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ABSTRACT. In this paper, we study the following nonhomogeneous Klein-
Gordon equation coupled with the Born-Infeld theory:

—Au+V(z)u — 2w+ ¢)pu = f(x,u), in R3,

A¢ + BALp = dm(w + ¢)u?, in R3.
Here, w > 0 is a constant frequency. Under suitable assumptions on f and V/,
we prove the existence of sign-changing solutions for this system by using the
method of invariant sets of descending flow. Moreover, when f is odd with

respect to u, the system admits a sequence of sign-changing solutions whose
energies tend to infinity.

1. INTRODUCTION

In this paper, we are concerned with the Klein-Gordon equation coupled with
Born-Infeld theory

—Au+V(z)u — 2w+ ¢)du = f(z,u), inR3, (1)
A¢+ BALp = dr(w + P)u?, in R3, '

where w > 0 is a constant, Ay¢ = div(|V¢|*Ve), V € C(R%R), and f €
C(R? x R,R). Here, the functions V and f represent suitable nonlinearities. This
system represents a coupled model of the Klein-Gordon equation and the Born-
Infeld theory, describing the interaction between a scalar matter field and a non-
linear electromagnetic field. Specifically, the Klein-Gordon equation is a classical
field equation governing spin-0 scalar particles:

Pr — A +mPp — [P =0, (1.2)
where 1) = (x,t) € C, z € R®, t € R, m is a real constant, and p € [2,2*). Indeed,
(1.2) is the Euler-Lagrange equation with respect to the Lagrangian density

1{]0
LNLkG = 3 aié}

2
= [Vo|? = m?[yf?

1
[P,
p

In general, the electromagnetic field is described by the gauge potential (¢, A),
where ¢: R3 x R — R and A: R3 x R — R3. The corresponding electric field is
given by

E=-V¢— A,
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and the magnetic induction field by
B=V xA.
Assume that v is a charged field and let e denote the electric charge. By gauge

invariance arguments, the interaction between 1 and the electromagnetic field can
be described as

%*—)%+i6¢, V=V —icA.
Then, we obtain the following Lagrangian density:
1oy | _ 1
Lo= 2 | |28 +ieou| — [V —icAuf2 —m2lf? | + Sl
2 || Ot P

The Born-Infeld theory is a nonlinear electromagnetic theory proposed by Born—
Infeld [2] to resolve the divergence of the energy of point charges in classical electro-
dynamics. Its Lagrangian avoids divergence of the field strength by incorporating
a nonlinear term. The Lagrangian density of the Born-Infeld theory can be written

as
b2 1
_ ) _ L me_ R
£Bli47r {1 \/1 02 (|E1> - |B| )},

where b > 1 is the Born-Infeld parameter and, as b — 00, it reduces to the classical
Maxwell theory. As in d’Avenia-Pisani [7] and Fortunato—Orsina—Pisani [9], let
8 = ﬁ and consider the second order expansion of Lg; as 8 — 0%. Then the
Lagrangian density takes the form

Cors = 1= |5 (B2 = 1BP) + 16 (5P - 1BP)’].

47

The total action of the nonlinear Klein-Gordon-Born-Infeld system is given by

S= //(Eo + EB[’l)d.%‘dt.
Under the electrostatic solitary wave ansatz
w(fﬂ,t) = u(x)eiwtv ¢ = (ZS(:L')? A= 0,

and taking e = 1, where u, ¢: R?> — R and w is a positive frequency parameter, the
total action leads to the system

—Au+ [m? — (w+¢)?*|u=|[uf72u, inR3 (13)

A¢ + BALp = dm(w + ¢)u?, in R3. ’
System (1.3) coincides with (1.1) when V(z) = m? — w? and f(z,u) = |u|P~2u.

In recent years, several authors have focused on the system (1.3). Fortunato—
Orsina—Pisani [9] first proposed this model and established the existence of infinitely
many radially symmetric solutions for |w| < |m| and p € (4,6). Mugnai [15]
extended this result to the range p € (2, 4], under the additional condition 0 < w <
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\/ 3p — 1m. Furthermore, Yu [21] studied the model

v1¢ = u? <w + ¢)7

1= 5IVeP (1.4)

V-

Au= (m? — (w+¢)?) u— |ulP 2y,

establishing the existence of solutions either on a smooth bounded domain or in
R3, and analyzing their asymptotic behavior.

Teng—Zhang [18] investigated the case where the nonlinear terms in both (1.3)
and (1.4) are of the form %|u|p — & |u*” with p € (4,2*), and established the
existence of a solitary wave solution under suitable parameter conditions. Building
on this result, He-Li-Chen—-O’Regan [10] employed a variant of the monotonicity
trick introduced by Jeanjean [11] and Struwe [16]. They extended the admissible
range of p to (2,6), and showed that the corresponding solutions are ground state
solutions. In a different direction, Teng [17] studied problem (1.3) with a general
nonlinear term f(z,u) on a smooth bounded domain, proving the existence and
multiplicity of solutions. Subsequently, Che-Chen [3] established the existence
of infinitely many negative energy solutions for the system (1.1) with sublinear
nonlinearity, by exploiting genus properties in critical point theory. Under weaker
assumptions, Wen—Tang—Chen [20] proved the existence of infinitely many solutions
of the system (1.1) without relying on the Ambrosetti Rabinowitz condition ((AR)-
condition for short) by means of the symmetric mountain pass theorem. Moreover,
under the general (AR)-condition and additional assumptions on w, a ground state
solution was also obtained. Furthermore, Chen-Li [1] introduced a perturbation
term h(x) into the system (1.3) and proved the existence of two radially symmetric
solutions for p € (2, 6) by applying Ekeland’s variational principle and the mountain
pass theorem. Further results on Klein-Gordon equations coupled with Born-Infeld
theory can be found in Chen—Song [5], Fei-Zhang [8], Liao-Li-Chen [12], Wang—
Xiong—Zhang [19], and the references therein.

To the best of our knowledge, the only available results concerning the existence
and multiplicity of sign-changing solutions for the system (1.3) are due to Zhang—
Liu [23], who studied this system under the assumptions that 0 < w < /& — 1|m|
with 2 < p <4, or 0 < w < |m| with 4 < p < 6, and established the existence and
multiplicity of sign-changing solutions by employing the method of invariant sets
of descending flow.

Motivated by the above works, and inspired by the papers of Bartsch-Liu [1],
Liu-Liu-Wang [13], Liu-Wang—-Zhang [14], and Zhang [22], in this paper, we inves-
tigate the existence and multiplicity of sign-changing solutions to the system (1.1).
Recall that a solution (u, ¢) to (1.1) is called a sign-changing solution if u changes
its sign.

