization of the classical double phase operator

K(u) = div (|VulP?Vu + u(2)|Vu|!*Vu), ue Wyt (),
associated with the modular function
H(z,t) =P + p(x)t? for all (x,t) € Q x [0, 0),
which was introduced by Marcellini [42, 43] and Zhikov [59, 60, (1] in the framework of elasticity
theory to describe the behavior of composites consisting of two different materials. Since then,
the double phase operator has found numerous applications in various fields: for instance,
Bahrouni-Radulescu—Repovs [5] investigated models of transonic flows, Benci—-D’Avenia—Fort-

unato—Pisani [10] studied equations arising in electromagnetism, while Harjulehto-Héasto [33]
employed it in problems of image restoration and denoising.
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Closely related problems have recently been treated in the works of Cen—Lu—Vetro—Zeng [10]
and Lu—Vetro—Zeng [11], where the density function is given by
Ho(a,t) = (7 + p(@)t?) log(e +¢),
and the corresponding operator takes the form
div (HIL%UT“DW) ue W),
One of the motivations for studying functionals with logarithmic perturbations, such as

u»—>/ |Vullog(1 + |Vul|) dz,
Q

comes from plasticity theory with logarithmic hardening. For further details, we refer the reader
to the seminal contributions of Seregin—Frehse [55] and Fuchs—Seregin [24].

The aim of this paper is to prove existence and uniqueness of solutions for the following
elliptic problem

—G(u) = B(x)u™"+ f(z,u) inQ,
u>0 in Q, (P)
u=20 on 012,
where Q C RN, N > 2, is a bounded domain with a C?-boundary 9§ and G is the logarithmic
double phase operator given in (1.1). We assume the following hypotheses:
(Ho) 1<p<g<N,I< 14 + and p € C%H(Q) \ {0} with p(z) >0 for all z € &
(Hp) B € Wy (Q), B(x) > 0 for a.a.z € Q and ¢*d < 3 on the set Q. = {z € Q: d(z) < &}
with ¢* > 0, e > 0 and d = d(z, 9Q) denotes the distance function defined in (2.3);
(H,) 0<n<1;
(Hy) f: Q@ xRy — Ris a Carathéodory function such that the following hold:
(i) There exist ¢; > 0 and 7 < p such that
fz,s) <ecps™ !

for a.a.z € Q and for all s > 0. In addition, if 7 = p, it holds ¢yc; < 1, where ¢y is
the constant from the estimate (2.5);
(ii) There exist p > 0 and &, > 0 such that

e, s) <&
for a.a.z € Q and for all 0 < s < p;
(iii) There exists d > 0 such that
f(2,0) =0 < f(z,s)
for a.a.xz € Q and for all 0 < s < 4.

For a measurable function u:  — R we write 0 < u if for all compact sets K C €, there
exists a positive constant cx > 0 such that 0 < cx < u(x) for a.a.x € K. Note that if 0 < u
then 0 < u(z) for a.a.x € Q.

Our existence result reads as follows.

Theorem 1.1. Let hypotheses (Hy), (Hp), (H,), and (Hy) (i)-(iil) be satisfied. Then, there

exists at least one solution ug € Wol’Hlog (Q) N L>(Q) of problem (P) such that 0 < ug.

For our uniqueness result, we need the following monotonicity condition.
(Hy) (iv) t— % is nonincreasing on (0, +00) for a.a.z € €2, where 7 is from (i) above.
Our second result concerning the uniqueness of (P) is the following one.
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Theorem 1.2. Let hypotheses (Hy), (Hp), (H,), and (Hy) (i)-(iv) be satisfied. Then, problem
(P) admits a unique solution ug € VVOI’H“’g (Q) N L>(Q2) with 0 < uo.

The proofs of Theorems 1.1 and 1.2 are based, in particular, on a new weak maximum
principle for operators of the form (1.1) developed in Section 2. In addition, we make use
of a careful analysis of several auxiliary results in order to construct sub-super-solutions for
problem (P). Our work can be seen as a generalization of the results obtained by Failla—
Gasinski-Papageorgiou—Skupien [21] for the classical double phase operator without logarithm.
To the best of our knowledge, this is the first contribution dealing with logarithmic double phase
problems that include singular terms.

