LOGARITHMIC DOUBLE PHASE PROBLEMS WITH CRITICAL
GROWTH ON THE BOUNDARY
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ABSTRACT. In this paper, we study logarithmic double phase problems with
critical growth on the boundary of the form

—divL(u) = —|ulP"%u in Q, L(u) -v=f(z,u)+|uP*"2u on dQ,
where div £ stands for the logarithmic double phase operator given by

v
div (\Vu|p_2Vu + p(z) |log(e + |Vul) + &} |Vu|q_2Vu) ,
q(e+|Vul)

e is Buler’s number, v(z) is the outer unit normal of Q at = € 9Q, Q C RY,
N > 2, is a bounded domain with Lipschitz boundary 92, 1 <p < N, p < ¢ <
pe = B2 e £°(9) with > 0, and f: 99X [—K, K] — R for some K > 0
is a Carathéodory function, just locally defined with a specific behavior near
the origin. Using suitable truncation methods and an appropriate auxiliary
problem along with an equivalent norm in our function space, we establish the
existence of an entire sequence of sign-changing solutions to the above problem,
which converges to zero in both the logarithmic Musielak-Orlicz Sobolev space
WhHeg (Q) and in L™ (Q).

1. INTRODUCTION

Recently, Arora—Crespo-Blanco-Winkert [1] introduced the logarithmic double
phase operator defined by

div (|Vu|p2Vu+u(m) <10g(e+Vu)+ Vel |))|Vu|q2Vu), (1.1)

qle +|Vu

where u € VVO1 Hiog (©) with the corresponding logarithmic Musielak-Orlicz Sobolev
space generated by the nonlinear function

Hiog(w,t) = 7 + p(z)tlog(e + ) for all (z,t) € Q x [0, 00),

for 1 < p < N, p < q, eis Euler’s number and 0 < u(-) € L>®(2). The logarith-
mic double phase structure is introduced in order to model a borderline situation
between standard polynomial growth and nearly linear behavior. Compared to the
classical double phase density P + p(x)t?, the additional logarithmic factor pro-
duces a growth which is only slightly stronger than the pure ¢-growth, while still
preserving the variational framework. This logarithmic perturbation leads to new
analytical features in the associated operator, in particular in the scaling proper-
ties and in the control of higher order terms, which cannot be treated by a direct
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adaptation of the classical double phase theory. The related energy functional of

(1.1) is given by
u>—>/ (V“p )'V ul® log(e—|—|Vu|)> (1.2)

which has been studied for special cases in recent years. Here we mention the
works by Baroni-Colombo—Mingione [7] and De Filippis—Mingione [11] related to
local Holder continuity of the gradient of local minimizers of functionals like (1.2).
The functional studied in [11] has its origin from functionals with nearly linear
growth given by

u|—>/ |Vul|log(1 + |Vul)dz, (1.3)
Q

see the studies in the papers by Fuchs—Mingione [14] and Marcellini—Papi [23]. We
note that (1.3) arises in the context of plasticity models with logarithmic hardening;
see, for instance, Seregin—Frehse [32] and Fuchs—Seregin [15]. Furthermore, the
celebrated work of Marcellini [22] covers, as a particular case, functionals containing
a logarithmic term of the form

" / (14 |Vul)8 log(1 + [Vau]) de
Q

Given a bounded domain Q@ C RN, N > 2, with Lipschitz boundary 9%, in this
paper we consider logarithmic double phase problems with critical growth on the
boundary given by

—divL(u) = —|JulP"?u in Q, L(u)-v=f(z,u)+uP 2w ondQ, (1.4)

where v(z) is the outer unit normal of Q at x € 9Q and div £ stands for the loga-
rithmic double phase operator given in (1.1). We assume the following hypotheses
on the data of problem (1.4):

(C1) 1<p<N,p<q<p.=52Land 0 < p(-) € L%(Q);
(C2) f:00x[-K,K] — Ris a Carathéodory function for K > 0 with f(x,0) =0

and f(z,-) is odd for a.a.z € 98;
(C3) there exists T € L>(012) such that

|f(z,8)] < T(x) foraa.zecd and for all |s] < K;

2
(C4) there exists £ € (1, min{p, - N1+ 1}) such that
f(z,s)

530 |s|€—2s

=0 uniformly for a.a.z € 9Q;

(C5)
f(z,s)

530 |s|P—2s

= 400 uniformly for a.a.x € 9S.

We say that u € W1Hies(Q) is a weak solution of problem (1.4) if for every test
function v € W1*ee (), the following holds:
[V

/Q [|vu|p2w + p(z) <log(e +|Vul) + PEEZI)

+/ |u|P~2up da :/ (f(z,w) + |ulP*~*u) vdo.
Q a0

) |Vu|q2Vu} -Vudz
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Our main result is the following theorem.

Theorem 1.1. Let the conditions (C1)—(C5) be satisfied. Then, problem (1.4)
possesses a sequence {z, ynen C WhHes(Q) N L(Q) of sign-changing solutions
such that ||z,|| — 0 in WhHee(Q) and ||z,]|eo — 0 in L®(Q) as n — .

We emphasize that the nonlinear Neumann boundary condition of (1.4) reflects
the combined influence of a locally defined Carathéodory function f(z,-) and a
critical growth term of the form

u s ulPr?