Formally, under suitable assumptions on V and f, the system (1.1) admits a
variational structure. More precisely, solutions of (1.1) correspond to critical points
of the functional F: H'(R?) x D(R3) — R defined by

Flu,¢) = %/RS (IVu]* + V(2)u* — (2w + ¢)du®) dz

! ? B/ ! /
S dz — 2 de — | F(z,u)d
o [ 1vePas =i [ veltn = [ P
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where F(x,t) fo x,5)ds, H'(R3) denotes the classical Sobolev space endowed

with the norm
1

wll g == </ (IVul® + u?) dz) ,
R3

and D(R?) is defined as the completion of C§°(R3, R) with respect to the norm

oo = ([ 1wopar) + ([ 1volta)’

However, variational methods cannot be applied directly because the functional is
strongly indefinite on H'(R?®) x D(R?). This difficulty can be overcome by means
of the classical reduction method, which was successfully employed by Chen—Li
[4]. The key idea is to establish the relationship between solutions of the associated
minimization problem and solutions of the second equation in the system (1.1), with
u fixed. According to d’Avenia—Pisani [7], for any fixed u € H(R?), there exists a
unique ¢, € D(R?) solving the second equation of the system (1.1). Consequently,
the problem reduces to finding sign-changing critical points of the functional u —
F(u, ¢y), see Section 2 for more details.

Furthermore, it is worth emphasizing that compactness fails, since the embedding
HY(R3) < L(R3) for q € [2,6], is only continuous and not compact. To overcome
this lack of compactness, we restrict our analysis to the space

H = {u € H'(R?): /IRs (|Vu]* + V(2)u?) dz < +oo} .

This space is a Hilbert space endowed with the inner product and associated norm

(u,v) = /Rs(Vu Vo+V(z)w)dz, |ul= (/R3 (IVul]® + V(z)u?) dx) ,

respectively. We impose the following assumptions.
(V) V € C(R3,R), inf,cps V(x) = Vo > 0 and there exists a constant r > 0
such that, for any M > 0,
lim HxGRS |z —y| <r,V(z) <M}‘ =0,

ly|—o0

Nl

where | - | denotes the Lebesgue measure.

(F1) f € C(R?®xR,R) and tlir% @ = 0 uniformly in z € R3.
—

(F2) 1‘1|m sup |t(‘f Dl < o0 uniformly in z € R3 for some p € (2,6).

t|—+o00
(F3) There exists ,u1 > 2 such that tf(z,t) > p1 F(x,t) > 0 for all ¢ # 0, where

fo z,8)ds.

(Fy) f( ) = —f(x,—t) for all (z,t) € R3 x R.
The following theorem is our first main result.

Theorem 1.1. Assume that (V) and (F1)—(F3) hold. If 1 >4 or py € (2,4) and

0<w< (Zi;fVo) , then the system (1.1) possesses at least one sign-changing

solution. Moreover, if (F4) also holds, then system (1.1) admits infinitely many
sign-changing solutions {u;, ¢, } such that F(uj,¢y;) — 0o as j — oc.
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In particular, our work can be seen as an improvement of Zhang-Liu [23], in
which infinitely many sign-changing solutions for (1.1) were obtained with V(z) =
m?—w? and f(z,u) = |ulP~?u with 2 < p < 6. Condition (F3) is the classical (AR)-
condition, which ensures the compactness property. In many works on multiple sign
changing solutions, this condition also provides a lower bound for the functional
F(z,u) and is therefore crucial, see, for instance, Liu-Wang-Zhang [141] and Zhang
[22]. In what follows, we study the existence and multiplicity of sign-changing
solutions for the system (1.1) under assumptions weaker than the (AR)-condition:

(F1") f € C(R? x R,R) and there exist constants ¢y > 0 and p € (2,6) such that
()] < co (Jt]+ 1t
for all (z,t) € R® x R.
(Fo’) lim Elet) — oo uniformly in € R3.

2
[t|—oo |

(F3’) There exists ug > 2 and v > 0 such that
f(@ )t — paF (2, 1) + 717 2 0,
for all (x,t) € R3 x R and f(x,t)t > 0 for t # 0.

‘We now state our second main result.

Theorem 1.2. Assume that (V) and (F1')~(F3’) hold. Then, system (1.1) pos-
sesses at least one sign-changing solution. Moreover, if (F4) also holds, then
system (1.1) admits infinitely many sign-changing solutions {uj, ., } such that
F(uj, pu;) — 00 as j — oo.

Remark 1.3. Note that the conditions (F3’) and (F3’) are significantly weaker
than the (AR)-condition. There exist many functions satisfying (F1’)—(F3’), but
not the (AR)-condition. For example, f(z,t) = a|t|P~%t + bt, where a > 0, b > 0,
and 2 < p < 5.

It is worth emphasizing that, after overcoming the strong indefiniteness via the
reduction method, the nonlocal term associated with the system (1.1) does not
admit an explicit representation and fails to satisfy the decomposability property

¢u = ¢u+ + (bu*a

which is typical for the Schrédinger-Poisson system, due to the nonlinear nature
of the nonlocal term. For the Schrodinger-Poisson system, the existence of sign-
changing solutions is usually established by imposing a monotonicity condition on
the nonlinearity and then applying the constraint method. Specifically, one first
constructs the so-called sign-changing Nehari manifold, then seeks a minimizing
sequence on this manifold, and finally proves that such a minimizing sequence is

attained, see, for example, Chen-Tang [6] and Zhong-Tang [24]. However, this
approach is no longer applicable to the present system (1.1). To overcome this
difficulty, inspired by Zhang [22], we employ abstract critical point theorems that

do not depend on the explicit analytical form of ¢, and do not rely on any decom-
position property.

For Theorem 1.1, the compactness condition can be established by standard
arguments. We introduce an auxiliary operator A (see Section 3), which is used to
construct a pseudo-gradient vector field and thereby obtain the desired invariant
sets of the flow. Since A is only continuous, it cannot be used directly to construct
invariant sets for the descending flow. To overcome this issue, we further introduce



6 S.-J. CHEN, L. LI, P. WINKERT, AND T. YOU

a locally Lipschitz continuous operator B, which preserves the main properties of
A, and is suitable for defining the flow. Applying abstract critical point theorems
then yields the desired result. For Theorem 1.2, the absence of the (AR)-condition
makes the compactness argument more involved, and the properties of the auxiliary
operator cannot be obtained directly. To address this difficulty, inspired by Wen—
Tang—Chen [20], we employ a contradiction argument and ultimately derive the
result by means of an abstract critical point theorem.

This paper is organized as follows. In Section 2, we establish the variational
framework for the system (1.1) and present several preliminary results, including
abstract critical point theorems. Section 3 is devoted to the construction of suitable
auxiliary operators and the proof of Theorem 1.1. Section 4 focuses on the proof of
Theorem 1.2, where new auxiliary operators are introduced to handle the weaker
assumptions.