The study of singular problems has a wide interest also due to the large range of applications.
We refer to Callegari-Nachman [13] for boundary layer problems, Carleman [15] for kinetic gas
theory, Keller—Cohen [38] for models in heat generation in conductors or Turing [57] for pattern
formation and morphogenesis. From a mathematical perspective, the singular term raises sig-
nificant and interesting difficulties, as discussed in the recent works for double phase problems
without logarithm by Arora-Dwivedi [3], Arora-Fiscella-Mukherjee-Winkert [41], Bahrouni-
Radulescu—Repovs [6], Bai—Gasiiski-Papageorgiou [3], Bai-Papageorgiou—Zeng [9], Candito—
Failla—Livrea [14], Farkas—Winkert [22], Garain-Mukherjee [25], Guarnotta—Winkert [30], Liu—
Dai-Papageorgiou—Winkert [39], Liu-Papageorgiou [10], Papageorgiou—Peng [141], Papageorgiou—
Rédulescu-Zhang [16], Papageorgiou-Repovs—Vetro [18], Sim—Son [56], see also the references
therein. Finally we also mention papers for strongly singular double phase problems without
logarithm, see Papageorgiou—Radulescu—Yuan [45], Papageorgiou—Radulescu—Zhang [47] and
Pimenta—Winkert [52] and also works involving the logarithmic double phase operator given in
(1.1), but without singular nonlinearities, see the papers by Arora—Crespo-Blanco-Winkert [1]
and Vetro-Winkert [58]. For the sake of completeness we also refer to the seminal paper by
Biagi-Esposito—Vecchi [11].

The paper is organized as follows. In Section 2 we first introduce the underlying function
space and state the properties of the logarithmic double phase operator. In addition, we prove
a new weak maximum principle for such class of logarithmic operators. In Section 3 we give
the proofs of Theorems 1.1 and 1.2 based on the weak maximum principle and the theory of
pseudomonotone operators along with suitable auxiliary problems in order to construct sub-
super-solutions for problem (P).

2. PRELIMINARIES

In this section we recall first the main properties of our underlying function space and the
logarithmic double phase operator given in (1.1). We also prove a version of a weak maximum
principle for logarithmic double phase problems which will be used in the sequel. To this end,
for 1 < 7 < oo, we denote L"(f2) the Lebesgue space with norm || - ||, while W, " (Q) denotes
the corresponding Sobolev space with zero traces endowed with the equivalent norm ||V - ||, for
1 < r < co. Next, we are going to introduce the logarithmic Musielak-Orlicz Sobolev spaces
under the hypotheses (Hy). Let M () be the set of all measurable functions and suppose that
(Ho) holds. Most of the results are taken from Arora—Crespo-Blanco-Winkert [2] as well as
the monographs by Harjulehto-Hasto [34] and Papageorgiou—Winkert [50], see also the paper
by Crespo-Blanco—Gasiriski—-Harjulehto-Winkert [17] for the main properties of double phase
operators without logarithm. We introduce the nonlinear function Heg: Q x [0,00) — [0, 00)
defined by

Hiog(z,t) = tP + p(z)t?log(e +t),

where e is Euler’s number. Then we can define the logarithmic Musielak-Orlicz space L7 (£2)
by

(@) = {1 € MO pra(0) = [ Hilful o < .
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equipped with the Luxemburg norm

. u
|l #4,, := inf {)\ > 0: py,, (X) < 1} ,

where py,,, is the corresponding modular function. The related logarithmic Musielak-Orlicz
Sobolev space W10z (Q) is defined by

WLHlog (Q) _ {U c LHlog (Q) |VU| & L,Hlog(Q)},

endowed with the norm

[l 3105 = [l 20 + 1V Ul[3104

Moreover, we set
W(}leog Q) = Wl\'”l,ﬂlog.

Note that the spaces L7os (), W1Hies () and VVO1 Hiog () are separable and reflexive Banach

spaces. Moreover, the space VVO1 Hiog (©) can be endowed with the equivalent norm
lull := | Vullr, for all ue Wy Hee (),

see Arora—Crespo-Blanco-Winkert [2, Proposition 3.9].
The embedding results below are established in the work of Arora—Crespo-Blanco—Winkert
[2, Proposition 3.7].

Proposition 2.1. Let hypotheses (Ho) be satisfied. Then the following hold:
(i) WOI’H“’g(Q) — W P(Q) is continuous;
(ii) Wol’ch’g(Q) — L"(Q) is compact for all 1 <r < p*.

Furthermore, the connection between the norm || - || in WO1 ’Hl"g(Q) and the modular function
PH,, 18 presented in the next proposition, see Arora-Crespo-Blanco-Winkert [2, Proposition
3.6]. In what follows, we denote by x the constant defined as

e
= 2.1
— (21)

with ¢ being the positive solution of ¢ty = elog(e + to).