U, Py = 1<p<N.

The principal analytical challenge lies in handling this critical boundary term, whose
presence causes a loss of compactness along with the appearance of the logarithmic
double phase operator with logarithm perturbation. In order to overcome these
difficulties, we first study an appropriate auxiliary problem, constructed via suit-
able truncation functions to ensure coercivity by using properties of the Steklov
eigenvalue problem of the p-Laplacian. We then establish the existence of extremal
constant-sign solutions to the auxiliary problem, which in turn allows us to ap-
ply Kajikiya’s symmetric mountain pass theorem [18]. Our contribution extends
the work of Liu—Papageorgiou [21] from the double phase setting to the logarith-
mic double phase framework with critical nonlinear boundary growth, while also
relaxing the structural hypotheses in [21]. For related developments, we refer to
Carranza—Pimenta—Vetro-Winkert [9] and Papageorgiou—Vetro-Winkert [283].

As noted at the beginning of the Introduction, the logarithmic double phase
operator (1.1) is a recent development, and the literature on problems involving
this operator remains scarce. The first contribution appears in the work by Arora—
Crespo-Blanco-Winkert [1], who studied the problem

—divL(u) = f(z,u) in§, u=0 ondQ, (1.5)

where div £ is given by (1.1) but with variable exponents and f: @ x R — R is
a Carathéodory function with subcritical growth and prescribed behavior both at
infinity and near the origin. Under the additional assumption g+1 < p*, the authors
established the existence of a least energy sign-changing solution by minimizing the
associated energy functional over the corresponding Nehari manifold of (1.5), see
also a related work by the same authors [3] concerning optimal growth conditions
o (1.1). The operator (1.1) also features in the work by Vetro-Winkert [37], where
the authors established boundedness, closedness, and compactness of the solution
set to the problem

—divL(u) = f(z,u,Vu) inQ, wu=0 ondQ,

with div £ as in (1.1) but involving variable exponents, and f: O x R x RN — R
being a convection term subject to very mild structural conditions. Moreover, in
[36], Vetro investigated a Kirchhoff-type problem driven by the same operator.

Very recently, Borer—Gasiniski-Stapenhorst—Winkert [3] studied least energy sign
changing solutions of the problem

—div L(u) + [u|P@ 2y = f(z,u) inQ, Ku)- v=glz,u)—|[u 2 ondQ,
where div £ denotes the logarithmic double phase operator given in (1.1) but with

variable exponents while f: 2 xR — R as well as g: 002 x R — R are Carathéodory
functions having subcritical growths and a certain behavior both at infinity and
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near the origin. As a result of independent interest, the authors in [3] also proved
boundedness results for such type of equations which we used in our paper and
they showed the existence of an equivalent norm in the space W17z (Q) even for

variable exponents given as
q(z)
||u||T,Hlog—inf{>\>0: /Q<VA“ o (*'?')) N
C2(x)
dz+/ wnler) |2 a0 <1,
a0 A

+/Qw1(x)\§

where the exponents 1 < (i1(-),(2(1) € C (Q) are allowed to be critical with respect
to the exponent 1 < p(:) € C(2). We are going to use this equivalent norm in our
paper as well. A different form of a logarithmic double phase operator, distinct

p(z)

+ ) |

A

¢1(z)

from (1.1), was introduced by Vetro—Zeng [38], who investigated the existence and
uniqueness of solutions to equations driven by
. H (2, |V
u— Ay, u=div (L<|33V|U)VU> . uwe Wt (Q),
U

where H:  x [0,00) — [0,00) is defined by
Hy(2,1) = (7 + p(2)t9) log(e +1),

with 1 < p < ¢. Moreover, we refer to the paper by Tran—Nguyen [35] who showed
existence results for equations involving (1.1) when p = q.

In addition, we refer to various studies that investigate logarithmic perturba-
tions appearing on the right-hand side in the setting of Schrédinger equations
and p-Laplace type problems as well as double phase operators without loga-
rithm. We refer to the works by Alves-de Morais Filho [1], Alves—Ji [2], Bahrouni-

Fiscella-Winkert [5, 6], Figueiredo-Montenegro—Stapenhorst [12, 13], Montenegro—
de Queiroz [25], Shuai [33], and Squassina—Szulkin [34], see also the references
therein.

The paper is organized as follows. Section 2 presents a review of the properties
of logarithmic Musielak-Orlicz Sobolev spaces and the logarithmic double phase
operator (1.1). Additionally, we summarize the main results concerning the eigen-
value problem for the p-Laplacian with Steklov boundary conditions. In Section 3,
we focus on an auxiliary problem, proving the existence of extremal constant-sign
solutions, and subsequently apply the results of Kajikiya [18] to establish the proof
of Theorem 1.1.

2. MATHEMATICAL BACKGROUND

This section provides an overview of the key properties of logarithmic Musielak-
Orlicz Sobolev spaces, the associated logarithmic double phase operator, and several
tools required for the upcoming sections. We refer to the recent work by Arora—
Crespo-Blanco-Winkert [4] as well as the monographs by Harjulehto-H&sto [10]

and Papageorgiou—Winkert [29], see also the paper by Crespo-Blanco—Gasiriski—
Harjulehto-Winkert [10] for the main properties of double phase operators without
logarithm.