2. VARIATIONAL SETTING AND PRELIMINARIES

In this section, we develop the variational framework for the system (1.1) and
establish several preliminary results. We then verify that the associated functional
satisfies the Palais Smale condition ((PS)-condition for short) under the assump-
tions of each theorem, and conclude by recalling an abstract critical point theorem.

Throughout this paper, we use C', Cy, Cy, - - -, C/, -+« to denote various positive
constants whose values may change from line to line. We denote by | - |, the usual
norm in L?(R3) for q € [2,00) and by || - | the norm of L>(R3). Moreover, || - ||p
denotes the standard norm in D(R?). Finally, “—” and “—” denote strong and
weak convergence, respectively, in the relevant function spaces.

Since the functional F is strongly indefinite on H!(R?) x D(R?) both from above
and below, as explained in the introduction, we introduce a reduced functional
depending on a single variable by solving the second equation of the system (1.1).

To this end, we require the following lemma.

Lemma 2.1. For every u € HY(R3), the following statements hold:
(i) there exists a unique ¢ = ¢, € D(R?®) which solves

Ad + fALP = dm(w + ¢)u2;

(ii) —w < ¢, <0 whenever u(z) # 0;

(i) 6ullo < ClufZs < C'llul?;

(iv) if {un}nen s bounded in HY(R3), then {¢u, }nen is bounded in D(R3);
(v) if up, — u in HY(R3), then ¢, — ¢ in D(R3).

Proof. Note that (i) was proved in Lemma 3 of d’Avenia—Pisani [7] while (ii) can
be found in Lemma 2.3 of Mugnai [15]. We prove (iii), (iv), and (v).

(iii) Multiplying A¢,, + BAs¢, = 47(w + ¢y )u? by ¢, and integrating over R?,
we obtain

/ |V¢u\2dx—|—ﬁ/ |v¢u\4dx=—47r/ (W + ¢u)puu® da. (2.1)
R3 R3 R3

Since —w < ¢, < 0, we have 0 < —(w + ¢u)Py < w|py|. Using this along with

Hélder’s inequality and Sobolev embedding, it follows from (2.1) that

[ 9o ar < [ ot dr < Cloulslults < CiIV6ulalufs.
R3 R3 5
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Thus,
[Voul2 < C|u|2172
Similarly we can show that
Véula < Clulis.
Combining this, we have
I¢ullD = [Vulz +Vuls < Cluffz < C'|lull®. (2.2)

Hence (iii) follows.
(iv) This follows directly from (2.2).
(v) Let u, — u in HY(R3). For any ¢ € D(R3), we have

/wun— V¢dx+ﬂ/ (V60 [PV 0, — [Vou* Vo) - Vip da
——tr [ W )+ (G~ G urds
R3

——tr [ [+ 6u,)(u2 — 0) + (6, — 6u)i%] b,
R3
Taking ¢ = ¢,,,, — ¢, and using the standard inequality
Cplr —yl” < (lz[P~22 — [y|"~%y) - (¢ —y) forz,y eRY, p>2,
we obtain

Vb, — Véul2 + [Véu, — Véult +4n / (G, — P d
R?’

< c/ @+ b, |2 — 6| [, — bu| da
]R?x

Since —w < ¢, <0, we have |w + ¢y, | < w, and therefore, by Holder’s inequality
and Sobolev embedding,

Vs, = Vouls 4100, = Voult < [ a2 =6, — ouldo

< C|u721 - u2|g‘¢un - ¢u|6
< O'up = 5|V (bu, — du)l2.
Moreover,
Jup, —u?[s < fup — ulazfupn +uliz

Since u, — u in H'(R3), the sequence {u, }ney is bounded in H!(R3), hence also
in L'?/5(R?). Thus,

|u? 7u2|g < Cluy, 7u|% — 0,
which implies that
IVou, = Voula = 0.
Going back to the previous estimate, we also obtain
IVou, = Vouls = 0.
Hence, ¢, — ¢, in D(R?). O
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By Lemma 2.1, the system (1.1) can be reduced to the following one variable
equation

—Au+V(2)u — (2w + ¢u)dyu = f(z,u), =z cR3. (2.3)

Accordingly, the functional F can be reduced to a one-variable functional defined
on H by

J(u) = F(u, du)
= %/RS (IVul]® + V(2)u* — (2w + ¢y )puu®) dz

—i/ |V¢u|2dx——/ |V¢Su|4dx—/ F(z,u)dz.
8T R3 R3

Combining this with (2.1), it follows that

J(u):;/ (IVul]® + V(2)u® — woyu )dx—%/R (w+ ¢y) Puu? dz

o [veuPar - g [ Voutde - [ P

— 2/ (\Vu|2—|—V( Yu? — wou )dx—|—f/ |Vo|? da

+—/ \V¢u|4dx——/ |V¢u|2dx——/ |V |* da
87T R3 8’/T R3
—/ F(z,u)dx
RS
:%/ (\Vu|2+V( )u — wou? dx+—/ |V¢u|4dx
R3

- /]R3 F(z,u)dz.

On the other hand, we also have

J(u) = % / (|Vu\2 + V(z)u? + ¢iu2) dz — / (w+ ¢y) Puu? dz

_7/ |V¢u|2dm_7/ |v¢u|4dH:—/ F(z,u) do
= 2/ (IVul]® + V(2)u* + ¢ou?) dx+—/ |Vo|? de
v [ wedtar— o [ 1vae- - [ et

—/RS F(z,u)dz

1 1
- 7/ (|Vu\2 + V(z)u? + ¢3u2) dz + 7/ |V |? dz
2 R3 8T R3

35 4 /
— w|” dz — F(x,u)dx.
+167T_/Rs |V |* dz g (x,u)dz
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Therefore,
1 1
J(u) = f/ (IVul* + V(2)u?) dz — f/ wou® dz
2 R3 2 R3
+ 167 /oo |V |* dz . F(z,u)dz

, (2.4)

1
:7/ (IVul]* + V(2)u?) da:—&—f/ p2u dx
2 R 2 R3

3
1 38
— [ [VeuPdz+—= [ |Ve,|*d f/F ,u)da.
g [ wedrar s 5 [ voutan— [ P ds
The two representations in (2.4) are equivalent.
Under the assumptions (V) and (Fy’) (or (F;) and (F3)), by an argument similar
to that in Mugnai [15], the functional J belongs to C'(H,R), and its Fréchet
derivative is given by

(J' (u),v) = /}RS (Vu - Vo + V(z)uv — 2w + ¢y, ) pyuv) do — . f(z,u)vde, (2.5)

for u,v € H.
The following lemma characterizes the relationship between the critical points
of J and the weak solutions of (1.1), see Lemma 2.4 in Mugnai [15].

Lemma 2.2. The following statements are equivalent:
(i) (u,¢) € HxD(R3) is a critical point of F, that is, (u, @) is a weak solution
of (1.1);
(ii) w is a critical point of J and ¢ = ¢y,.