Proposition 2.2. Let hypotheses (Hy) be satisfied, A > 0, u € Wol’H]"g(Q), and K as in (2.1).
Then the following hold:

() [lull = A if and only if ps,, (T = 1;
(ii) flull < 1(resp.=1,> 1) if and only if py,,, (Vu) <1 (resp.=1,>1);
(i) mingal?, [l]7*<} < pr, (V) < masc{ [, Jullo+};
(iv) [Junll = 0 if and only if py,,, (Vu,) — 0 asn — oo;
(v) lunll = oo if and only if py,,, (Vu,) — 00 as n — oo,

We now define the nonlinear operator V': Wol’Hl"g(Q) — Wol’%og (Q)* defined by

(V(u),v) :/ |Vu[P~2Vu - Vo da
¢ iVl (2.2)
+/Qu(x) (log(e + [Vu|) + ‘1(3+|VU|)> [Vul|!™*Vu - Vodz

for all u,v € WO1 Hies()). Here, (-,-) denotes the duality pairing between WO1 Hies () and
VVO1 Hios ()*. The key properties of V are stated in the next proposition, see Arora—Crespo-
Blanco—Winkert [2, Theorem 4.4].
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Theorem 2.3. Let hypotheses (Hy) be satisfied and V' be given as in (2.2). Then V is
bounded, continuous, strictly monotone (hence mazimal monotone), and satisfies the (Si)-

property, that is, any sequence {un tnen C W&’H“’g () such that u, — u weakly in W&’Hbg Q)
and limsup,,_, oo (V(un), un, — u) < 0 converges strongly to u in Wol’%“g ().

Next, we give the definition of pseudomonotonicity.

Definition 2.4. Let X be a reflexive Banach space. The operator K: X — X ™ is said to be pseu-
domonotone if u, — u in X andlimsup,,_, o (K(up), un—u) <0 imply liminf, oo (K (uy), un—
w) > (Ku,u—w) for allw e X. If K: X — X* is bounded, the definition of pseudomonotonic-
ity is equivalent to the following: if u, — w in X and limsup,,_, . (K(up),u, —u) <0 we have
K(up) = Ku in X* and (K (up), u,) = (Ku,u), see Frisch—Winkert [23, Proposition 2.3].

We now recall Hardy’s inequality, which is fundamental in the study of singular problems,
see Papageorgion—Winkert [50, Theorem 6.8.33].

Lemma 2.5. Let p > 1. Then, there exist cy = cg(N,p) > 0 and by = bo(N,p) > 0 such that

% < cy |l|IVuld® for allu e W LP(Q)) and for all 0 < b < by,
di-v p 0
P

where d = d(x,00) denotes the distance function, i.e.,

d(z) = d(z,0Q) = min |z —y| for allx € Q. (2.3)
yeN
Let g € L*(Q2) and consider the problem
—G(u)=g(z) inQ, u=0 on 09, (2.4)
where G is the logarithmic double phase operator given in (1.1). Similar to the works by
Guedda—Véron [31, Proposition 1.3] and Perera—Squassina [51, Proposition 2.4], we can show

that problem (2.4) has a unique solution @ € Wol’Hlog () N L*>(Q) such that

1
lfloo < Collgll&™. (2.5)

for some ¢y > 0.

Finally, we are going to prove a weak maximum principle for logarithmic double phase prob-
lems which will be useful in Section 3. Such a result is motivated by the paper of Papageorgiou—
Vetro—Vetro [49, Proposition 2.4] and the monograph by Hu-Papageorgiou [37, Theorem 5.10].

Lemma 2.6. Let hypotheses (Ho) be satisfied, € > 0 and u € I/Vol’%log ()\{0} withu >0 a.e.in
Q such that

—G(u) + Euq—l >0 inQ,
where G is the logarithmic double phase operator given in (1.1). Then it holds u € VVOLHlog ()N
L>(Q) and 0 < u.

Proof. We prove the lemma in two steps.
Step 1: First, assume that u € C'(Q). By contradiction, assume that the assertion is not
true. Then there exist x1,x2 € Q2 and an open ball

Boy(z2) = {x € Q: |z — x| < 2p}
such that Bs,(z2) C © and
Ty € OBgy(w2), u(x1) =0, ulp,,(2y) > 0. (2.6)

Note that fixing z1 as above and moving zo towards x1, we decrease the radius 2p of the ball,
preserving the above properties. From (2.6) and u > 0, we infer that z; € Q is a minimizer of
u(-). Thus, Vu(z1) = 0. Let

b=min{u(z): x € 0B,(x2)}.
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Again, by (2.6), we have b > 0. Moreover, observe that, if x5 — x1 (21 fixed), then p — 0T,
and so by L’Hoépital’s rule, we get

b
b— 0" and ;—>O+.
Consider the annulus
D={xeQ:p<|z—ux2| <2p}.
Since u € C%(Q), by Rademacher’s Theorem, we know that p is differentiable a.e.in Q. Put

see Arora—Crespo-Blanco-Winkert [2, Lemma 5.4] and recall that u € C1(Q2) with u > 0 a.e.in
Q). Moreover, let

N-1
ﬁ:—log(b>++2m.
p P

The function
9t
er-1 —1
U(t) =b 5o
er-1 —1

is such that
0 <wv(t),v'(t) <1 forallte]|0,p]
with p > 0 sufficiently small. A straightforward computation shows that