To this end, by L"(2) we denote the Lebesgue space with norm || - ||, for 1 <
r < oo and WH"(Q) stands for the corresponding Sobolev space equipped with the
equivalent norm || - |1, = (|V - |l + || - |7)+ for 1 < 7 < co. For A C Q, we
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denote by |A| the Lebesgue measure of the set A. Moreover, let o be the (N — 1)-
dimensional Hausdorff measure on the boundary 02 and indicate by L"(0f2) the
boundary Lebesgue space equipped with the norm || - || sq given by

[ullr00 = (/ [u|" do) " forue L7 (0%).
o9

Throughout this paper, we avoid explicitly using the trace operator « and interpret
all restrictions of Sobolev functions to the boundary OS2 in the sense of traces.

In the following we suppose that (C1) holds, e stands for Euler’s number and we
denote by M (2) the set of all measurable functions u: & — R. Given the function
Hiog: Q x [0,00) — [0,00) defined by

Hiog(@,t) = 7 + ()t log(e + 1),

we are able to introduce the space L5 (2) by

£70s(@) = {u € M) () i= [ Hog(o ) e <0
where pyq, , is the related modular function to Hieg, equipped with the norm

[ull34,,, = inf {)\ > 0: pr, (%) < 1} .

Further, the corresponding logarithmic Musielak-Orlicz Sobolev space W !:7tos ((2)
is defined by

Wl,HIOg (Q) _ {U c LHlog (Q) |VU| € LHIOg(Q)},

endowed with the norm

||’LL |1,7'llog = ”ull'Hlog + ”VU‘”Hlog'

We know that both spaces L7os(Q2) and W™ ies(Q) are separable and reflexive
Banach spaces. In what follows, we denote by x the constant given by
e

(& —|— to ’

where t( is the positive number satisfying ¢ty = elog(e + to).
From Proposition 3.1 by Borer—Gasiriski-Stapenhorst—Winkert [3], we can equip

the space W1 7os(Q) with the equivalent norm

||U||=inf{/\>0:/<w

Q >\
u P

— <1

SAERIE

where the related modular is given by
ow) = [ (VuP + u()Vultloge + [Vu)) do+ [ uPde. (23)
Q Q

for all u € WhHes ().
The modular o(+) in (2.3) and the norm || - || in (2.2) are related in the following
form, see Borer—Gasinski-Stapenhorst—-Winkert [8, Proposition 3.2].

Proposition 2.1. Let hypotheses (C1) be satisfied, A > 0, u € WHHes(Q), and &
as in (2.1). Then the following hold:

(2.1)

+ p()

q
v log <e—|— ‘V)\UD) dx
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i) [Jull =X if and only if o (%) =1 for u# 0 and X > 0;
(ii) ||ull <1 (resp.=1, > 1) if and only if o(u) <1 (resp.=1, >1);
(i) min {ul], [lull 7} < ofu) < max {ull, ul]e};
(iv) |lu]l = 0 if and only if o(u) — O;
(v) JJu|l = oo if and only if o(u) — co.

Further, we have the following embedding results, see Arora—Crespo-Blanco—
Winkert [4, Proposition 3.7].

Proposition 2.2. Let hypotheses (C1) be satisfied. Then the following hold:
(1) WhHtes(Q) — LP"(Q) is continuous and WhHes(Q) — L"(Q) is compact
forall1 <r < p*;
(i) Whtee(Q) < LP<(0Q) is continuous and W1 Hes(Q) — L7(99Q) is com-
pact for all 1 < r < p,.
The following lemma will be required in subsequent proofs, see Arora—Crespo-
Blanco—Winkert [1, Lemma 5.4] for its proof.
Lemma 2.3. Let Q > 1 and h: [0,00) — [0,00) given by h(t) = m,
Then h attains its mazximum value at tg and the value is %, where tg and K are the

same as in (2.1).

Now, let A: WhHes(Q) — WhHos (Q)* be the nonlinear operator defined by
(A(u),v) = / |Vul|P~2Vu - Vv de
Q

_ v u|72Vu - Vo dz
+/ ()[log(e+Vu|)+q(e+|vu|) VT2V Vods  (2.4)

/ |u|P~%uv dz

for all u,v € Wl Hes(Q). The following proposition is taken from Borer-Gasinski-
Stapenhorst—-Winkert [8, Proposition 3.4].

Proposition 2.4. Let hypothesis (C1) be satisfied. Then, the operator A given
in (2.4) is bounded (that is, it maps bounded sets into bounded sets), continuous,
strictly monotone and satisfies the (Sy)-property, that is,

Up = in WHHes(Q)  and  limsup (A(uy,), u, —u) <0,

n——+00
imply u, — u in WhHes (Q).
In order to deal with the logarithm in the operator, we also need the following
standard inequality

log(e + zy) < log(e + x) +log(e+y) for all z,y > 0. (2.5)

Let C*(Q) be equipped with norm || - o1 @) and let C1(9), be its positive cone
defined by

C' Q)+ ={ueC'(Q): u(z) >0 forall z € Q},
which has a nonempty interior given by
int (C'(Q)1) = {ueC'(Q)4: u(z) >0 foral z€Q}.
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Furthermore, for any s € R we put s+ = max{=£s,0}, that is, s = s; — s_ and
|s| = s4 + s—. Also, for any function u: Q@ — R we write us(-) = [u()]+.