By Lemma 2.2, for simplicity, we will write u € H instead of (u, ¢, ) € H x D(R3)
to denote a weak solution of (1.1).

The following lemma plays a crucial role in establishing the compactness prop-
erty, see Zou—-Schechter [25].

Lemma 2.3. Suppose that (V) holds. Then the embedding H — L4(R3) for q €
[2,6) is compact.

Next, we present the compactness results under different conditions.

Lemma 2.4. Under the assumptions of Theorem 1.1, the functional J satisfies the
(PS)-condition.

Proof. Let {un}neny C H be a sequence such that {J(u,)}nen is bounded and
J'(up) — 0 as n — oco. The proof consists of two steps. First, we show that the
(PS)-sequence {uy, }nen is bounded in H. By (2.4), (2.5), Lemma 2.1 and (F3), we
have

1
|7 (un) + — [ (wn) [ n |
251

1
> J(un) - —<J'(un),un>
M1
= 1Hun||2 — 1/ Wy, uZ dr — F(z,u,)dx + —B / |V |4dx
2 2 R3 non R3 ’ 16'/T R3 "

1 1 1
- HunH2+ / (2&1+¢un)¢unun2 dz + / f(xaun)un dz
H1 K1 Jrs M1 Jrs
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H1 — o 1 2 1 / 2
> - = d — 2 d
= o ” n” D) [R3 W(bunun z + 1 R3( W"’d’un)d)unun T

H1— 2, 4—m 2
> un||” + Wy, u;, dz.
> B+ 5 [ b

Case 1: p; > 4. By Lemma 2.1 (ii),

4—m / 2
w2 dz > 0. 2.6
2/141 - w¢7 nun € = ( )
1/2
Case 2: puy € (2,4) and 0 < w < (%) . From Lemma 2.1 (ii), we have
_ 4—
B+ 52 [ w60 do
241 2p1 Jgs (2.7)
p1 — 2 o (1 =2)Vo — (4 — p)w?” 2 2 .
M1 24

Hence, in both cases, the sequence {uy, }ren is bounded.

Second, we prove that the sequence {u, }nen admits a strongly convergent sub-
sequence. By Lemma 2.3, there exists a subsequence of {uy}nen, not relabeled,
and a function u € H such that

Up — U in H,

Up — U in L1(R?) for q € [2,6),
Un () — u(x) for a.a.z € R3.
From (2.5), we obtain

/RS (1Y (= )2 + V() (un — u)?) dz
= (J (un) — J'(w), up —u) + ./11@3 (f(z,un) — f(z,u)) (up —u)dx (2.8)

420 [ (Guytn = 0u0)(n — ) o+ [ (6,00 = SR — ),
R3 R3
By (Fy1) and (F32), for any small 6 > 0, there exists Cs > 0 such that
(e 0)] < 8t + o, teR. (2.9)

Since H — L9(R3) is compact for ¢ € [2,6), by Lemma 2.3, we have u,, — u in
L?(R3) and LP(R?). Using (2.9) and Hélder’s inequality,

1 0G) = 50 (=
< [l )+ Colan ™+l ™) —

< 5(‘Un‘2 + |“|2)|un —ul2 + 05(|un|5_1 + |u|£_1)|“n —ulp =0,

as n — o0o. Thus,

|( (x,upn) — f(z,u)) (up, —u)|dx — 0, asn — oo. (2.10)
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By Lemma 2.1, Holder’s inequality and the Sobolev embedding, we have

R3

< |bu, — Pulslun — uls|unl2

< O||¢un _¢u||D|un_u|3‘un|2 — 0, asn— oo,

and

< |¢u|6|un - U|3\un — u|2 — 0, asn — oo.

bu (U, —u)? dz
]RS
Thus, we get

/ ((bunun - ¢uu) (un - u) dz = / ((bun - ¢u)un(un - u) dz
R3 R3

(2.11)
bu(ty —u)?dz — 0

2|un|3, using Holder’s inequality, the

2 Uy }nen is bounded in L2 (R?). Hence,

‘/ 2 Uy — O2u) (up — u) da

as n — oo. Passing to the limit in (2.8) and using (2.10), (2.11), and (2.12), we
obtain

as n — oo. Moreover, since |</)u"un|% < |,

sequence {¢?

< |2 uy — ¢iu|%|un —uls = 0, (2.12)

l|lwn — ul|®> = 0.
Hence, u,, — u in H. (I

Lemma 2.5. Under the assumptions of Theorem 1.2, the functional J satisfies the
(PS)-condition.

Proof. The proof follows the same strategy as in Lemma 2.4 and is divided into two
parts: boundedness and strong convergence. Since the argument for strong conver-
gence is identical to that in Lemma 2.4, we only present the proof of boundedness.

We argue by contradiction. Assume that there exists a sequence {u,}nen C H
such that {J(un)}nen is bounded, J'(u,) — 0, and ||u,| — oo as n — co. Taking
(2.4), (2.5), Lemma 2.1 and (F3’) into account, we obtain

|J<un>|+-$5wuﬂ<un>ununu

v

J(uyp) — —(J'(un) Un)

1 1 2
(—Mw€(+—)/ﬁ@w+ i o
2 p2) Jrs " Mo Jgrs
/ ( ! flz,up)uy, —F(x,un)> dz

1
+—/ |V¢un|2dx+—/ Vo, |* dz
87'(' R3

1 1 2
> ( - ) |t ||? — (w2 + ) / u? da.
2 2 2 H2 ) Jr3

(2.13)



12 S.-J. CHEN, L. LI, P. WINKERT, AND T. YOU

Set v, = up/||un||. Then |v,]| = 1. Passing to a subsequence, still denoted by
{Un}nen, and using Lemma 2.3, there exists v € H such that

Up =V in H,
Up =V in L9(R3) for q € [2,6),
vp(x) = v(z) for a.a.x € R3.
Dividing (2.13) by |lu,||?, we have
| (un)| 1

11 2 ~
+ J'(u 2<—>—<w2—|—>/vfdz.
Tl 2G0T ) L

Passing to the limit yields

2 2 1 1
(w2 + 7) lo]2 = <w2 + 7) lim [v,]2 > ( - ) >0
2 M2 2 2 ) n—ro0 2 o

and thus v # 0. For a.a.z € {y € R3: v(y) # 0}, we have lim,,_, |u, ()] = oco.
Using (2.4), assumption (F3’), Lemma 2.1, and Fatou’s lemma gives

0= lim 2(n)

=00 [|uy |2

1 . w 9
=3 AN T /R Dun i 42
1

1 1 3
— 1 2 2 2 v 4 d
n500 Tun 2 /RS (2 untin g VO 3 [Vu ") do
F
— lim 7(36’1%)

n—o0o fps  |uy,|?