9
V'(t) = lv’(t) for all ¢t € (0, p). (2.7)
p—
Take x2 = 0 and set 7 = |z| as well as t = 2p — r. For ¢ € [0, p] and r € [p, 2p] put
y(r) = v(t)

that is,
Y(r)=—v'(t) and y'(r) =v"(2).
Set y(x) = y(r) for all x € Q, |z| = r. Recall that, in polar coordinates, we have
1 d, y N-1
rNA@(T )= r*f/+f'/~
Then, by applying (2.7), for p > 0 sufficiently small, we obtain
Vyl
q(e +[Vyl)

div(Vf) =

div (wwzw e [mg(e vy + } vm“w)

= |Vy|"*Vydiv <u(x) {log(e V) + q|V7J|D

e+ VD)
Vy|
(o) logfe + [93l) + L A+ A

> (0 div (o) [foste + o/ + 0] ) o)+ A

L]

>~ (O 4 ulo) (g = D02 0 -

N -1

+(p = D' ()P (t) -

> pu(x) [q_lﬂ Nz 1] o ()1 + [19 -

p—1 r

,U/(t)pfl
N -1

r

_ m} o (1)1
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N-1 N -1

— m] o (1) + [19 - m} o ()P

Thus, we arrive at

. _ Vil
—div [ |[Vy|P2Vy + p(z [10 e+ |V +|7
(I Yl y + u(x) [log(e +|Vyl) e+ VoD

in VVO1 ’Hl"g(Q)*. Since y < uw on D, by the weak comparison principle, see Pucci-Serrin [53,
Theorem 3.4.1], we infer that y(x) < u(z) for all x € D. Then, we can compute

y(z1 + s(x2 — 1)) — y(z1)

] IVqu‘QVy) + &)yt <0

u(xy + s(xe — 1)) — u(zr)

lim > lim ='(0) > 0,
s—07F S s—0F S
a contradiction, since Vu(z1) = 0. Thus, the assertion holds if u € C*(Q).
Step 2: Let u € I/VOI’H“’g (Q). Let
Qo = {z € Q: for some € >0, Be(x) C Q, u|p_(z) =0 ae.} (2.8)

and Q, = Q\Qq. For 2y € Q. there exists ¢ > 0 such that Bo. (1) C © and u is not identically
zero on 0By, (). Next, we consider the problem

~G(y) + E@)yl* 7y =0 in Bac(o), 29)
y=u on 0B (z9).

From the direct methods of calculus of variations and the strict monotonicity of the operator,
we know that (2.9) admits a unique solution y. By Hést6—Ok [32, Theorem 7.4, Corollary 8.4]
we get y € Cllo’é’ (Bae(x)) for some v € (0,1). Indeed, consider the density function

p(x,t) =¥ + p(x)t?log(e + t)
associated to (2.9). In particular, ¢(-,-) has the structure

p(x,t) = a(x)p(t) + b(x)S(t)
with a(z) = 1, b(z) = u(x), ¥(t) =t and £(t) = t?log(e + t). By (Hp), we have that b(-) is a
Lipschitz function, that is, its modulus of continuity is w, (1) = kr for some k > 0. Moreover, 9’
and ¢’ satisfy (Inc),—1 and (Dec)y,—1 for any ¢1 > g (see Hast6-Ok [32, Definition 4.1]). Thus,

in order to apply Theorem 7.4 in Hast6-Ok [32], it remains to prove that ¢ satisfies (wVA1) of
Hé&st6-Ok [32, Definition 4.1]. But this is satisfied if

lim w#(r)rN(l_E)&/J_l(T_N(l_a))) =0

r—0t

for £ € [0,1), see Corollary 8.4 of Hast6—Ok [32]. A straightforward computation shows that
OJM(’I“)TN(l_E)f (¢—1 (r—N(l—s)>)

< krl,r,N(l—g)é. (T*N“{E))
_ krer(lfa)r—%N(l—a) log (6 g N(lp—s))

= kr'=G-ONO=9) o0 (e 4T N(IJE)> .
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Assumption (Hp) ensures that 1 — (% - 1) N(1 —¢) > 0. Then by L’Hopital’s rule, we infer
that

lim ki~ (3-1)NA-) log (e + T_NO;E)) = EN{1=¢) (1=¢)

r—0+

1i 1—(%—1)N(1—a) ] —0.
. | Tog ()]

Thus, by Hésté-Ok [32, Theorem 7.4], we deduce that y € CL” (Ba (1)) for some v € (0,1).