Next, we want to recall some basic facts about the Steklov eigenvalue problem
for the p-Laplacian with p € (1, 00) fixed in (C1). This problem is defined by

~Apu=—|ulf"2u inQ, |VuP"2Vu-v=NulP"?u on 9. (2.6)

From Lé [19] we know that problem (2.6) has a smallest eigenvalue A; which is
positive, isolated, simple and can be characterized by
- P p. P _
M=t LIVl el el o =1} (2.7
In what follows we denote by uy the normalized (i.e., ||u1||p00 = 1) positive eigen-
function corresponding to A;. From the regularity theory of Lieberman [20] and
the maximum principle by Pucci-Serrin [31] we know that uy € int (C*(Q)4.).

Finally, we recall some facts about critical point theory. To this end, let X be
a Banach space and X* be its dual space. A functional ¢ € C*(X) satisfies the
Palais-Smale condition (PS-condition for short), if every sequence {un}tneny € X
such that {p(un)}nen € R is bounded and

¢ (up) = 0 in X* as n — oo,
admits a strongly convergent subsequence. Further, we define
K, :={ueX: ¢ (u) =0},

being the set of all critical points of . Recall that a set S C X is called downward
directed if for given uy,us € S there exists u € S such that v < u; and u < us.
Similarly, S C X is called upward directed if for given vy,v, € S one can find v € S
such that v; < v and vy < 0.

3. EXISTENCE OF SIGN-CHANGING SOLUTIONS

Our analysis starts with a truncated auxiliary problem, which serves to address
the critical term in (1.4). For this purpose, let ® € C!'(R) be an even cut-off
function with the following properties:

supp® C [-K, K], @’[%,%]El and 0<®<1 on (-K,K). (3.1)
X

As a next step, we define ¥: 92 x R — R by
U(z,5) = 0(s) (f(z,8) + [s|P2s) + (1 — @(s))]s]* s, (32)

with £ as given in assumption (C4). Obviously, the function ¢: 92 x R — R is
of Carathéodory type. With view to (3.1) along with (3.2) and (C4) we have the
growth

[W(z,8) < C(1+][s[*") (3-3)

for a.a.z € 9N and for all s € R with some constant C' > 0.
Our next objective is to investigate the solvability of the auxiliary problem.

—divL(u) = —|ulP?u inQ, L(u)-v=1(r,u) on N, (3.4)
with div £(u) being the logarithmic double phase operator given in (1.1). We aim
to prove the existence of extremal constant sign solutions to (3.4), which will serve

as a foundation for constructing sign-changing solutions to the original problem
(1.4). To this end, let S; and S_ be the sets of positive and negative solutions of
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problem (3.4), respectively. In what follows, we denote by YT.: Wh*es(Q) — R
the truncated energy functionals corresponding to (3.4) defined by

1
T :/ <|v“|p + 0 G109 e + |Vu|)> d
Q \P q .
1 (3.5)
+/ 7|u|pdx_/ U(z,+uy)do for u e WhHHes(Q),
Qb a0

where ¥(z, s) fo (x,t)dt. It is easy to see that T4 are C'! functionals.
We begln by proving that the sets S4 are nonempty.

Proposition 3.1. Let hypotheses (C1)—(C5) be satisfied. Then Sy and S— are
nonempty subsets in W1lHoes(Q) N L>°(Q).

Proof. First, we prove that Sy is nonempty. Note that

Ty(u) > ég(u) - /BQ\II(x,u+)dU.

Using this fact together with the growth in (3.3), £ < p due to (C4) and Proposition
2.1 (iii), we conclude that Y is coercive. Taking Proposition 2.2 (ii) into account,
it follows that Wh7es(Q) < L7 (9Q) is compact for any 1 < r < p,. This implies
that the functional Y, is sequentially weakly lower semicontinuous as well. As a
consequence, there exists ug € W1 e (Q) such that

T (ug) = inf [Ty (u): u e WhHtes(Q)].
We are going to prove that ug is nontrivial. Using condition (C5), for each ¢ > 0,
we can find a number 5 € (0, min{%, 1}) such that
8 )
F(z,s) ::/ flz, t)dt > —|s|? for all |s| <n. (3.6)
0 p

Now we can choose ¢ € (0,1) small enough such that tu;(z) € (0,7) for all z € €,
where uy € int (C*(€)4) is the LP-normalized (i.e.||u1ps0 = 1) positive eigen-
function corresponding to A; of the Steklov eigenvalue problem of the p-Laplacian
given in (2.6). From tu;(z) € (0,n) for all € Q and n € (0, min{%,1}), it follows
from (3.1) that

Y(x,tuy) = fz,tur) + (tug)P* " 2tuy > f(z, tuy). (3.7
Now, from (2.7), |lui|lp,00 =1, (2.5), (3.6) and (3.7), we conclude that

T (tur) = / [ IV (tun)|” + ”\V<tu1>|qlog<e+t|w1\> de

/|tu1 |pd1:—/ U (z,tuy) do
q
<1 A +M/ (@) Vun |7 da
Q
—/ ) Vui|?log(e + |Vuq|) do — —5
tP 1
:—()\ —6)+%/u(x)|Vul|qu
q Q
7/ z)|Vuy|?log(e + |Vuq|) d

(3.8)
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Recall that p < ¢. Thus, if § > Ay, then (3.8) implies
T (tuy) <0 for t > 0 sufficiently small.