1 w F(x,up)
— — lim 7/ u? dr — lim — =
2 7 Tl Jow T s a2

1
2

20, (2
n F ) n
+ Tm 2 [tn2 —/ lim M|Un\2dac:—oo,
R

v, |? da

IA

v | dz

n—oo |luy, | snooo  |Un|?

which is a contradiction. Therefore, the sequence {uy,}nen is bounded in H. O

Finally, we introduce some definitions and recall the abstract critical point the-
ory. For further details and proofs, we refer to Liu-Liu-Wang [13].

Let X be a Banach space, I € C'(X,R), P,Q C X be open sets, M = PN Q,
X=0PNoQR, and W = PUQ. For ¢ € R, define

Kc={zeX:I(z)=c,I'(z) =0} and [‘={zeX:I(z)<c}

Definition 2.6. The pair {P,Q} is called an admissible family of invariant sets
with respect to I at level ¢ provided that the following deformation property holds:
if K.\ W =0, then there exists g > 0 such that for every e € (0,e¢), there exists
n € C(X,X) satisfying
(i) n(P) C P, n(Q) C @;
(ii) 9 |fe-2e=1id;
(iii) p(Iete \ W) c I°7=.

The following result can be found in Liu-Liu-Wang [13, Theorem 2.4].
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Theorem 2.7. Assume that {P,Q} is an admissible family of invariant sets with

respect to I at any level ¢ > ¢, := infE I(u), and that there exists a map po: A — X
ue

satisfying
(1) (po(alA) C P and Lpo(agA) C Q,’
(iii)  sup I(u) < ¢,

u€Epo (o A)
where
A ={(t1,t2) €R?: ty,ty > 0,1y + 1t < 1},
A ={0} x [0,1],
A =[0,1] x {0},
DA = {(t1,t2) € R?: ty,t > 0,1 + 1ty = 1}.
Define
LB
where

[':i={p € C(A, X): p(01A) C P,p(2A) C Q, plo,a = polo,a}-
Then ¢ > ¢, and K.\ W # 0.

To obtain the second statement of Theorem 1.1, we introduce the following
setting. Let G: X — X be an isometric involution, that is,

G?=id and d(Gz,Gy)=d(z,y) forall z,y € X.
Assume that I is G-invariant, i.e., I(Gx) = I(z) for any « € X, and that Q = GP.
A subset F' C X is said to be symmetric if Gx € F for any « € F. The genus of a
closed symmetric subset F' C X \ {0} is denoted by v(F).

Definition 2.8. The set P is called a G-admissible invariant set with respect to I
at level ¢ if there exist g > 0 and a symmetric open neighborhood N of K.\ W
with v(N) < oo, such that for every e € (0,2¢), there exists n € C(X, X) satisfying
(i) n(P) € P, n(Q) C Q;
(i) no G =Gon;
(iil) 7 |fe—2e=id;
(iv) p(Iete\ (NU W) c I¢¢.

Finally, the following result is taken from Liu-Liu-Wang [13, Theorem 2.5].

Theorem 2.9. Assume that P is a G-admissible invariant set with respect to I at
any level ¢ > ¢, 1= ing I(u), and that for any n € N, there exists a continuous map
ue

¢©n: By — X, where B,, :={ax € R™: |z| < 1}, satisfying
(1) vn(0) € M :=PNQ, pn(—t) = Gpu(t) fort € By;
(i) @n(0Br) N M = 0;

(iii) sup I(u) < ¢y, where Fixg := {u € X: Gu = u}.
u€Fixg Uy, (0By,)

For j € N, define

c; = inf sup I
7 pery uEB{)W ),
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where
r,= {B: B =p(B,\Y) for some ¢ € G, n > j, and open Y C B,
such that =Y =Y and y(Y) <n—j}
and
G, = {30 € C(Bp,X): (—t) = Gp(t) for t € B,,p(0) € M
and ¢lop, = ¢ulop, }-
Then for j > 2, c; > ¢y, Ko, \W # 0 and ¢; — 00 as j — oo.

3. PROOF OF THEOREM 1.1

In this section, we apply the abstract critical point theory to establish the main
results for system (1.1). The approach is based on a minimax scheme combined
with invariant sets of a descending flow. To this end, we first construct a descending
flow via an auxiliary operator A: H — H. More precisely, for each u € H, we define
v = Au € H as the unique solution of

—Av+V(z)v — (2w + ¢u)duv = f(z,u), veEH. (3.1)

Lemma 3.1. Suppose that (F1)—~(F3) hold. Then:

(i) the operator A is well-defined;

(ii) the operator A maps bounded sets into bounded sets;
(iii) the operator A is continuous;

(iv) the operator A is compact;

(v) if (Fy) holds, then A is odd.

Proof. (i) For any u € H, define the functional

1 1
K(v) = 7/ (IVo]* + V(2)v?) dz — f/ (2w + ¢y )by v* dz
2 R3 2 R3 (3 2)
— flz,u)vde, veH.
R3
Clearly, K € C'(H,R). By Lemma 2.1, (2.9), and Hélder’s inequality, noting that
—(2w + ¢y > 0, we derive

1 1 _
K@) 2 5ol = [ f@aods = 3lol? = slulol = Callul o]

Hence K(v) — oo as ||v|| = oo, so K is coercive, bounded from below, strictly
convex, and weakly lower semi-continuous. Therefore, K admits a unique minimizer
v = Au € H, which is the unique solution of (3.1). Thus, A is well-defined.

(ii) Let v = Au. From Lemma 2.1, the definition of A, (2.9), and the fact that
— Jas (2w + ¢y)Puv* dz > 0, we have

ol < ol = [ o+ 600 de = [ fuvde < salol + Calul~" o]

which means that A maps bounded sets into bounded sets.
(iii) Let up, — uw in H as n — oo, and set v = Au, v, = Au,. From (3.1) and
(3.2), we have

Jon = ol < flow = 0l = [ (204 60, )b, (00— 0)?do
R3
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- / (F () — F (1)) (on — ) da + 20 / (bu, — du)o(vn —v) da
R3 R3
Jr/ ( in — gbi)v(vn —v)da.
RS

As in Lemma 2.4, as n — oo, we have

[ ) = e, = o) =0, (33
/R (Dun — 9u)0(vn — ) 0. (3.4)

Moreover, by Holder’s inequality and Lemma 2.1,
[ (65, = o, — o) do
R3

It follows from (3.3), (3.4), and (3.5) that ||v, — v[|> — 0 as n — oo, so A is
continuous.