Since y = u on OBa-(x0), again by the weak comparison principle, we obtain y(z) > 0 for
a.a.x € Ba.(xg). Finally, from Step 1, we have y(z) > 0 for all € Ba.(z¢) and then, y(x) >
k1 > 0 for all x € B.(z) for some constant k; > 0. Then it follows that u(z) > y(x) > k1 > 0
for a.a.x € B.(xg). Furthermore, we will prove that €y = (). Assume, by contradiction, that
Qo # (0. Since g is open, we can choose xo € Q4 NIQy, and the above computation shows that
u > 0 for a.a.x € B.(xg). Thus, u > 0 for a.a.x € B:(zg) N Qp, which contradicts (2.8).

Finally, let K C ) be compact and consider

K C

-

B;

i=1
with balls B; such that v > ¢; > 0 for a.a.x € B;. Let cx = min{¢;: i € {1,...,m}}. Clearly,
we infer

u(x) > cxg >0 foraa.zeK.

3. PROOFS OF THE MAIN RESULTS

In this Section we give the proofs of Theorems 1.1 and 1.2. First, we consider the purely
singular problem
—G(u) =AB(x)u™" in Q,
u>0 in Q, (3.1)
u=20 on 0f).

We have the following uniqueness result for problem (3.1).

Proposition 3.1. Let hypotheses (Hy), (Hg), and (H,) be satisfied. Then problem (3.1) admits

a unique solution Uy € W&’Hbg () N L>(2) for each A > 0. In particular, 0 < Ty and Ty — 0
as A — 0.

Proof. First, we prove that (3.1) admits a unique solution uy such that 0 < uy. We follow ideas
from the work by Gasinski-Papageorgiou [28]. To this end, let v € LI(Q2), n € N, and consider
the following perturbed problem

_Gu) = Lﬁ)n in Q.
u>0 in , '
u=20 on 0f2.
Note that for each n € N
l(x) = L(x) € L™ ().

(lo(@)| +3)"
By Theorem 2.3, we know that V' is maximal monotone and by definition, see (2.2), (V(u),u) >
P10 (Vu). Thus, V is coercive due to Proposition 2.2 (iii). Since a coercive and maximal

monotone operator is surjective, there exists u,, € I/[/()1’7-h°g (), upn, # 0, such that

V(ug) =€, in Wy o ().
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This solution is unique since V is strictly monotone because of Theorem 2.3. Choosing v =

—u, € I/VOLHlog () as test function in (3.2), we infer

Vu-
(Vi) < [ (19017 4 ) [rogte 4 190 + LS ) aw <o
o e+ [Vunl)
Then, by Proposition 2.2, we obtain that u,, > 0.
Let us introduce the map &,: LP(Q2) — LP(Q)) defined by
&n(v) =u, forallneN.

With view to Proposition 2.1, we know that W&’Hlog (Q) — LP(Q) is compact and so &, is well

defined.
Next, we prove that &, is a continuous map for each n € N. Let {vi}ren C LP(R2) be

a sequence such that vy — v in LP(€). By Cruz-Uribe-Fiorenza [18, Theorem 2.66], up to
subsequence if necessary, we have vi(z) — v(z) for a.a.x € Q as k — +o00. Then, it follows that
A A
l(x) = Blz) — Blz) 7 =4{(r) ask— oo,

(@ + 2" (@) + 2)
for a.a.x € Q and for all n € N. On the other hand, for a.a.x € Q and for all £ € N, one has
AB(x
< 2B <)
(‘”Uk (IIZ)‘ + 5)
Taking Lebesgue’s dominated convergence theorem into account yields
1€, — )|, — 0 as k — +oc.

Therefore, &, is continuous for all n € N.
For fixed n € N, one has that

En (LP(Q)) C Wy o5 (Q)

is a bounded set. Indeed, choose the test function v = u, in the weak formulation and use
again Proposition 2.2. Moreover, Proposition 2.1 allows us to consider the compact embedding

Wy e (Q) < LP(Q). Thus,
&y

is compact in LP(§2). According to Schauder-Tychonoff’s fixed point Theorem (see Gasiniski-
Papageorgiou [26, Theorem 7.2.14]), there exists @, € WO1 ’H“’g(Q) such that

¢n(u,) =1, forallneN.

Notice that, by Lemma 2.6, we ensure that 0 < @,,.
Now, we prove that the sequence {T, }neny C WO1 ’H“’g(ﬂ) is nondecreasing. For this purpose,
let n,m € N with n < m. Clearly, one has

_ AB(z AB(z )
—G(Um) = @ _i z)n > G -i(- 3)71 in Q. (3.3)
Consider the Carathéodory function
Bz _
(s+5-)1)n if s <7y,
Calw,8) = 5(5U;L (3.4)
if w,, < s,
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and the associated elliptic problem is

—G(u) = X (z,u) in Q,

u>0 in Q, (3.5)
u=0 on 0f).
As in the first part of the proof, we can show that (3.5) possesses a unique solution w, €
VVO1 Hios (©2) due to the strict monotonicity of V' and the fact that (,(x,-) is nonincreasing.