This proves that ug # 0.
Note that ug is the global minimizer of Y, that is, Y’ (ug) = 0. Hence, we have

\Y
/ <|Vu0P2Vuo + p(zx) <1og(e + |Vug|) + y |Vl
Q

q—2 .
o+t |Vu0|)> |Vug| Vuo) Voudz

+/ |Uo|p_2uovd$=/ Y(z, (uo)4)vdo
Q o9

for all v € WhMes(Q). Now, choosing v = —(ug)_ € WhHes(Q) as test func-
tion gives (ug)— = 0. Hence, we have ug > 0 with uy # 0, that is, uy €
WhHies () is a nontrivial positive weak solution of problem (3.4). Furthermore,
from Borer—Gasiniski-Stapenhorst—Winkert [, Theorem 4.1], we conclude that ug €
WhHies (Q) N L°°(€2). This shows that Sy is nonempty. In a similar way, we are
able to show the existence of a nontrivial negative weak solution vy € WHies(Q)N
L>(Q) of problem (3.4) which is the global minimizer of YT_: WlHes(Q) — R
defined in (3.5). O

Next, we are going to prove that the auxiliary problem (3.4) admits extremal
constant sign solutions, that is, there exist a smallest positive solution u* € S; and
a largest negative solution v* € S_.

Proposition 3.2. Let hypotheses (C1)—(CbH) be satisfied. Then we can find ele-
ments u* € Sy and v* € S_ such that v* < wu for all w € S; and v* > v for all
vedS_.

Proof. We only prove the existence of u* € S; , in a similar way one can show the
existence of v* € S_. Analogously to the proof of Proposition 7 by Papageorgiou—
R&dulescu—Repovs [27, Proposition 7], we can show that the set Sy is downward
directed, which implies, by using Lemma 3.10 of Hu-Papageorgiou [17] that we can
find a decreasing sequence {u, }nen C St such that inf, ey u, = inf Sy. Therefore,
due to u, € Sy for all n € N, it holds

/ (|wn|p—2wn
Q

+ pu(x) <log(e + |Vu,|) + i [Vn|

[ el q—2 . d
e+|Vun|)> [V, Vun> Voudx

(3.9)
+ / |t [P~ 2 Uy doe
Q

= Y(z,up)vdo
o0

for all v € WhHee(Q) and for all n € N. Next, we set v = u,, € WHHez(Q) in
(3.9). Then, taking (3.3) and 0 < u,, < u; into account, we obtain

g(un):/ |Vun|pdx+/u(sc)|Vun|qlog(e+|Vun|)dx+/ |un P dz < ¢1
Q Q Q

for some ¢; > 0 and for all n € N. From this and Proposition 2.1 (iii), we see that
the sequence {u, }nen € WMoz (Q) is bounded.
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Now, using assumption (C4) we have £ < Np—jp . % + 1 which is equivalent to
%(5 — 1) < p«. So we are able to take a number ¢ > % such that t(§ — 1) < p..
Then, by the boundedness of the sequence {u, }nen € W7oz (Q) and Proposition

2.2 (ii) we have, for a subsequence if necessary not relabeled, that
U, = u*  in WHMes(Q) and  w, — u*  in LHETD(HQ) (3.10)

for some u* € Whtee(Q)). Furthermore, from (3.1) and (3.2) as well as (C4) we
arrive at

W(x,5)| < cals|* (3.11)

for a.a.z € 99, for all s € R and for some ¢y > 0. Now, since t > & we can use

standard Moser iteration type bootstrap arguments to get from (3.9) and (3.11)
the estimate

lunlloe < Billunlligz (3.12)

for all n € N with ¢ > % such that ¢(£ — 1) < p, and for some constants By, By > 0
depending on N, p, q,&,Q, ||¢t||co and ¢. The idea in showing (3.12) is to use the test
function v = u@ with up = min{u,, M}, M > 1, § > 1in (3.9) by applying (3.11).
Then one sees that the second term with the logarithm is nonnegative and since
the embedding W1 Hes(Q) — WLP(Q) is continuous, see Arora-Crespo-Blanco—
Winkert [4, Proposition 3.7], we arrive at a standard p-Laplace estimate of the
form

,B/Q Wl V[P dx—!—/ﬂuﬁ_luf/[ dx < /asz u§ Ml do.

Now one can proceed in a standard way via bootstrap arguments to show (3.12), as
it was done in the works by Lé [19, Theorem 4.3], Perera—Squassina [30, Proposition
2.4] and Marino-Winkert [24, Theorem 3.1].