(iv) Let {up tnen C H be bounded and set v, = Au,,. Then {v, },en is bounded
as well. Up to a subsequence, we can assume that v, — v and v,, = v in H as
n — oo. For all ¢ € H, we have the identity

/ (Vu, - VY + V(z)v,0) de — / (2w + ¢u,, )Pu, vnt da = / flup)pdz. (3.6)
R3 R3 R3

Since u, — u in H, Lemma 2.3 gives u,, — u in LP(R?) for p € [2,6). Using (2.9)
and Holder’s inequality, for any ¢ € H,

| [ () = F@)ida] < [ (@ + ul) + Coual?™ + 1)) ] d
]R\S

L

< Cll¢u, = Sullpllvllfon = vl (3.5)

< (lunl2 + [ul2) ]2 + Cs(Junlp ™" + Julp ™)l — 0.

Moreover, Lemma 2.1 and Holder’s inequality imply

R3 R3

Passing to the limit in (3.6) gives v = Au. The identity
lm — o] = / (2 + b )uy tn — (20 + 1) bu) (v — v) da
R

+ [ () = F@) (e~ v)do

and the argument in (iii) lead to v, — v, hence A is compact.

(v) Since ¢, = ¢, by the definition of A and assumption (F4), it follows
immediately that A(—u) = —A(u). Thus, A is odd. O
Remark 3.2. From Lemma 3.1, the following three statements are equivalent:

(i) w is a solution of (2.3);
(ii) w is a critical point of the functional J;
(iii) w is a fized point of the operator A.

The following lemma is crucial for the construction of the descending flow.

Lemma 3.3. The following statements hold:
(i) (J'(uw),u — Au) > |lu — Aul|? for all u € H;
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(i) [ (w)]]« < |lu— Aul|(1 + C||u||?) for some C > 0 and for all u € H;
(iii) for a <b and a > 0, there exists § > 0 such that ||u — Au|| > B whenever
u€ H, J(u) € [a,b] and |J'(u)|« > a.

Proof. (i) Let v = Au. From (2.5) and (3.1), we directly obtain

(J' (u),u — Au) = |Ju — Aul* — / (2w + ¢u)Pu(u — Au)? dz > |Ju — Aul?.

R3
(ii) For any ¢ € H, Lemma 2.1, Sobolev’s embedding theorem, and Holder’s
inequality give

<J/(u)7¢> = (JI(U)7¢> - (Au’w) + (Auaw)
= (u— Au,v) + /Rs(Qw + ¢u)Pu(u — Au)p dz

< lu = Aull[ell + Cllul*[lu — Aull ]

Taking the supremum over [|1|| = 1 yields the result.
(iii) By (F3), Lemma 2.1, (2.4) and (3.1), we compute
1
J(u) — —(u,u — Au)
H1

Lo 1/ 2 ﬁ/ 4 /
= —|jul|* = = wou” dr + —— V| dx — F(z,u)dx
5 lull” = 5 . T6m R3\ | . (z,u)

1 1 1
el [ ot oosuududs+ o [ feuuds
H1 K1 Jrs M1 Jrs

1 1 1
Dl Hu||2 - 7/ wou? dz
2 j2451 2 R3

) _ 1 >
+ o /}1&3(%} + &) dyu(Au — u) dz + o IR3(2w + ¢u)dyu” da

ul? < (] + - 4ul +

> <1 - 1) l|ul|? + u/ wou® dr + i/ (2w + ¢y)Ppyu(Au — u) de.
2 m 2p1 Jms p1 Jrs
Then, by Lemma 2.1, Holder’s inequality, (2.6) and (2.7), we deduce
/]R3 (2w + ¢y)Ppyu(Au — u) dz ) (3.7)
< C (|7 + l[ullllu — Aull + [lul*|lu — Aul]) .
Assume that there exists a sequence {un}nen C H such that J(u,) € [a,b],
|J (un)|l« > « and |ju, — Auy|| — 0 as n — oco. Then (3.7) gives the bound-
edness of {||un||}nen, but (ii) implies ||J'(uy )|« — 0, which is a contradiction. O
We define the positive and negative cones by

Pt ={u€eH:u>0} and P~ :={u€ H:u<0}.

For € > 0, set
P :={ue H: dist(u,PT) <e} and P. :={uc H: dist(u,P) < e},

where

dist(u, P¥) = irgi lw— o]
veE



SIGN-CHANGING SOLUTIONS FOR THE KLEIN-GORDON-BORN-INFELD SYSTEM 17

Clearly, P~ = —PX. Let W = PXUP.. Then W is an open and symmetric subset
of H and H \ W consists only of sign-changing functions.

The following lemma shows that, for e sufficiently small, all sign-changing solu-
tions of (2.3) liein H \ W.

Lemma 3.4. There exists eg > 0 such that for every e € (0,ep), the following
statements hold:

(i) A(OP7) C P and every nontrivial solution w € P> is negative;

(i) A(OPF) C PF and every nontrivial solution u € P is positive.
Proof. The proof is similar to the proof of Lemma 3.4 in Liu-Wang—Zhang [11].
Since the arguments for (i) and (ii) are analogous, we only prove (i).

For any u € H, recall that dist(u, PT) = |[u*||. Let v € H and v = Au. By

Sobolev’s embedding theorem, for each ¢ € [2,6], there exists 8, > 0 such that
lw|, < Byllw|| for all w € H. Applying this to w = u™ gives

g = JnfJu—wl, <8, inf |l —wl| = 5 dist (u, PF). (3.8)

Since dist(v, P7) < [Jv™], (3.1) and Lemma 2.1 yield

dist(v, P7)|Jo ]| < |Jo|? :/ f(z,u)vt dx +/ (2w + ¢y)puvvt da
R3 R3

< f(z,u)vt de.
R3

By (F3), we have f(z,t) <0 for all z € R when ¢ < 0. Thus

flz,u)vtdr < / f (@, ut) vt da.
R3 R3
Combining this with (2.9), we obtain
dist(v, P7) [0t || < 8 |ut|, ot ], +Cs [t [} [0,

< C (adist (u, P™) + Cydist (u, P7)" ") ot

Therefore,
dist(Au, P7) < C <5dist (u, P*) + Cs dist (u,P*)p*I) .

Choosing § > 0 small and then € > 0 sufficiently small, there exists ¢y > 0 such

that for all w € P with € € (0,¢9),

€
1
dist(Au, P7) < 3 dist (u, P*) ,
which implies A (OP-) C P-. If u € P= satisfies Au = u # 0, then u € P~. By

€
the strong maximum principle, it follows that u < 0 in R3. (]

Since A is only continuous, it is not sufficient for constructing a descending
gradient flow. Therefore, in the following lemma, we construct a locally Lipschitz
continuous operator B on Hy := H \ E, which preserves the key properties of A,
where E denotes the set of fixed points of A.