Further, choosing v = (@, — um)" € WOI’H“’g(Q) as test function in (3.5), and combining (3.3)
as well as (3.4), we infer

(V (@), (U — 1) ") = /Q m(an — )" dz
_ M) Up — Up) " da
S/n(uerjn)”(” m) " d

= <V(ﬂm)a (ﬁn - ﬂm)Jr>'
Then, by the monotonicity of V' (see Theorem 2.3) we get u,, < WU,,. Thus, u, € [0,,,] with
U, # 0. By the uniqueness of the solution and (3.4), we obtain ,, = @, that is, @, < u,,. This
shows that {@, }nen C Wol’H“g(Q) is nondecreasing.
For all n € N, by Hewitt—Stromberg [35, Theorem 13.17, p.196], we deduce that

(V (@), Tn) = / m dr < )\||,B||Oo/ L de < Aes|@,|| for alln € N
Q n n Q

for some c¢5 > 0. Then, by Proposition 2.2 and the above computation, it follows that
PHios (VTin) < Acs [T
for some cg > 0. Without loss of any generality, we may assume that |[a,| > 1 for all n € N,

otherwise {uy, }nen is clearly bounded in VVO1 Hios (©). From Proposition 2.2, we infer

[@nll? < Aer||Tn|| for all n € N

for some ¢7 > 0. Thus, {U, }nen is a bounded sequence in WOI’H“’E’ (©2). So we may assume that

U, — Uy in W(}’Hlog () and @, —w, in LI(Q).

This gives

(V (@), un —Tx) = / (Aﬁiml))n(un —1uy)dz for alln € N.
Q (Un n

Moreover, since {uy, }nen is nondecreasing , we get
B@)[an —ux| _ B(x)[un —
@t - W
Let d(z) = d(z,0Q) for allz € Q be the distance function. Lemma 14.16 of Gilbarg-Trudinger
[29] ensures that d € C§(2) \ {0} with d(z) > 0 for all x € Q. By the above computation, we
know that 0 < ;. Hence, it is possible to find cg > 0 such that

csd(z) < uq,

see, e.g, Papageorgiou—Peng [44, Proposition 5.2]. Thus, we infer

ﬂ(@\@}*%\ :ﬂ%—nﬁ(x)min — | <o [Ty, — Wy
uy Uy d

for some cg > 0. By Lemma 2.5, one has
mn — ﬂ)\|

7 € LP(Q)
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and

M%W < c10 V(@ — )|l < err for all n € N,
P

for some ¢y, c11 > 0. This implies, by setting

B(x) [, — x|
T, =—"—"—7 € LP(Q
e 7Y
that {Y,,}nen is a bounded sequence in LP(?). Thus, Y,, — Y in LP(?) and ¥, — T in
LY(Q). Moreover, {T,}nen is uniformly integrable by the Dunford-Pettis Theorem, (see, e.g,
Papageorgiou—Winkert [50, Theorem 4.1.18]). Therefore, one has
B(2)|(@n — 1) ()]
w (2)"

Finally, by Vitali’s Theorem (see, e.g, Papageorgiou—Winkert [50, Theorem 2.3.44]), we infer

/B \un uAldx%O as n — +oo.

— 0 for a.a.x € Q.

That is,
lim (V(@,),d, —ux) =0

n—-+o0o

and by (S )-property of V' (see Theorem 2.3), we deduce that
U, — 1, in Wy HE(Q)

with 7 < 7y. We have, for all h € Wy 71°5(Q), that

<v(m),h>:/Q (uAi( 1)) hdz foralln € N

n

and
—1—n
Bl 1Blloelhl  1Blocta ] WLy e
(@ + 7) uf “ d

for some c;2 > 0. By Lemma 2.5, we have that 1 | € LP(Q). Then, by Lebesgue’s dominate
convergence theorem it follows follows that

/ )\ﬂ(l) hdx — )\6( )hdx as n — +o00.
Q(un+ﬁ) Q ’U/)\

Then, passing to the limit as n — 400, we infer

W) = [ 220

Qu,\

hdz for all h € Wy """ (Q).