In the next step, we will show that u* # 0. We argue indirectly and assume
by contradiction that v* = 0. From (3.10) and (3.12) one has |Jup|lcc — 0 as
n — +oo. This implies the existence of a number ng € N such that 0 < u,(z) <7
for a.a.x € Q and for all n > ng, where n € (O,min{%,l}). Thus, with view to
(3.1) and (3.2), it follows that

V(@ un(@)) = f (@, un(@)) + up ()P~ (3.13)

for a.a.x € 092 and for all n > ng. We set y, = 7=+ for all n € N. This implies

llunll

that ||y,|| = 1 and y,, > 0 for all n € N. Now, we can suppose that
Yo —y in WHHes(Q) and gy, —y in LP(Q) and LP(9N)

for a subsequence if necessary (not relabeled) and for some y € W1*es(Q) with
y > 0. From y, = i we have u, = |lten|lyn. Using this in (3.9) and applying
(3.13) leads to

/ (nunnp-wvw-QV%

T @) fun (1og<e T V) +

|vun| q—2
P e . ) - d
e+ VunD [Vy,|T*Vy Vovdzx

b [l ode
Q
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T,u _ _
=/ Huanil |:f(upln) + ubx p] yP Lydo
o0 n

for all v € W1Hies(Q) and for all n > ng. This gives

/ (IVyn|p2Vyn
Q

T ) a7 (log<e T V) +

+ / yP o da
Q

:/ |:‘f(x’u1")+ugr?l*—p:| yg_l'UdU
o0

ub”

[V,

_— an72vn -Vod
q<e+|wn>>y' y) vde

(3.14)

for all v € W1 Mes(Q) and for all n > ng. Now, recall the elementary inequalities
given by
log(e + [Vun|) = log(e + [[un|[Vynl)
< log(e + |Vynl) if |Jun|l <1, (3.15)
= Ulunlllog(e + [Vyn]) if [Junll = 1,
Hence, from (3.15) and Lemma 2.3, we get that the left-hand side of (3.14) is
bounded for all v € W1Hios(Q) (similar to the proof of Theorem 4.4 by Arora-
Crespo-Blanco-Winkert [1]) and so the same holds for the right-hand side of (3.14).
However, taking (C5) into account, it follows that
up (2)P!

Now, we take v =y, in (3.14) and pass to the limit as n — +oo. This yields

y=0 and yn(x)P™1 = 0 for a.a.z € OQ.

3 - 3 L —
i [ Vg2 =0 and T gl =0, (3.16)

which implies that
Vyn(z) = 0 for a.a.z € Q2 (3.17)

for a subsequence if necessary, not relabeled.
For 1 < s < q we set

gn(2) = p(@)|Vyn(@)|"log (e + [Vyn(2)]) >0,

gns(2) = () [Ty (2)] * log (e + [Vyn(2)]) * > 0.
Then, from (3.17) and Proposition 2.1 (iii), we have

gn(x) = 0 fora.a.z € (3.18)
and
SUP/ gndx <supo(y,) < 1. (3.19)
neNJQ neN

Since || < oo, by Chacon’s biting lemma (see Papageorgiou—Winkert [29, The-
orem 4.1.24]) there exist a subsequence {gn}nen (not relabeled) and measurable
sets B, C Q with |E,,| — 0 as m — oo such that for every fixed m € N, the family



12 E. OZTURK AND P. WINKERT

{gn}nen is uniformly integrable in Q \ F,, Hence, using this with (3.18) as well as
(3.19), by Vitali’s convergence theorem,

/ gndz — 0 asn— oo (3.20)
O\Eo,
for every fixed m.
We have that {gn,s(-) }nen C L5(Q) is bounded by (3.19). Hence, since s > 1,
{gn,s(-)}nen is uniformly integrable. (3.21)

Claim: For s — 171, it holds

sup/ gn,s(x) dx — sup/ gn(z) dz.
neN ' neN
First note that for all £ € N there exists a number ny € N such that

1
sup/ gn(z)da — - §/ In, (z) dz
neNJE,, 14 E

m

/Em Gn,s(x)dz — /E gn(z) dz

m

m

Observe that

as s = 17. Hence, we can find s, > 1 with s, — 11 such that
1
sup/ gn(z)de — = < / Gn,s, (@) dz < sup/ Gn,s,(x) dz.
neN " 20 E,, neN '
This implies
sup/ gn(z)dz < liminf sup/ Gn,s(z) dz. (3.22)
neNJE,, s—1Ft neNJEg,,
On the other hand, for § > 0, let ny € N be such that

sup/ gn,s(x)dx <o —|—/ Gn,.s(x)de.

neN

m

Therefore, we conclude that
lim sup sup/ gn,s(x)dz < / In, () dz < sup/ gn(x) da. (3.23)
s—1t neNJE,, E.,. neNJE,,

Combining (3.22) and (3.23) proves the Claim.
From the Claim, for given ¢ > 0, let s € (1,¢) be small such that

sup/ gn(z)dx < = +sup/ Gn,s(x) dz. (3.24)
neNJE,, 2 nenJg,

On the other hand, due to (3.21), for m € N large enough, we have
sup/ gn,s(x)dz < E. (3.25)
neNJE,, 2

Combining (3.24) and (3.25) yields

/ gn(z)dx <e¢,
Em

/ gn(x)dx — 0 asn — oo. (3.26)
Em

which means that
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Hence, from (3.20) and (3.26) we conclude that