Lemma 3.5. There exists a locally Lipschitz continuous operator B: Hy — H such
that the following properties hold:

(i) B(OPF) C PF and B(OP-) C P= fore € (0,e0);

€
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(ii) 3llu—Bu)ll < lu— Al < 2||u — B(u)|| for all u € Ho;
(iii) (J'(u),u — B(u)) > 3|lu— A(u)||?® for all u € Hy;
(iv) if (F4) holds, then B is odd.
Proof. The proof is analogous to Lemma 4.1 in Bartsch-Liu [1] and Lemma 3.5 in

Zhang [22]. For completeness, we outline the main steps.
Let C be as in Lemma 3.3. For u € Hy, define

()= u—Aul, Ao(u)= LJu— Au|(L+Clul?)™ (39)
Then Ay, Ay € C(Hp,R). By the continuity of A, for each u € Hy, there exists
r(u) € (0,1) such that for all v,w € N(u) :={z € H: ||z —u| < r(u)} C Hy,

[|[Av — Aw| < min {A;(v), Ay (w), Asy(v), Ag(w)}. (3.10)
Let V be a locally finite open refinement of {N(u)}ycr,, and define
W={VeV:VNPF£0, VAP- #0, VNPInP: =0}
Set
u= J vulJ{v\prv\peo}
Vev\w vew

Then U is a locally finite open refinement of {N(u)}yecpn,, satisfying
fUNP #0and UN P # 0, then UNPF N Po # 0.
Let {7y }ueu be a partition of unity subordinated to U, defined by

Ty (u) == (Z PV(U)> pu(u), pu(u) = dist(u, Ho \ U).

Veu
For each U € U, we choose ay € U such that:
o if UNPS # () then ay € P
o if UN P # () then ay € P- .
Note that this is possible due to the construction of /. Define the operator
B(u) = Z 7y (u)Alay).
veu
By local finiteness of U, the operator B is locally Lipschitz continuous. Property
(i) follows directly from the construction.
For (ii) and (iii), note that, for any u € Hy,
|Bu— Aul| <Y 7p(u)[|Aar) — Aul.
veu
Combining (3.9) and (3.10), we obtain

1
|Bu — Aul| < §||u—Au||, (3.11)

1
|Bu — Aul| < §||u—Au||(1+C||u||2)’1. (3.12)

Inequality (3.11) immediately yields (ii). By Lemma 3.3, (ii) and (3.12), we compute
(J'(w),u = Bu) = (J'(u), v — Au) — |17 (u) ||| Bu — Aul
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> S llu— Aul?,

N | =

which proves (iii).
Finally, if (F4) holds, then A is odd. Define

~ 1

B(u) = 5(B(u) - B(~u))
Then B is odd, locally Lipschitz continuous, and still satisfies (i)—(iii). We keep the
notation B for simplicity. O

Next, we apply Theorems 2.7 and 2.9 to prove Theorem 1.1. Let X = H,
P=P' Q=P ,W=PrUP-, and ¥ = dP- NIPF. We first show that
{P:, P-} is an admissible family of invariant sets for the functional J at any level
ceR.

Lemma 3.6. {P:, P} is an admissible family of invariant sets for the functional
J at any level c € R.

Proof. To verify the claim, we construct a descending flow that yields an invariant
set satisfying Definition 2.6, based on the locally Lipschitz continuous operator B
from Lemma 3.5. Let ¢ € (0,¢¢) be fixed.

Since J satisfies the (PS)-condition, see Lemma 2.4, standard deformation argu-
ments, compare with the proof of Lemma 3.6 in Liu-Wang—Zhang [14], imply that
there exists dg > 0 such that for every § € (0,dp), there exists a continuous map
o:[0,1] x H — H satisfying:

(i) 0(0,u) = u for all uw € H;
(ii) o(t,u) =wufor all t € [0,1] and all u ¢ J~[c — &, ¢+ 4];

(iil) o(1, J¢TO\ W) C Je=9;

(iv) o(t, P2) € P and o(t, P=) C P= for all t € [0,1].

Defining n(u) := o(1,u), we conclude that {P, P~} is an admissible family of
invariant sets for the functional J at any level ¢ € R. O

Corollary 3.7. If (F4) holds, then P* is a G-admissible invariant set for the
functional J at any level c.

This follows by applying the same argument as in Lemma 3.6.
Lemma 3.8. For q € [2,6], there exists aqg > 0, independent of €, such that
lul, < age  forallue M =P nP-.
Proof. Foruw € M = P NP, we have dist(u, PT) < ¢ and dist(u, P~) < €. Hence,
lull = (a1 + flu™ %) < V2e.
By (3.8), for any ¢ € [2, 6], there exists ay > 0, independent of ¢, such that
July < Byllull < age.

O

Lemma 3.9. Under the assumptions of Theorem 1.1, if € > 0 is sufficiently small,

then

52

J(u) > 5 for allu € ¥ = 0P NoP..

. 2
In particular, c. > 5.



20 S.-J. CHEN, L. LI, P. WINKERT, AND T. YOU

Proof. Let u € 0P+ NOP-. Then |u®| > dist(u, PT) = e. By (F;) and (Fs), for
any « > 0, there exists C, > 0 such that

1
F(z,t) < —5[t? 4+ Cult[P for all t € R.
4das

Combining Lemmas 2.1 and 3.8 and taking e sufficiently small, we obtain
T > Sl — gl — Calup >
=2 40377 TP = g

Proof of Theorem 1.1. Choose uy,us € C§°(R3)\ {0} such that
supp(u1) Nsupp(ug) =0, w1 <0, wuy >0.
For (t,s) € A, we define @ (t, s) := R(tu; + sug). Then, for all ¢, s € [0, 1], we have
©0(0,8) = Rsuy € PT and  (t,0) = Rtu; € P
Hence, (i) of Theorem 2.7 holds.

For every t € [0,1], set u; = ¢o(t,1 —¢). Since the supports of u; and us are
disjoint, we obtain

lue? = B2 ur|* + (1 = )?Juz||*) (3.13)
and for ¢ € [2, 6],
uelg = BRIt ua|§ + (1 —1)9|us[f).
Hence |u¢|§ — oo as R — oo uniformly in ¢ € [0,1]. By Lemma 3.8, choosing R

sufficiently large, yields o(9oA) N M = @, so condition (ii) in Theorem 2.7 holds.
From (F3), there exist constants Cq,C2 > 0 such that

F(z,t) > Ci|t|'t — Cy for allt € R.
Then, by Lemma 2.1, (2.4) and (3.13), we have
1
Iu) < Glluel? + Callul - | F(z,w)

supp(u1)Usupp(uz)
< Callug||* = Crlualfit + Co.

It is obvious that J(u;) — —o0 as R — oo uniformly in ¢ € [0,1]. According to
Lemma 3.9, for R sufficiently large and € > 0 sufficiently small, it follows

sup  J(u) <0< cy.
uEPo (9o A)

Thus (iii) in Theorem 2.7 is also satisfied. Then, by Theorem 2.7, the functional J
possesses at least one critical point w € H \ (P U P.), which is a sign-changing
solution of (1.1).