This shows that @y is a positive solution of (3.1) satisfying 0 < @,.
Next, we prove that B(z)u," € L>(Q2). Let 1 < s < +oo. Applying again Lemma 2.5, one

has
L) o= [(m052) ar<en [ (57) ao<curvan:

for some c¢13,¢14. Using Gasiriski-Papageorgiou [27, Problem 1.9] and passing to the limit as
s — 400 leads to

B

-
Uy

for some ¢15 > 0, i.e., f(z)w, " € L=(Q). Thus7 by (2.5), we infer

1
[Ealloe < €0 (AlIBT"loc) "~

< c15]| VB s0s
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that is,

[aallod T < AT 815
Therefore,
Uy —0 as A— 0" in L(9Q).
Moreover, starting from the weak formulation,
(V(ux), h) = A/ Bz)a,"hdx  for all h € W, 1% ()
1, Hiog ?

and testing with h = uy € W (Q), by Hewitt—Stromberg [35, Theorem 13.17, p. 196], we
deduce

(V) < [ BT 7 e < e a7
Q

for some ci6 > 0 and so, uy — 0 as A — 0T in T/VOLHlog Q). O

The previous proposition allows us to build a suitable sub-solution. In particular, we can find
A € (0,1) such that

>1 (3.6)

oo

||ﬂ/\||oo < 0 and Hﬁn
u
A

with § > 0 as in (H/)(iil). We choose A € (0, 1) such that (3.6) holds, and set @ = @,. Clearly,
we have
—G(u) = AB(x)u™" < Blx)u™" < B(z)u™" + f(z,u)

where the last inequality holds in view of (Hy)(iii).
Next, we define an appropriate super-solution. For this purpose, let us consider the auxiliary
problem

B

_ — || £ in Q,
Gu) = p|jzm|  in (37)
u=0 on 012,
with p > 1.

We have the following uniqueness result for problem (3.7).

Proposition 3.2. Let hypotheses (Hy), (Hp), and (H,) be satisfied. Then problem (3.7) admits
a unique solution U € Wol’Hl“g(Q) NL>®(Q), with 0 < U such that T < .

Proof. Clearly, problem (3.7) can be written as
p

il

V(u)=p in Wol’HlOg(Q)*.

o0
As before, since V' is maximal monotone and coercive, it is also surjective. So there exists a

unique solution u € VVO1 Hiog (Q) of (3.7) since V is strictly monotone as well by Theorem 2.3.
From Ridulescu—Stapenhorst—Winkert [54, Theorem 3.1], we have that @ € VVO1 Hios (Q)NL> ().

Then, by Lemma 2.6, we infer that 0 < @. Finally, notice that
p

il

V() =A8(x)u™" < pp(x)u™" < p

oo

Choosing v = (u —u)* € VVO1 Mo () as test function and using the strict monotonicity of V,
we have

(V(@) -V (a),(m-a)") <0,
thus w < u. O
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1
Thus, we get

~0@) - )i~ fe0) > (-1 | 2]

Note that, by (2.5), one has

il <o (1|2

—alal!

B

u"

=
2 (p—1) —5001<M = > .
o U (o)
So, for p > 1 large enough, if 7 < p we infer that u is a super-solution for (3.1), while if 7 = p
the assumption (Hy)(i) guarantees that @ is a super-solution provided p > ﬁ

Notice that Proposition 3.2 allows us to consider the Carathéodory function £: L*es () —
L*oe(Q) defined by

8

a(z) if u(z) < u(z),
u(z) if u(z) < wu(z) < u(z), (3.8)
u(z) ifulz) < u(z).

(u)(x) =

5

Clearly, ¢ is continuous and its gradient is given by
Vu(z) if u(x) < u(z),
Vi(u)(z) = < Vu(z) ifu(zr) <ulz) <ulx),
Vu(z) if u(x) < u(z),
see Papageorgiou—Winkert [50, p. 382]. Moreover, arguing as in Papageorgiou—Peng [44, Propo-
sition 5.1], we have that £: Wol’Hl"g(Q) — V[/'Ol’ﬂ’l{log () is continuous.
Next, we introduce Nemytskij operator N: WOI’H“’g Q) — LT/(Q) associated to the reaction
term defined by
N(u)(x) = B(x)l(u)(z)™" + f(z, £(u)(z))
where 7/ is the Holder conjugate exponent to 7, i.e., % + % = 1. Furthermore, we define the
bounded operator K : Wg’HlOg(Q) — Wol’Hl"g ()*by K=V — N.
First, we prove that K is pseudomonotone in the sense of Definition 2.4.
Proposition 3.3. Let hypotheses (Hy), (Hg), (H,), and (Hy)(i) be satisfied. Then K is a
pseudomonotone and coercive operator.

Proof. First, we show that K is pseudomonotone. Let {up tnen C WOI’H“’g (©) be a sequence such
that u, — u in Wol’Hl“g(Q) and limsup,, , | (K (up),un, —u) < 0. By the compact embedding

VVOI’Hlog (Q) — L7(Q) (see Proposition 2.1), we infer that u, — w in L7(Q). Thus, combining
this with (H;) and the truncation function (3.8), we deduce that

/Qf(x,f(un))(un —u)dzr -0 asn — +oo.