/ gn(x)dx — 0 asn — oo. (3.27)
Q
Consequently, from (3.16) and (3.27), it follows that

o(yn) >0 asn — oo. (3.28)
From Proposition 2.1 (iv) we know that (3.28) is equivalent to ||y,| — 0. But by
construction we have ||y, || = 1 for all n € N which leads to a contradiction. Hence,
u* is nontrivial and u* € S, is the smallest positive solution of (3.4). (]

From condition (C5) we can assume, without any loss of generality, that

f(z,s)

|s[P=2s

>0 for a.a.z € 0N and for all |s| < K,
due to the fact that f(z,-) is only locally defined. Then we have, for a.a.x € 99,
that

flz,8) >0 forall0<s <K and f(z,s)<0 forall —K<s<0. (3.29)

Let u* and v* be the extremal constant sign solutions from Proposition 3.2 and
consider the order interval

[*, ] == {u € WHHes(Q): v*(2) < u(z) < u*(z) for a.a.x € Q}
We define the truncation function *: 902 x R — R by
Pz, v*(z)) if s <v*(x),
P(z, s) if v*(z) < s < u*(x),
Y(x,u*(x)) if u*(z) < s.
)

— R be the truncated C'-functional defined by

P (x,5) =

Furthermore, let T*: W1z ()

* = fupﬁuqoe U T
T(u)/ﬂ[pvw 2 Fufrioge +[vul)|

1
+/ f|u|pdx—/ U*(z,u) do,
Qb 90

for all u € WhHes(Q), where U*(z,s) = [; ¢*(x,t) dt.
Now, we will show that the critical points of T* belong to the order interval
[v*, u*], that is,

Ky = {u e WhHes(Q): (T*)'(u) =0} C [v*,u*]. (3.30)
To this end, let u € Ky \ {v*,u*}, that is, for all v € WH7es (Q), we have

/ (|Vu|p_2Vu
Q

+ p(x) (log(e + |Vul) +

+ / |u|P~2up da
)

Y™ (x, u)vdo.
o0

[V

_— VUQQVU>~Vvd:c
q<e+w|>> |

(3.31)
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We first take v = (u — u*)y € WhHies(Q) in (3.31). Then, using the fact that u*
solves (3.4), we obtain

(A(u), (u—u®)y)
— / |Vu|P~2Vu - V(u —u*); dz
Q

[Vl
+/Qu(ac) (log(e + |Vul) + a0

I el B q—2 . ok d
e+Vu|)> |Vu|T™*Vu - V(u —u*)y dz
+/ lulP~2u(u — u*) 4 dz

Q

= v (x,u)(u —u*)4 do
o0

= Y(z,u*)(u —u*)4 do
[219)

= / |Vu* [P2Vu* - V(u —u*), de
Q

+ /Q () (log(e + |Vu*|) + q(efuv*u*)> |Vu* |7 2Vu* - V(u — u*)y da
+ /Q |u* P20 (u — u*) 4 dz
= (A(u"), (u—u")).

From this, we conclude that
() — A@"), (u —u*) ) = 0.

Since the operator A: WhHes(Q) — WhHos(Q)* as defined in (2.4) is strictly
monotone by Proposition 2.4, we get that u < w*. Similarly, if we take v =
(v* —u)p € WhHHee(Q) in (3.31), we can show that v* < u. This proves (3.30).
Before we can prove Theorem 1.1, we need first the following proposition. In the
following, we denote by V a finite dimensional subspace of W1z (Q) N L°°(Q).

Proposition 3.3. Let hypotheses (C1)—(C5) be satisfied. Then, there exists a
number (y > 0 such that

sup [T*(v): v € V, fJol] = ¢v] < 0.
Proof. Recall that since V has finite dimension, all norms on V are equivalent.
Thus, there exists a number (y > 0 such that

veV and |v|| <y imply |v(z)]<n fora.a.zeq,

where 7 € (0, min{%, 1}) is the same from the proof of Proposition 3.1. Now, using
(3.1) and n < & it follows that ®(v(z)) = 1 for a.a. 2 € Q. From this, v € V with

[lv]] < ¢v, we see that
fla,v*(2) + o (2) [P —20*(z)  if v(z) < v*(x

¥ (z,0(2)) = { f(z,0(2) + v(@) [P v(2) if v*(
fla,u* (@) + [u* (@) |- 2wt () if u*(2)

~




LOGARITHMIC DOUBLE PHASE PROBLEMS 15

Next, we define f*: 0Q x R — R by

Then, for F*(z,s) == [, f*(x,t

that
(z,v) /fxsds+/fxsds—/ fxsds—l—/fxv

= F(z,v") + f(z,v")(v —v").

Taking (3.29) into account, we see that f(x,v*) < 0 for a.a.z € 9Q. This implies
fz,v*)(v—v*) > 0 for a.a.x € 9N which gives

F(z,v) — F*(z,v) = F(z,v) — F(z,v") + f(z,v")(v" —v)
< F(z,v) — F(z,v").
Similarly, if ©* < v, we have
F*(z,v) = F(z,u") + f(z,u")(v — u").