Now assume that (F4) holds. Choose functions {u;}"; € C§°(R?) \ {0} such
that

supp(u;) Nsupp(u;) =0 for i # j.
For any n € N, let t = (t1,t2,...,t,) € B, and define ¢,, € C(B,,, H) by

(pn(t) = Rn Zt,uz
=1
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Arguing as above, for R, sufficiently large, all assumptions of Theorem 2.9 are
satisfied. Hence J admits infinitely many critical points {u;} C H \ (P U P.),
which correspond to infinitely many sign-changing solutions of (1.1). Moreover,
J(uj) = oo as j — oco. This completes the proof. |

4. PROOF OF THEOREM 1.2

In this section, since the (AR)-condition is no longer assumed, certain properties
of the auxiliary operator cannot be obtained directly. To overcome this difficulty,
inspired by Wen-Tang—Chen [20], we employ a contradiction argument. We estab-
lish Theorem 1.2 by applying an abstract critical point theorem. As in Section 3,
we first introduce an auxiliary operator A: H — H. For any u € H, we define
v = Au € H as the unique solution of the equation (3.1).

Arguing as in Lemma 3.1, the operator A is well defined, continuous, and com-
pact. The proofs are analogous and therefore omitted.

Lemma 4.1. The following statements hold:
(i) (J'(u),u — Au) > |ju — Au||? for all u € H;
(i) there exists a constant C > 0, independent of w, such that ||J'(u)|. <
|u — Aul|(1 4+ C|lul?) for allu € H.

Lemma 4.2. For any a < b and a > 0, there exists 3 > 0 such that |u — Au|| > S
whenever u € H, J(u) € [a,b] and ||J' (u)||+ > «.

Proof. Foru € H, by (2.4) and (3.1), together with Lemma 2.1 and (F3’), it follows
that

J(u) — i(u,u — Au)
H2
Loz, 1 2.2 1 2 4
=—|ulf+ =z | diude+ — [ |Vou|*dz +1 |V¢u\ dz
2 2 R3 8 R3
- / Pla,u)de — L |ul? + i/ (2w + du)duudude
R3 K2 H2 JRr3

1
+ — z,u)udr
i Jo T (4.1)
_(—> lu ||2+—/ ¢uuAud:c+— ¢uAudw—l/ u?de
R3 H2 JRr3
><1—1> [lu ||2+—/ Pyu(A u—u)dx—}-i gbz (Au — u) dz
“\2 pu ¢ 2
—2L quw—l/ u? da.
K2 Jrs H2 JRs

By Lemma 2.1 and Hélder’s inequality, we derive

» Suu(Au —u)| < Ciljulll|lu — Aul,

< Colfullllu — Aul|.

2u(Au - u)
R3

Together with (4.1), it follows that

~ 1 1 2w? ¥
)]+ Callllla = Aul > (5= - )l = (254 1) [ e )
H2 R3

H2 H2
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Assume by contradiction that there exists a sequence {uy}nen C H such that
J(un) € [a,0], || (un)]l« > @, and |Ju, — Au,|| — 0. Arguing as in Lemma 2.5, we
deduce from (4.2) that {un}nen is bounded in H. By Lemma 4.1 (ii), we obtain
[IJ (un)||« — 0 as m — oo, which is a contradiction. O

Lemma 4.3. There exists €1 > 0 such that for every e € (0,e1), the following
statements hold:

(i) A(OP7) C P and every nontrivial solution w € P> is negative;

g €

(ii) A(OPF) C Pt and every nontrivial solution u € Pt is positive.

Lemma 4.4. There exists a locally Lipschitz continuous operator
B: H\E — H, E:=Fix(4),
such that the following statements hold:
(i) B(@sz C Pt and Jf?(aP;) C P; foree(0,e1);
(ii) %Hu — Bu|| < ||ju — Aul|| < 2||lu — Bul| for allu € H\ E;
(i) (J'(u),u — Bu) > u — Aul|? for allu € H\ E;
(iv) if (F4) holds, then B is odd.

Lemma 4.5. Under the assumptions of Theorem 1.2, if € > 0 is sufficiently small,
2 2
then J(u) > & for allu € ¥ = 0P NOP_, that is, ¢, > 5.

Proof. From assumption (F1"), we still have F(x,t) < 75 [t|* + Cqt|? for all t € R
2
uniformly in o € R3. Then, following the same reasoning as in Lemma 3.9, we can
2
prove that ¢, > %. O

We apply Theorem 2.7 to the functional J. We claim that {PF, P} is an
admissible family of invariant sets for J at any level c.

This follows from the same argument as in Section 3, combined with Lemmas
2.5 and 4.1-4.5, which ensure the validity of the deformation properties required in
Definition 2.6. Therefore, { P, P=} is an admissible family of invariant sets for the
functional J at any level c. Consequently, we are in a position to prove Theorem
1.2.

Proof of Theorem 1.2. Choose u1,us € C§°(R3)\ {0} such that
supp(u1) Nsupp(uz) =0, wu; <0, wuy > 0.
For (t,s) € A, define
©wo(t,s) := R (tus + suz) .
As in the proof of Theorem 1.1, the map g satisfies conditions (i) and (ii) of
Theorem 2.7.

By (F3’), there exists C1,Cy > 0 such that F(x,t) > —C1[t]? + Ca|t|#2 for all
t € R, uniformly in x € R3. Using Lemma 2.1, (2.4) and (3.13), we obtain

1
Iuw) < gl + Calfeal? ~ [ Fla,u)

supp(u1)Usupp(us)
< Callu]? + Crluel3 — Colug|2.
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Since uo > 2, it follows that J(u;) — —oo as R — oo uniformly in ¢ € [0,1].
According to Lemma 4.5, for R sufficiently large and sufficiently small ¢ > 0, we
have

sup  J(u) <0 < ¢y
u€po(dpA)

Therefore,

c=1inf sup J(u
el ucpanw v

is a critical value of J with ¢ > ¢, and there exists u € H \ (P2 U P.) such that
J(u) = ¢ and J'(u) = 0. Hence, (u, ¢, ) is a sign-changing solution of (1.1).

Next, choose {u;}; C C§°(R?) \ {0} such that supp(u;) N supp(u;) = @ for
i # j. For t = (t1,ta,...,tn) € B, we define ¢,, € C(B,, H) by

on(t) = Rn »_tiui, Ry >0.
i=1

Arguing as above, for sufficiently large R,,, all assumptions of Theorem 2.9 are
satisfied. For any 7 > 2, it follows that

0<ir€1£J(u) =c, <c¢j:= inf sup J(u) »>o00, asj— oo

Bers ueB\W
and there exists {u;};>2 C H\ W such that J(u;) = ¢; and J'(u;) = 0. The proof
is complete. (I
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