On the other hand, we compute

/Q B(2) ()" (0 — )

< /{un . Blx)u " (up, —u)dr + / B(x)u, " (uy — u) dx

(a<un<a}

+ /{ﬁ<un} Bx)a™"(u, — u) dz
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<3 /Q Bx)a " (up — u) d
o

|t —uly =0 asn— +oo.

o0

The above computations lead to

lim sup(V (uy, ), unp, —u) <0

n—-+4oo

and by the (S;)-property of V' (see Theorem 2.3), we obtain that u, — u in W()I’HIDg(Q). By
the continuity of V and N, we infer that

K(up) = V(u) = N(u) in Wy s (Q)*.
Thus

and
(K (un), un) = (K(u), u).
So, K is pseudomonotone.

Next, we prove that K is coercive. Let u € Wol’H]"g(Q) be such that ||u|| > 1. Then, by (Hg),
H,), (H¢), and recalling Proposition 2.2 as well as the truncation (3.8), we have
1 f

(K (w.0) = (V)w) — [ Nwuda
> P, (V) f/Q(6(x)€(u)7"+f(x,£(u))udm
> ||ul|P — x)u " x,u)) udr
> Jul /{} (BT + [, m)

- /7 R (Blx)u™"+ f(z,u)) udz — / (B(x)a "+ f(z,0)) udx
{u<u<u}

{u>u}
> ul? - 3 / Blaya"udz — ergjul
Q
B(x)

> Julp =3 22|l - el

.
> [ull” = casllul

for some ¢17, c1g > 0. Finally, since p > 1 (see (Hy)), we have
= +QO’

i.e., K is strongly coercive. O

Proof of Theorem 1.1. By Proposition 3.3, we have that K is a bounded, strongly coercive

and pseudomonotone operator. Then, by Papageorgiou—Winkert [50, Theorem 6.1.57.], K is
surjective and so, there exists ug € Wol’H]"g(Q) such that K(ug) =0, i.e.,
V(ug) = N(ug) in Wy H°s(Q)*. (3.9)

Choosing v = (T — up)t and v = (ug — @)™ in (3.9) lead to

(V (o), (T — o)) = / (B@)a™ + [, 1)) (@ — uo)" dz > (V(@), (@ — uo)™)
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and
(V(uo), (uo —0)*) = / (B(x)a™" + f(z,)) (uo — W) dz < (V(@), (uo — @) ™).
Q
By the monotonicity of V' (see Theorem 2.3), we infer that @ < ug < u with ug € Wol’Hl"g(Q) N
L>(Q). O
Now we can prove the uniqueness result to our original problem (P) under the additional
condition (Hy) (iv).
Proof of Theorem 1.2. We introduce the functional j: L*(2) — R U {+o00} defined by
, Loc(Vus) + 1| Vur |2 if u>0and ur € Wy ™ (Q),
=17 pivurly vz
400 otherwise,
where ((z,t) = p(z)t?log(e + t). By Arora—Crespo-Blanco-Winkert [2, Lemma 3.3] (see also

Harjulehto-Hasto [34, eq. (2.1.1), p. 14]) and Diaz—Sad [20, Lemma 1], we infer that j is convex.
Let

dom(j) = {u € L'(Q): j(u) < +o0}

be the effective domain of j. Further, let vy € Wg’Hlog(Q) N L>*(Q) with 0 < vy be another
solution of (P). For € € (0,1), we set u§ = ug + € and v§ = vg + €. Clearly, ug, v§ € int L>(£2).
By Hu-Papageorgiou [37, Proposition 2.86, p. 90], we infer that

uy Vo

—, — € L7(Q).

Yo Ug
Put h = (u§)™ — (v§)" € VVOLHlog () N L>(Q) and note that, for ¢ € (0,1), we get

(ug)™ +th € dom(j) and (vg)” + th € dom(j).

Then, by the convexity of j, Green’s identity (see Hu-Papageorgiou [36, Theorem 4.106, p.218])
and Lemma 2 by Diaz—Sad [20], we obtain

—APug — A u
Fug)(h) = / B S B ST Y
T Ja (“0)
— Ay — A v
Fas)h) =1 / i S e ALY
T Jo (Uo)

Furthermore, one has

~Afug = Agug Al'vg+ A
0§/< i pvo)hdx
Q

(w1 IR
= 5@ (ua?(u%)f—l - <1>) art | <{5§5?—01) - {(x>)> e

Aty = div (u(@)|VulT*Vulog(e + |Vau]))  for all u € Wy ™ (Q).

where

Passing to the limit as ¢ — 0" and using Lebesgue’s dominate convergence theorem, we deduce

that
0< / B(x) ! - ! (uy —vf)de
Q ug K vg 7=t 0 0

- /Q (f(zf’ulo) - f@f’vf)) (uf — of) da.

Ug Yo
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Since t — —4— is strictly decreasing and due to (Hj) (iv), it follows that wg = vg. Thus, ug
is the unique solution of (P). O
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