Then, because of f(z,u*)(u* —v) < 0 for a.a.z € IQ again due to (3.29), this leads
to

F(z,v) — F*(z,v) = F(z,v) — F(z,u*) + F(z,u")(u" —v)
< F(z,v) — F(z,u").

For this reason, we can write

T*(v) = /Q Ll)|Vv|p + %qulog(e + Vv|)] dz

1
+/ f|v|pdx—/ U*(z,v)do
Qb o0

1 1 1
:7/ |Vv|pdx+f/,u(x)|Vv|qlog(e+|Vv|)dm+/ Lo da
P Ja q.Ja Qb
(F*(ﬂf,v)+ 1|'v*p*> do
Px

1
/ (F(m,v) + p*) do
{z€dQ: v*(z)<v(z)<u*(z)} Y2

1
<F*(w,v) + |u*|p*> do
Dx

/{weaﬂ v(z)<v*(z)}

/{weaﬂ w* (z)<v(x)}
1
/|Vv|pdx+ /u(x)|Vv|qlog(e+|Vv|)dx+/];|v|pdx
Q

Q
/{weaﬂ v(z)<v*(x)}

<

)

F*(z,v)do

/ F(z,v)do
{z€dQ: v*(z)<v(z)<u*(z)}
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1 1
:7/ |Vv|pdx+f/u(x)|Vv|qlog(e+|Vv|)dm
PJa q.Ja

1
+/f|v|pdx—/ F(xz,v)do
Qb Q

+ (F(z,0) = F*(2,0)) do
{z€d: v(z)<v*(x)}

—|—/ (F(z,v) — F*(z,v)) do
{z€dQ: u*(z)<v(x)}

1 1
< f/ |Vv|pdx—|—f/,u(x)|Vv|qlog(e+|Vv|)dx
PJo q.Ja

1
+/f|v|pdx—/ F(z,v)do
Qb o0

+ / (F(z,v) — F(x,v")) do
{z€dQ: v(z)<v*(x)}

+/ (F(z,v) — F(z,u")) do.
{z€0Q: u*(z)<v(z)}
From hypothesis (C5), for each § > 0, there exists n € (0, rnin{%7 1}) such that
5
F(z,s) > ];|s|p for all |s] <, (3.32)
see (3.6). Then we can take (y > 0 sufficiently small such that

/ (F(z,v) = F(z.v")) do
{z€d: v(z)<v*(z)}

+/ (F(xz,v) — F(x,u")) do < nP.
{z€dQ: u*(z)<v(z)}
Combining (3.32) and (3.33) with the calculations above, we get

1 1
T*(v) < f/ [VolP dz + f/ w(x)|Vo|?log(e 4+ |Vvl|) dx
P Ja qJq

(3.33)

1 )
+/ f|v|pdx—f/ [v|P do + 7P (3.34)
Qb P Joa

1 1 )
= EllvH’f,p + 4 /Q ()| Vol?log(e + [Vov|) dz — Ellvl\ﬁag + P
Note that Proposition 2.1 (iii) gives the following inequalities
/ p(@)|Vo|?log(e + [Vu]) dz < o(v) < max{|[v|[?, [lv]|?""}. (3.35)
Q

Now, using the fact that all norms on V are equivalent and applying (3.35) in
(3.34), we see from (3.34) that there exist positive constants ¢y, ¢a, ¢z, independent
of n, such that

1" (v) < er[vllE + co max{|[vl%,, [[0ll&T~} — deslvllE, + 7.

Then, for v € V with |jv|| = {y along with the equivalence of the norms on V, it
follows, due to n < 1, that

T*(v) < e1nP + ca max{n?, n?""} — Sezn? + nP
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= (c1 + g —deg + 1) 0P,
Now, if we take § > %, we obtain Y*(v) < 0 for all v € V with |jv]| =¢v. O
Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Clearly, T*: W1Hies(Q) — R is even and coercive, and in
addition, it is bounded from below. Furthermore, due to Proposition 5.1.15 by
Papageorgiou-Radulescu—Repovs [26], the functional T* satisfies the PS-condition
as well. From these facts and Proposition 3.3 we are now in the position to apply
Theorem 1 of Kajikiya [15]. This yields a sequence {zy, }nen C WHHes (Q)N L ()
such that

zn € Kys C 0", u*], 2z, #0, YT*(z,) <0 forallneN
and
lznll = 0 as n — 4oc. (3.36)

We point out that v* and u* are the extremal constant sign solutions of (3.4)
obtained in Proposition 3.2. Moreover, as z, € Ky« C [v*,u*] and z, # 0 for all
n € N, we have that z, is a sign-changing solution of problem (3.4) for all n € N.
Recall that from (3.12), we have

B
”Zn”oo <B ”Zn”té_l)

for all n € N with ¢ > % such that ¢(£ — 1) < p, and for some constants By, By > 0
depending on N, p, ¢,&, 9, ||t]|cc and t. Hence, using (3.36), it follows that ||z, ||cc —
0 as n — +oo. In particular, we can find a number ny € N such that |z,(z)| < &
for a.a.x € Q and for all n > ng. From this we conclude that ®(z,(z)) = 1 for
a.a.x € Q and for all n > ng, see (3.1). Using this fact and (3.2) we know that z,
is a sign-changing solution of our original problem (1.4) for all n > ny. [l
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